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Abstract

Using a novel norm that is comfy for fractional and singular differential equations the existence and
uniqueness of IVP for new type nonlinear Langevin equations involving three fractional orders are
discussed. This norm is a tool to measure how far a numerical solution is from the exact one. New
results are based on the contraction mapping principle. Lemma 2.2 has a prominent role in proving
the main theorem. The fractional derivatives are described in Caputo sense. Two examples are
presented to illustrate the theory.
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1. Introduction

In the early 19-th century, the Langevin equation was formulated and presented by French scientist
in physics ”Paul Langevin” [I]. He exhibited a precise description of Brown’s motion helping of the
Langevin equation.

In fact, the use of the Langevin differential equation is one of the most commonly used methods
of all description of the time evolution of the velocity of the Brownian motion [3 [2, [4].

Some of the substantial applications of this equation are analyzing the stock market [5], self-
organization in complex systems [6], deuteron cluster dynamics [7], and anomalous transport [8].

One of the issues that can be lovable is the generalized Langevin equation (GLE)[9]. The motion
of the particle is described by the generalized Langevin equation if the random fluctuation force is
not white noise [10].
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A special case of the GLE is the fractional Langevin equation (FLE). In the late 19-th century,
the Langevin-Qarray equation was introduced by Mainardi and colleagues [12, [13].

There exist many papers including a number of fractional derivatives have been considered by
researchers in the fractional Langevin equation. Lutz [I4] used the fractional Langevin equation
involving one fractional derivative to survey fractional Brownian motion. Linear and nonlinear FLE,
?including two different fractional derivatives, have been investigated in [I5] 17, 18, 19 20, 211, 22,
23, 24].

In the mentioned articles, the existence and uniqueness of the solution for the linear and nonlinear
of fractional Langevin equation are investigated. Banach contraction principle, Schauder fixed point,
Krasnosel’skii fixed point and Leray-Schauder nonlinear alternative theorems are main tools to obtain
results.

This work is concerned with the following IVP for nonlinear fractional Langevin equation:

sD( 6D + y)u(s) = h(s, §Du(s)), 0<s<1,
u®(0) = ay, 0<k<l, (1.1)
u? R (0) = by, 0<k<n,

wherey € R om—1<v<mn—-1<pu<n 0<0<1 1l=max{m,n}, mneN, D" (D’ and
¢DY are the Caputo fractional derivatives and £ : [0,1] — R x R is a Lebesgue measurable function.

This article was motivated by the works of Baghani [15] and Tao Yu et.al [I7]. In those papers
fractional Langevin equation involving two fractional orders

DA(D*+7)x(t) = f(t, z(t)), 0<t<1,
™ (0) = s, 0<k<l, (1.2)
2@tk (0) = 1y, 0<k<mn,

wherey e R, m—1<a<m,n—1<p <n,l=max{m,n}, m,n € N, D* is the Caputo fractional
derivative and f : [0,1] — R x R is a Lebesgue measurable function are studied while here fractional
Langevin equation involving three fractional orders is the subject of discussion.

We use of a new norm that is comfy for singular and fractional differential equations. The Lemma
2.2 plays important role in proving the theorem 4.1.

The Lipschitz coefficient in [I7], is assumed to be continuous, while there is the weaker condition
of measurement and makes the novel results to coverage the case of one-sided Lipschitz continuity.
We have stronger results than those obtained. Also, in [17] the condition B > 0 can be omitted since
the equality B = 0 means that a; and ¢ are tantamount to 0. In addition, since the function ¢ is
trivially bounded, it can be omitted in this inequality.

The contents of this paper as follows:
v Introduction.

v Preliminaries.

v L,, spaces.

v" Main results.

v' Test examples.

v Conclusion.

v References.

2. Preliminaries

We tender some symbols, definitions, and lemmas that we need in continuance.
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Definition 2.1. [25, [26]](chapter2) The Riemann-Liouville fractional integral of order a > 0, of a
function u(s) € C|[0,b] is defined by

S (s—T)vt
Thu(s) = [ ST 1 .
u(s) /0 o) u(r)dr, n <v<n, neN

Lemma 2.2. [26](chapters). Let v € RY and hi : (0,a] — C be a function. If h € L'(0,a) then
T'h € L0, a)

IZ"Alh < [17]]5- (2.1)

( 1)

Definition 2.3. [27, [26](chapter2). The Caputo fractional derivative of order v > 0, of a function
u(s) € C"0,b], n € N, is defined by

S n—v—1
(s —7) (

cDu(s) = I u™(s) = /0 Wu "(r)ydr, n—1l<v<n, néeN.

