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A NEW RESTRUCTURED HARDY-LITTLEWOOD’S
INEQUALITY

BICHENG YANG!*, G. M. RASSIAS? AND TH. M. RASSIAS?

ABSTRACT. In this paper, we reconstruct the Hardy-Littlewood’s inequality by
using the method of the weight coefficient and the technic of real analysis including
a best constant factor. An open problem is raised.

1. INTRODUCTION

In 1908, D. Hilbert published the following Hilbert’s inequality (cf. [1]): If 0 <
o a2 <ooand0<z b2 < oo, then

n=1"n

sz+n<ﬂz Zzﬂ% (1.1)

n=1 m=1

where the constant factor 7 is the best possible. The integral analogue of (1.1)
known as Hilbert’s integral inequality is stated as follows:

//f dxdy<7r/ F2(t dt/oo 2(¢)dt)z,

where the constant factor m is stlll the best possible.
In 1925, G. H. Hardy and M. Riesz [2] gave extensions of (1 1) and (1.2) by
introducing one pair of conjugate exponents (p, ¢)(p > 1, ; - E =

sz+n sin( Zap%qu % (1.3)

n=1 m=1

/Ow/om%géy) e /fp dti/ (tyde)E,  (L4)

75 is the best possible. Inequalities (1.3) and (1.4)

sin(7r )
are respectively called Hardy-Hilbert’s inequality and Hardy-Hilbert’s integral in-
equality. Inequalities (1.1) and (1.2) are important in analysis and its applications

(cf. [3], [4]).
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(1.2)

where the constant factor
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In 1998, by introducing an independent parameter A > 0 and applying the way
of weight functions, Yang gave an extension of (1.2) as (cf. [5], [0]):

| [ 15 ey < G, 50 [ e par [T eeoant 0

where the constant B(3,3) is the best possible, and B(u,v) is the Beta function.

Since then several mathematicians studied this thesis, such as Jichang Kuang,
Mingzhe Gao, W. T. Sulaiman and S. R. Salem et al.. In 2003, Yang and Rassias [7]
studied the way of weight coefficient and the method of introducing some indepen-
dent parameters to obtain a number of new improvements and best extensions of
(1.1)-(1.5). In 2004, Yang [3] gave an extension of (1.4) by introducing a parameter
A > 0 and adding another pair of conjugate exponents (r,s)(r > 1,2 + 1 =1) as:

/ / o+ Addy<i8<1 i)
<([ e[ ey, (16)

where the constant factor B(— g) is the best possible, and for A = 1,r = ¢,
inequality (1.6) reduces to (1 4). For those Hilbert-type inequalities, which possess
the general form of kernel or the particular homogeneous kernel of —\-degree (A >
0), Yang et al. [9], [10], [L1], [12] used the Operator theory to study them and
published many new interested results.

The equivalent form of (1.3) with the best constant [Sin(fr /p)]p is as follows:
;(mz:lm—i-n) sin 7r/p ;a (L.7)

Modifying the kernel of (1.7), Hardy’s inequality was given as (cf. [13]):

S ey < Gyt (L9

n=1
where the constant factor (-%7)” is the best possible. The integral analogue of (1.8)

is as follows (cf. [13]):

/Ooo(é /O‘Tf(t)dt)pdx < (pf oy /OOO 2(2)da. (1.9)

In the period 1927-1928, Hardy [! 1] provided an extension of (1.9) in the following
form (Cf [2], Th 330): pr > 1 r#1,0< [[Ta(xf(x))Pde < oo, setting F(z)
= [y f®)dt(r > 1); = [ f(t)dt(r < 1), then

/0 R (2)da < (|L)p /0 (@ f (2))Pd, (1.10)

r—1|

where the constant (| |) is the best possible. Similarly to the type of (1.10), Hardy
and Littlewood [15] proved the following inequality ( cf. [2], Th. 346): Assuming
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that p > 1,7 # 1,a, > 0,0 < > 7, n""(na,)? < oo, if (a) r > 1,s, = > ,_, ax, or
(b) r < 1,8, =), a, then

Zn_rsﬁ < KpZn_r(nan)p, (1.11)
n=1 n=1

where the constant factor K satisfies the following inequalities
Z_<Kn” (r>1); Z—<Kn”(r<1) (1.12)

Hardy et al. [ ] did not obtained the expression of K? and proved that the con-
stant factor is the best possible. But Hardy and Littlewood [10] pointed out some
applications of (1.11) in the theory of functions, especially for r = 2.

