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Abstract

A two-wave mode Korteweg-de Vries equation is investigated by using Lie symmetry analysis. The
similarity reductions and new exact solutions are obtained via the simplest equation method. Exact
solutions including solitons are shown. In addition, the conservation laws are derived using the
multiplier approach.
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1. Introduction

Nonlinear partial differential equations (NLPDESs) depict a range of physical occurrence in the
area such as physics, chemistry, biology and fluid dynamics. Thus computing solutions of such
NLPDESs is unavoidable task. To obtain the exact solutions of NLPDEs, a number of methods have
been suggested in the literature. Some of the renowned approaches include the inverse scattering
transform method, Hirota’s bilinear method, homogeneous balance methods, etc. [16] 10, 26] 29 25
13, 9, 20, 21, 27, 12, 22) 11, 115, 2, 5, 3, 4, 14].

Conservation laws [24, 23] 6, 19] play an important role in reducing and finding the solution
of differential equations. Computing conservation laws of different equations is the first step in
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determining exact solutions. The number of conservation laws determine how close one is to the
complete solution. Thus the more conservation laws one finds, the closer one gets to the solution.

The Lie symmetry method [8, [7] is employed to construct a symmetry reduction, and exact
solutions. We then derive the conservation laws using the multiplier approach for a two-wave mode
Korteweg-de Vrie equation (TKdV) 28] 1§]

2 2
U — S Uy + Uptly + Uy — S (Ullgy + Up”) + Upgze — BSUgazs = 0. (1.1)

The above equation was proposed as a nonlinear multi-mode dispersive wave equation that describes
the wave propagation in one space dimension in a weakly nonlinear and weakly dispersive system.

2. Symmetry reductions and exact solutions of ((1.1
The vector field

X = gl(t,x,mﬁ+52<t,x,u>3+n(t,x,u>3 (2.1)

ot Ox ou
is a Lie point symmetry of (1.1f) if

=0,

4 2 2
X[ ]{ Ut — 5 Ugg + Ul + Ulgy — QS (uu;m: + Uy ) + Utgzr — Bsuxx:m:}
D)

where X is the fourth prolongation of (2.1). Expanding the above equation and splitting on the
derivatives of u leads to the following overdetermined system of linear partial differential equations:

& =0, (2.2)
& =0, (2.3)
&, =0, (2.4)
Nuw = 0, (2.5)
New — & = 0, (2.6)
2088 —4BsE+ & =0, (2.7)
Bs&f —Bs&+& =0, (2.8)
—afBsn, —2a s+ alf — BE =0, (2.9)
4B SNy — 68562, — N + 38, =0, (2.10)
—Bsnu+ BsE —3BsEE+E =0, (2.11)
W + M + 270 + Nagaw — & = 0, (2.12)
— 0 SUNwg — B STawae — S Maa + Wha + Nt + Niaae = 0, (2.13)
uB s& — 3uB s&2 — Bsm — 3B Supu + 2 B 56 + B 5E2,, +u&f =0, (2.14)

—Qaﬁ’sufi —af sy — 6528%% +462s§§m — 253253 + ozuff —Bu f
20 SUNyy — suffm +2asn, +408 Newen — B sfimm +2 sznm — 5253733
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Solving the above system of equations with the aid of Maple leads to the two dimensional Lie algebra
spanned by the following linearly independent operators:

0

X, = —
1 at7
0
Xy = —.
2 ox

The linear combination of the translation symmetries wX; + X5 gives rise to the group-invariant
solution

u(z,t) = F(z), (2.17)

where z = x — wt is an invariant of the symmetry wX; + X5. Substitution of (2.17)) into ([L.1)) results
in

SﬁFzzzz + WFzzzz + 82Fzz - WQFZZ + WFFZZ - WFZQ
+sa (FF.,+ F2) =0, (2.18)

whose solution is given by

3 (w? — s%) sech (Z”“;Lf)
F(z) = Wt ] (2.19)
sa+w

Consequently the required group invariant solution is completed by (2.17)).

2.1. Fxact solutions using the simplest equation method

We now use the simplest equation method [25], to solve and as a result we obtain the
exact solutions system (|1.1]). The simplest equations that will be used are the Bernoulli and Riccati
equations.

We briefly recall the simplest equation method here. Let us consider the solutions of in the
form

F(z) = ZAi(H(Z»i? (2.20)

where H (z) satisfies the Bernoulli or Riccati equation, M is a positive integer that can be determined
by balancing procedure and Ay, - - - , Ajy; are parameters to be determined. We note that the Bernoulli
and Riccati equations are well-known nonlinear equations whose solutions can be expressed in terms
of elementary functions.