Theorem 2.4. [27](chapter2). Let f € C™[0,1] and « € (m —1,m),m € N and g € C*[0,1]. Then
for s € [0,1],
i) §D¢ 179(s) = g(s);
m—1
W) I §D1f(s) = f(9) = 22 55 (0);
iii) lim §DYf(s) = lim I"f( );
t—0+

s—0t
w) ifv; € (0,1],i =1,--- ,n, with v =Y v;, are such that, for each k =1,--- ,m — 1, there exist
i=1
k
i, <n with Y v; =k, then the following composition formula holds:
j=1

EDUS() = §DY e §D DY S(L).

Lemma 2.5. [17/(pagel663). u(s) is a solution of the initial problem if and only if u(s) is a
solution of the integral equation

= S—<S_T)V+u_1 7, Du(T))dr — S—<S_T)V_1u7' T s
ue) = [ el Pty = [ BT ar i), 22)

where H(s) is introduced by

7u2+yl 1/+z
: 2.3
OFz/—l—z—irl +ZF]+ (2:3)

3. L,, spaces

Definition 3.1. [15/(page676). Assume that 0 <v <1 and 1 <p < oco. We say that a measurable
function w : [0,1] — R™ belongs to L, ,([0,1],R"™) if and only if the following quantity is finite:

5 lu(m)P N
|ul|py == sup (/ LﬂydT) )
0<s<1 \Jo (s—7)
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In the subsequent sections, we use the symbol L, , to display instead of L, ([0, 1], R™). It is easily
checked that ||.||,, is really a norm, when two elements of L, , are equaled almost everywhere (a.e.).
The proof of the triangular inequality is similar to that of classical L, spaces [16]. In the other words,
the L,, norm is a compound of two classical norms L,, (p-norm) on the interval (0, s) with measure

dp = (Si:)u and Lo, (sup-norm).

Lemma 3.2. Suppose 0 < pr,v < 1 and 1 < p < oo. If p < v, then ||ull,, < ||ullp., and clearly
vaV g pru.

Proof . Since (s —7) <1 we have (s —7)” < (s —7)". So, it follows immediately from the following
obvious inequalities,
s p N s p -
([ ot Y o ([ e
o (s—T)H o (s—1)

Lemma 3.3. If0<v<1landl <p<oo, ||ull, <|ullp., and clearly L,, C L,.

O

Proof . The proof is evident because of (s — 7)” < 1. O

Lemma 3.4. [15/(page677). For 0 <v <1 and 1 <p < oo, L,, is a complete metric space.

4. Main results

In this section, the existence and uniqueness of the solution for problem (1.1)) in L,[0, 1] are proved
by using the contraction mapping principle.

Theorem 4.1. Suppose that Let % < q < 00, %—i—% =1 and p+v € (0,1). If the following conditions
hold:

i) h(s,0) € Lii—(utv)s
ii) there exists A € L4[0,1] such that |h(s, o) — h(s,71)| < A(s)|72 — 71|, for each s € [0,1] and
T1,To € R",
iii) 0 < ¢ <1, where
o LIEY Iyl 1L\
C T (F(/H—V)F(Z—G) + ﬁ) (1—p(1—y)) ’
iw) 30 <6 <1, such that ||u'|| < d]|ul.
Then, the integral Eq.(2.2) has a unique fized point in L,|0, 1].
Proof . The proof is straightforward when ¢ = co. Let 1/v < q < oo. We describe the operator
as:

v—1

Y A Gl T)M+V__1 c — ) —(S —7) u(T)dr s
Au(s) —/0 T 7) (7, §D%u(r)) dr 7/0 ) (1T)dT + H{(s). (4.1)



A study on Langevin equation with three different fractional orders;
Volume 12, Special Issue, Winter and Spring 2021, 699-707

For each w € Ly ,_,,, we gain

o) < | [ E5 e sptutrar| + bl [ ST Dl + ()
S(S—T)“erl (S_Tu+111 I B . .
</ u—+>’ @ o>|df+/0 Sl §Du() = . 0)ld
sl [ B SOl + 1)
S_T)/L+l/ 1 S—T)V 1
<ar+ [ St bl [ —V)r u(r)ldr + 4
s(s_,r)u—&-z/ 1 Lo, -1
<ave [[EE DT+ b [ E T ol +

<At ﬁ ( /o w(ryar)’ r(wle) (/0 (s — 7)1:-“”*”) )’

o [ um)P ,
+ ['(v) (/0 (s — )PPV dT) + 4
[Allq el
— F(,U + V)F<2 . 9) HU' HILP‘PV + F(V)

3| Allq ol
<A L, + A
e (F(u—i—u)F(Q—H) T ))H“”“’ pe T L

where Ay = fo a Tuf:) L|A(T, 0)|dT and Ay = SUPg<<1 H(s).