The proof of (a) in (1.11) was described in Hardy et. al. [2] as follows:

For r > 1,5, =Y ,_, ax(so = 0), by Abel’s transform and (1.12), one finds

Zn "= (60— bns1)sh
n=1
= Zgbn(sﬁ - sz—l) - qu-i-lsgz < Z ¢n(3£ - Sz—l)
n=1 n=1

< Kanﬂ’st’lan = KZn’r(nan)(sffl). (1.13)
n=1 n=1
Hence, by Holder's inequality with weight, it follows
Zn_rsfl < K{Z n_r(nan)p}%{z n_rsfl}%. (1.14)
n=1 n=1 n=1

For more large enough m € N, we have Y " n™"s? > 0. Dividing by {> " | n*rsﬁ}%
in both sides of (14), we obtain

- nrsiye < K{> 0" (na,)’}
n=1 n=1
It follows that (a) in (1.11) is valid.

Remark 1.1. We find that the following inequality
sP—sP < sPla, (1.15)

is wrong. Hence we can’t reach the last inequality of (1.13). In fact, we can find
that

sy = sy =y = S (s + an) —
(sP7t — 5P~ ll)sn L+ 827 ay,
= [(8n_1 4+ an)P ' — sﬁ_ll]sn_l + st ta,. (1.16)

Since p > 1,8, = > 4_; ai, in view of > n™"(na,)? > 0, there exists n € N, such
that s,,_1 > 0,a, > 0 and

[(Sn—1'+’an)p_1 P _

- Sn—l]sn—l > (Sﬁ—ll - Sizll)sn—l = 0.
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Hence by (1.16), it follows
sP—sP >8P, (1.17)

which contradicts (1.15). Therefore, inequality (1.15) is not valid by using the this
way, and we can not prove (a) in (1.11).

If (b) r <1,s, = p, ax, setting ¢o = 0, then following the front-way, we can
meet the similar result of (1.17). In fact,

m m
Z NS = (G — du-1)sh = Y Gulsh = 5h11) = Gmshay
n=1 n=1

= Z gn(sfl_lsn - SZ—H) - gmsgwrr
= Z Onlsh ! (Sng1 + an) — shyy] — ngsﬁzﬂ
= Z D" La, + [i Gnsni1 (8L = 8820) = st (1.18)
n=1 n=1
Since st~ — 5P +1 > 0, we can’t prove the following inequality:
zm: $n3n+1(sﬁ_l - SZ+11) $m8$n+1 <0,

and then the inequality Y " n~"sh <> | dnsPLa, is not valid by (1.18). So we
cannot do more work for (b) in (1.11) following this way.

In this paper, by using (1.10), we reformulate (1.11) to obtain a new inequality
with a best constant factor, by using the way of weight coefficient and the technic
of real analysis. That is the following theorem:

Theorem 1.2. Assuming that r # 1,p > 1, a, > 0,0 < Y .>° n""(na,)? < oo, if
(a) 7> 1,8, =" ap, or (b)r <1,8, =" an, then

o0 —r [e.9]

Z % < K Z(l + H)n_r(nan)p, (1.19)

n=1 (1+%)p7 pn

n=1

where the constant factor kP = (‘Tfn)p is the best possible and .k, = \r£1|'

Remark 1.3. Inequality (1.19) is a new restructured Hardy-Littlewood’s inequality

with a best constant factor. For r = p, ¢ = -5, we have
p—
= 1+4+gn
)P A, ab, 1.20
S G TR 0

which is weaker than (1.8) but with the same best constant factor as (1.8).
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2. A LEMMA AND A PRELIMINARY THEOREM

Lemma 2.1. If a > 0,m,n € N, then

> 1 1 «
< 14+ —); 2.1
;ﬂ n1+a ama( + m) ( )
1 1 "1 1 a
—nH(l—-——)< < —n*(1+ —). 2.2
=) < X o < gt ) (2.2
Proof. For a > 0, we obtain
=1 1 =1
Z n1+a - m1+a + Z n1+a
n=m n=m-+1

<

1 <1 1 1
mlito + /m xl—&-ad (1 + m)ma
Then inequality (2.1) is valid.