We consider the Riccati equation

H'(2) = aH*(2) + bH(z) + c, (2.21)

where a, b and ¢ are constants, we shall use the solutions

H(z) = —% _ 2% tanh Be@ + C)} (2.22)
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and
sech (%’Z)

) * C cosh (%Z) — %" sinh (%Z) ’

where 0% = b? — 4ac > 0 and C is a constant of integration.
For Bernoulli equation

H'(z) = eH(z) + dH?(2),
where a and b are constants. The solution of this equation is given by

B coshle(z + C)] + sinhle(z + C)]
H(z) = e{ 1 — dcoshle(z + C)] — dsinhle(z + C)] }

2.1.1. Application of the simplest equation method: Riccati equation
The balancing procedure yields M = 2 so the solutions of (2.18]) are of the form

F(Z) = AO + AlH -+ A2H2.

(2.23)

(2.24)

(2.25)

(2.26)

Substituting equation ([2.26|) into equation ([2.18)) and making use of equation (2.21]) and then equating
all coefficients of the functions H* to zero,with the aid of Maple we obtain the following overdeter-

mined system of algebraic equations in terms of Ay, A, As:

—120a*B sAsky™ + 120 a* Aok Pk — 10 a’a s A% k1 ? + 10 a® Ay ks = 0,
—24a'BsA 1kt — 336 a3b5 sAgky* + 24 a Ak, P ko + 336 aPbAsk: Pk

—12aa sA 1 Asky® — 18 aabs Ay k2 + 12 a2 A1 Aok ks + 18 abAy% ki ky = 0,
—8abB ?sA1k* — 16 aB PsAsk* — 03B esAik* — 14028 PsAyky?

+8abc® A1k1’ ko 4+ 16 ac® Aok * ko + bPc A1 k1o + 14022 Aok ko — abes Ag A1k
—2a?sAgAski? — s A2k 2 — bes? Ak ? — 2P s2 Agky 2 + beAg Arkq ks

+2 2 AgAskiky 4+ 2 A 2 kyky + beAiks? + 22 Asks? = 0,

—60a®b8 sA k" — 240 a®B esAskr™ — 330 a?bB s Aok 4+ 60 ab A ks

+240 a®cAsk ko + 330 a?b? Aok kg — 6 @’ sAgAsky? — 3a’a sA 2k

—21l aabsA; Aski? — 16 acv csAs’k? — 8 ab®s Ak — 6a%s® Aok,

+6 a?AgAskiks 4+ 3 a*A1%kiky + 21 abA; Aok ko + 16 acAs*kiko + 8 b2 As% k1 ks
+6 a?Asks® = 0,

—40a®B esAik* — 50 a?V? B sAvk,* — 440 a®bB csAski* — 130 ab®f s Aok, ?
+40 aPcA1 ki’ ko + 50 a®b? A1 k1P ko 4 440 a®beAsks Py + 130 ab® Aok * ks
—2a%a sAgA k2 — 10 aabsAgAsk,® — 5 aabsAi?ky? — 18 acv cs Ay Agky?
—9ab?sAAski? — 14 abesAs’ky® — 2a2s2 A1k, — 10 abs® Agky?

+2 a2A0A1k1k2 + 10 abAoAQk‘le +5 abA12k1k2 + 18 &CAlAlekz +9 bzAlAQkfle

+14 bCA22]€1k32 + 2 CL2A1]€22 + 10 abAQk:22 = O,
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—16 a8 AsAik* — 22ab?B esAkyt — 120 abB 2sAsky* — b1 B sA k!

—306%08 cs Aokt 4+ 16 a2 A1k ks + 22 ab?c A1 k13 ko 4+ 120 abc® Aok 3o + b* A1k 3k
+30b%cAski3ky — 2aaesAgArky? — ab®sAgArks? — 6 abesAgAgky? — 3 acbes Ay 2k
—6ac?sA1Ask? — 2acs® Aky® — b2s? Ak % — 6bes® Asky® + 2 acAg Ak ks

+0% AgArkrky + 6 beAgAskiky 4+ 3bcAr%kiks + 6 Ay Aski ks + 2 acArks? 4+ b2 Arky?
+6bcAsks® = 0,

—60abp csA kit — 136 a’p AsAsk* — 15 ab®B sAk* — 232 ab? B esAgky

—16b*B sAsk* + 60 a?beA1 kP ks + 136 a®c? Aok Py + 15 ab® A1 k1P ko + 232 ab®cAsk: ks
+16b* Aok13ky — 3aabsAgAi1k? — 8aa csAgAskr? — daaesA 2k — 4 ab®sAgAsky?
—2ab®sA;1%k® — 15 abesAy Aski? — 6 ®s A%k ? — 3abs® Ak, — 8 acs® Asky >
—4b%s? Aok + 3abAgArkiky + 8 acAg Ak ks + 4 acAy ki ky + 402 Ag Aok ks

+2b° A% kiks + 15 bc Ay Askiks + 6 P A’k + 3 abArke” + 8 acAsky”

+4 0> Agks® = 0.