Letting T = Ay + (255 + 125 ) wllpppo + A, we obtain

H““pm—pu + Az

1

(AS%%)I?_(/OS(S_TﬁdTy
T(/OSWM)
T(%yws,

which means that A : Ly, ,—p, — Lpp—p-

N

3=

IN

IN

703
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Next, assume that w and v are two elements in Ly, _p,. So, similar to above discussion we have

cpY —h(T, § ﬁv u(T
0(s) - ot < [P S ’1&;)7’ =

Sr(ulm/o }g(fiﬂ) s M / |us—f
SNT) |20 (W (7 uir

S1“(/11+V)/0 ()}é—(T)l( )u+l/ o d T |7| / " 5_73 B

<t ”W”)p = U <s—¢>w<ﬂ+”>d7)p
P ([t Y:

IIAIIq lnl

< PRV

“T'(p+v)I'(2-196) G =) llpppe + 175 T(v) [ = vllp.p—po
5H)\Hq ol

< —

N ( RET r@)) I = vllpp—p

which mentions that

JIP ol
2Au(s) — Ao(s)| S(F(/Hru)F(Q—Q) + F(y)) -
So,
Rufr) o)\’ 5, LAY SR TEAY
(/ (s — )PP dT) = (r(u+u)r(2—9)+r(u)>”“ ”””"’”(/o (s—T)p‘p”d> '
As a result,

5IAlq ol ! ;
2w = 2Avl[p—py < <F(M + )2 —0) * F(l/)) I =l (W)

< Cllu—=vllpp—pv-
Since 0 < ¢ < 1, the operator A is a contractive mapping with connectivity constant (. So, As a result
of contraction mapping principle, there exist a unique solution X € Ly, such that Ax = X. Since
p—pv € (0,1), Lemma concludes Ly, C L,. Thus, X € L,[0, 1] and the proof is complete. [

5. Test examples

Example 5.1. Consider the following fractional Langevin problem

sDE( DY +y)u(s) = hi(s, §Du(s)), 0<s<1,

u(0) = ao, (5.1)
U(V)(O) = bo,
where =3, v=1%, v=13, ap =1, by =3, h(s, Du(s)) = % and 6 = 5. We show that the

conditions in Theorem 4.1 are established.
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Selecting ¢ = 0o and \(s) = it is easy to see that || Al|s < 2.

1
12.5(141)2
Since h(s,0) = m and p =1 and, we get

* |h(s,0)] 2 [° s i 2 .
/O—(S_T) dr _25/0 (1+s)2(s—7) —d <25 —(5—7)%61 < 0. (5.2)

So, i(s,0) € Ly 141y =1Ly 1.
For uy,uy € [0, s] and s € [0,1] we attain to

2 , , 1
S YA VA [ J—— (TN | .
Finally, we cheque that ( < 1
S| Al el 1 L 1 X% 3
(= ! + r=3 + ~0.5973 < 1.  (5.4)
(F(,u—l—l/)F(Z—@) F(V)>(1—p(1—y)) (F(% F(%) F(%))

Thus, Theorem 4.1 yields, the problem (5.1) has a unique solution in L]0, 1].

1

Example 5.2. Consider the fractional Langevin problem (1.1) with p = %, v = %, Y =3 G0 =

1
1, by = %, ﬁ(s, Dou(s)) = %ﬁz"? and § = % Obviously, h is discontinuous of infinite type at
gett ]
s = 0. Therefore, we can not use of the results in [17]. Now, we investigate the conditions in theorem
4.1 for this problem.

/os %Cﬁ - /0 F(}l)eTTiT(s - T)%dT F(l}l) / 1(;_ i ar

T 0.0

IN

IN

SO h(SO)GL11(+) L%
For uy,us € [0, s] and s € [0, 1], using lemma 2.2 we attain to

CDS% CDQ 1 1
s, ) — (s, )] = LO2m = 805wl o L g,y
I'(3 Jett F(E)F(Z)eem
L5 ()T (3)es
1
2 | _
1| %2 ull
CETOT(ers?
= A(s)[ug — ual,
_ 1
where A(s) = et

Choosing ¢ = 2 and so p = 2, we have

B dr I'(%)
Al =¥l = | e <
0 F( 1
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Finally, we cheque that ¢ < 1:
_ 0]l Allq il 1 1
‘= (r(ﬂ FUrE—6) r@)) Gy~ \@(21”2%)%) 1)

1 1
= \/5(11.08556 + 57663)

~ (0.503 < 1.

Therefore, the conditions (i)-(iii) theorem 4.1 are satisfied. Thus, the problem (5.1) has a unique
solution in Ls[0, 1].

6. Conclusion

We have successfully applied a norm to obtain existence and uniqueness results for new form
nonlinear Langevin equations involving three different fractional orders. This norm is a tool to
measure how far a numerical solution from the exact one. ?We transformed problem (1.1) to a
fixed point problem by using concepts in the fractional calculus. New results obtained by means of
contraction mapping principle. Two examples illustrated the correctness of the results.
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