For 0 < a < 1, it follows

n

1 L | 1 1
Z — < / dr = —n* < —n*(1+ g),
0

ml-o pl-o « « n
m=1
n
1 o1 1 1
Z > dr = —n*(1 — —);
mlfa 1 xlfoz o no
m=1

for a > 1, we obtain

n 1 B 1 n—1 -
Z mli—« nl—o + Z m
m=1 m=1
1 " a—1 « «Q
< ==+ [ 2 dr=—n"(1+ —),
n—« 0 « n
1 =\ o 1 1
= > “Tldr = —n*(1 - —).
n;ml_a mZ:1m /1 2 dr = —n ( na)
Hence (2.2) is valid. The lemma is proved. O

Theorem 2.2. Ifp > 1, i + é =1,r > 1,a,,b, > 0,n € N, such that

O<inr(na P < oo O<Zn "(n"b,)? < o0, (2.3)
n=1

then the following inequality holds:

)" (na, )P} {3 (1

where the constant factor 2= is the best possible.

nT(n'h, )Y, (2.4)
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Since 1 <1+ 7= 1 < 1+ =2, it is obvious that inequalities (2.3) are equivalent to
the following:

o0 o0 . 1
0<> 1+ )" (na,) < 00,0 <3 (1+——)n""(n"d,)’
n=1

n=1 pn
By Hélder's inequality (cf. [17]), we obtain
o] n (1—7"71)/(1 (1.1_7”*1)/1)
m P n -
= P U, R
;;[n(urpl)/p Hm(lle)/q ]

1+ (a=1)

ap, ) {ZZ — b}

[
g
3

n=1 m=1 n=1m=1

> = 1 —1 =1y, 1
= (20 =m0 a {Z D e gy

m=1 n=m T P n=1 m=1TM P

Then by (2.1) and (2.2), setting o = ”"P%l(> 0), we have

r—1
Lol m( -y

m »

X{Z(l + Tp%)nu#;)(qm
n=1

AT

P > r—1 _ 1 e r—1 _ 1
= 1 _ p—r_ P 1 qr 'rbq )
T T (3 (1

Hence inequality (2.4) is valid.

For N € N, settmgan—np ,nSN;ﬁn:gn:O,n>N,ifthere
exists a positive number k < £ such that (2.4) is still valid as we replace -2 by
k, then in particular, we have

I —ZZam

n=1 m=1

n=1 pn n n=1 p n=1 n
N N N
1 r—1 1 1
= kO g)[1+ ’ > ﬁ) 5 (2.5)
n=1 n=1 n=1
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On the other-hand, by (2.2), we obtain

=z

n

'Iv ZN: T—l_l) r—1 ]_ ) T‘—l_,,,
= m » n —1 /)
n=1 m=1 o n=1 nve
p N 1 N
D N 1 N 1 N
_ - —\—1
_ r—l(;n)[ Zn gn (2.6)

Combining with (2.5) and (2.6) and dividing by 3>~ 1 we have

S r—1 a1 N1
QT =l <k —0Q_ )Y ),
n=1 nzlnp p n=1 n:ln

and then 25 < k( for N — oo0). Hence k = -5 is the best value of (2.4) and the
theorem is proved.

3. MAIN RESULTS

Theorem 3.1. Ifp > 1, zl) + é =1,7r>1,a,,b,>0,0<> 2 n"(na,)P < oo and
0<> 2 n"(nb,)? < oo, then

< oS e,y (32

where the constant factors (-25)P and (;25)? are the best possible. Inequalities (3.1),
(3.2) and (2.4) are equivalent.