On solving the resultant system of algebraic equations, we obtain

112 aZk%ky — v sAsky + Aok
b= 2 a2skq® ’
A - _i —8aacsAsk? — a b sAsk,? + 120252k, % + 8 acAsk ke + b2 Agkyky — 12 a2ky>
07 12 a’ky (asky — ko) ’
4, =t
a

Consequently a solutions of equation (2.18]) are
b 0 1
prm— —_ — — — h f—

u(z,t) Ao—i—Al{ 5% on tan <20(2+2))}

Ag{ b0 (19(2 + 2)) }2 (2.27)

2a 2a 2
and
b6 1 sech (%)
u(xu t) = Ag+ Al{ - % - % tanh <§02> * C' cosh (92—'2) — %a sinh (%Z) }
b 9 1 sech (9—2) 2
Ad — = — Ztanh ([ = 2 2.2
2{ 2a 2a tan (262) + C cosh (%") — %‘” sinh (%Z) } ’ (2:28)

where z = kyx + kot + k3 and 6% = b> — 4ac > 0.

2.1.2. Application of the simplest equation method: Bernoulli equation
The balancing procedure yields M = 2 so the solutions of (2.18]) are of the form
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Figure 1: Profiles of solutions (2.27) and (2.28))

Substituting equation ([2.29)) into equation ([2.18)) and making use of equation ([2.24)) and then equating
all coefficients of the functions H® to zero, using Maple, we obtain the following overdetermined
system of algebraic equations in terms of Ay, Ay, As:

—120 B etsAsky* + 120 e* Aok P ko — 10 v ®s A% k% + 10 €2 A2 ki ko = 0,
—Bd*sAiky* + d* Ak Pky — ad?sAgArk? — P Avky? + A2 AgAyk ks
+d?Aky? =0,

—336 B de®s Aokt — 24 B et*s Akt + 336 de Ak P ko + 24 e A1k Pk
—18adesAs?ki® — 12 ave?s A Askr? + 18 de Ay’ kyko + 12 €2 A1 Aok ky = 0,
—330 B d*e*sAyk,* — 60 BdePs Ak, + 330 d*e* Agk kg + 60 de® Ak ko
—8ad?’sAy%k? — 21 ades Ay Asky? — 6 ace’sAgAsky® — 3ae?sA k)

—6 €252 Aokr® + 8d> Ao’ kiky + 21 de Ay Aok ko + 6 €2 Ag Aok ks + 3 €2 A1 % ki ks
+6 €2 Asky* = 0,

—16 Bd*sAsk* — 15 Bd%esArky* + 16 d* Aok Py + 15 dPe A1 ki3 ky — 4 avd®s Ay Aok
—2ad?’sA%k? — 3adesAgAik? — 4d>s? Asky® — 3des® Avkr® + 4 d® Ag Aok ks
+2d? AP kyky + 3deAgAr ki ks + 4 d% Asks® + 3de Ak =0,

—130 8 d3esAsky* — 50 B d?e®s Akt + 130 d®e Aok, Py + 50 d?e® Ak B ks
—9ad?sAAsk? — 10 avdesAg Ak, — 5 adesA % k2 — 2ae?sAg Ak
—10des®Asky? — 2 %5 Arki® + 9 d? Ay Aok ko + 10 deAgAski ko + 5 deAr 2k ks
+2 €2 AgA ki ks + 10 deAsks? + 2 €% A1ks* = 0.

On solving the resultant system of algebraic equations, we obtain

5 - 1 —12 62]{?12l€2 +« SAle — A2k2

12 ki3 se?
A — l OédQSAzklz —12 6252k'12 — d2A2k1k2 + 12 62]{?22
0= 2 €2k1 (Oé Skl - kz) ’
dA
A =2

e
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Consequently a solution of equation (2.18)) is
coshle(z + C)] + sinhle(z + C)]
1 — dcoshle(z + C)] — dsinh[e(z + C)] |
ade coshle(z + C)] + sinhle(z + C)] 2
171 = dcoshle(z + C)] — dsinh[e(z + O)] |

u(z,t) = Ao—l—Ale{

(2.30)

where z = kyx + kot + k3 and C' is an arbitrary constant of integration.

Figure 2: Profile of solution (2.30))

Hereby, we give some figures to describe our solutions.