Proof. If J = 0, then (3.1) is naturally valid; if J > 0, then there exists ny € N, such
that for N > no,zgzl n"(na,)? > 0and Jy := SN (S q.)P > 0.

— T\p—
n=1 (1+TpT)p 1 m=1a
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We set b,(N) := #(Z”_ am)PH(n < N), and use (2.4) to obtain

m=1

0 < > (1+ T};ll)n—r(nrbn(zv))q = Jn
= 3w < LSy ijll)n—r(nan)p};
(301 + T};ll)n_T(nrbn(N))q 3 (3.3)

Dividing {327, (1 + ’"p;;)n_’“(n’“bn(]\f))q}% in both sides of (3.3), it follows

0 < {d 1+ L 1)n_r(nrbn(N))q y = va

n=1 pn
< o
< SO e, < o (3.4

We conform that 0 < Y2, n™"(n"b,(c0))? < oo and for N — oo, both (3.3) and
(3.4) still preserve the strict sign-inequalities. Hence (3.1) follows.
By the same way, if L = 0, then (3.2) is naturally valid; if L > 0, then there exists

ng, such that for N > ny, Zivzl n="(n"b,)? > 0and Ly := Zﬁ M(ZN b,)?

=1 (1+’;);m1)q—1 n=m

> 0. We set ap,(N) := 2200 (5 ya=1 and use (2.4) to obtain

(1+;7ml)q*1 n=m

0 < Y+ " (ma, ()P = Ly = S5 an(N)h

m=1 pm m=1n=m
S IO3E ™ ma,, (V)P}
D20+ b)) (35
0 < > (1+ e m~"(ma,, (N))?
r f 1 i 1+ - n~"(n"b,)? < oo. (3.6)

We conform that 0 < Y ~>*_, m~"(ma,,(00))? < oo, and for N — oo, both (3.5) and
(3.6) still preserve the strict sign-inequalities. Hence we have (3.2).
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By Hoélder's inequality (cf. [17]), we have

ne r—1
I = _ U inrb
Yy el e
< Jr “(n"b,) "} (3.7)
> r—1.1 _r mr "t >
I = M Pay,, . b,
WZIKH ) M(H;_ml)p; )
< {Z(l—i—r m_r(man)p}%[,é. (3.8)

On the other hand, assuming that (3.1)(or (3.2)) is valid, by (3.7)(or (3.8)), we
obtain (2.4). Hence (3.1) , (3. ) and (2.4) are equivalent. We conform that both
constants (-£5)? in (3.1) and (-£5)? in (3.2) are the best possible, otherwise, we can
obtain a Contradlctlon by (3. 7) or (3.8) that the constant factor in (2.4) is not the
best possible. The theorem is proved. O

Proof of Theorem 1. Exchange with m and n,a,, and b,,p and ¢ in (3.2), and
putting R = r(> 1), we have

AN - q - R-1
TR p p —R(, R, \p
; (1+ %)P—l (mz_:nam> < (R — 1) ;(1 + = ym~ " (m*a,,)P. (3.9)
Setting r =p — R(p — 1) in (3.9), we obtain R(p — 1) =p—r,r < 1 and
A oyt 2 @) < r2 0 ’ P 3.10
; (1+ 11);717")1)71 (,;a ) (1 — 7“) mZZI( + om Yym~"(ma,,) ( )

Combining with (3.1) and (3.10), we have (1.19), and the constant factor is obviously
the best possible. This proves the theorem.

Open problem. Since 1—|—|T;—nl| < l—i-'T;pll, if we set K, = 1—1—‘:;1', then inequality
(1.19) can be deduced to

Zn’rsﬁ < Kon””(nan)p, (3.11)
n=1 n=1

which is the same as (1.11), but obviously the constant factor KP? is not the best

possible in (3.11) unless K, = k, = ‘T - If we replace K, by k., that makes (3.11)

still valid, then by simple proof, we ﬁnd < k: <1+ | and in view of (1.8),
it follows for r = p, inf kp = k,. We conJecture that
infky, =k, = —2—. (3.12)
[r—1|

We leave behind it as an open problem.
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