2.2. Conservation laws of
A local conservation law for equation (1.1
G = uy — 2 Ugy + Wty + UL — S (uum + uf) + Utger — BSUsrra (2.31)
is a space-time divergence
DT' + D, T%|gg = 0, (2.32)

which holds for all formal solutions u(t, ) of equation ([1.1)), where the conserved density 7" and the
spatial fluxe T are functions of ¢, z,u and derivatives of u.
We obtain a multiplier A, that is given by

A(t, o, u) = 2573 Agat + Aps®a®t? + sAya’a® — 25%a Ayt — Ags®t? + sAjat
as32/a? — 1t
_sAng_2aA2+26A2+A1x+A4x+A3—{A6COS< Ja=3 )
A sin <as3/2\/a2 — 1t) } cos (\/Ex/oﬂ - 1x> +sin <\/§\/a2 - 1x)
> Vva—pj va—p Va—p3
as32/a? — 1t C (asiAa? =1t
As cos + Ag sin )
va—pf va—f

Thus, corresponding to the above multiplier we have the following conservation laws:

D, T} + Dfo”] =0,
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1
T = 1 (2xuxu —u? + vy — ugy + xumz) )

1
Tr = Z_L( — dsrauyu 4 2w 4 4s*u + 2sau? — 4s*zuy + 45Puyy — 451 By,
—2Uyy + 3:1:utm);

DT} + DxT2$| =

3

1
T§ A_l( — 8talus® + 8tus® — 2t%uu, s> + 220Uy s — Plyyes® + 20 Upyy s

—A4t2u,8% + 42 s® — 2tadu?s® + 2tau’s® — 8ralus® + 8raus?

+tzaPuu,s® — Mrauu,s® — 26Uy, s + 26U, S® + 20203 Uy S?

— T OU gy S® + Stxa?’utSQ — 8traus® — 2za’u’s + 2xu’s + 20, s
=222, + 22202 U, S — 2upS — 200 UppS + 2TUpr S — T Uy S

+ 220 Ugpns — 422 + A2 0P urs — dauu, + 4Buty — 20Uppy + 2BUsgs
—8auy + SBut),

1
15 = Z(4t2ux55 — 4t?0%u,s° + 8talus? — Staus* — Stralu,s* + Strauy,st

—At2 B, st + 4t2auuxs + 4t26um$s 4t 2Bumms + 4tatu®s®
—6ta’u?s® + 2tu’s® + 8ratus® — 8rus® + 42’u,sd — 4x20Pu,s®
—8tratuu,s® + 8traluu,s® — 260Uy, s + 2tug,s® + 8t0z3ﬁums3
— 8t Uy s® — SR Py S + ST BULeS® — 262Uy s® + 2620wy s®
— 32Uy, 8° + 3t2a2utms + 2z0u?s? — 2zau®s® + 4alu,s® + dau,s?
—8042,8% — 42203 uu, % 4 4x’auugs® — 2003 UL, s + 2xat,, s
48202 fliyys? — 8T LUyys® + A% Pligees® — 42202 Bigyys® + AtzaPuu,s®
—Adtrauus® — 4o, s? 4 Aoty st 4 6traP Ui, st — 61Tty s® + 8ot utys
—8afutys — 83%Upyys + 80 BUszes + 202U s — 20 unys + 220 uuys — 2uys

— 40P Uy S + ATUyS — 3T UeS + 3820 Uiy s — dauuy + 4Buty — 60Uy,

D,Ts + D, T3 @ =

Ty = = (—4sau,u + 2uu — 45" 1, — 45Bugpy + 3tses) ;

e Nl N

DTy + D, T} |y =
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t 1 2
T, = 1 (25tauxu + 2zu,u — 4dsau — u” + staug,, + dstau; + druy — g, + xumx),
1 2, 2 2 2 3
17 = 4_1( — 4s“ta*uzu — dsxauz,u + 2stauu + 2rusu + 4s*u + sau” — 4s tauy,
—45%tBuyyy — 452 TUy + 35ty — SQULy 4+ 45Uy — ASTPUpyy — 2ty
+3xutm);
DTy + D.T5 | =
e Va2 —1y/s(ast + x)
VaB
1
T = m{ —35%2V/a? — 1 cos(D)ua® — s\/a — Bsin(T)uza?
a —

—V5va? = 1cos(D)ula + 45%/*v a2 — 16 cos(Iua + 2\/oszm Duu,o
—ﬁ\/ﬁcos (Dugea + \/rsm VU 0+ 4\/04T sin(I)usax
+vs5va? - 13 cos( Ju? — 52/ — 1 cos(D)u + sv/a — Bsin(T)u,
—ZFB sin(Iuu, + Vsva2 =18 cos(IMug, — MB sin(I) Uy

—4\/a — [P sin F)ut}

T = W{&sg‘/zm cos(D)ua® — 252y/a — Bsin(D)uya’
+532v/a? =1 cos(T)u?a? — 45°%v/a2 — 18 cos(T)ua? + 4s*y/a — BB sin(D
—4s\/a — Bsin(Duuga® — s%2vVa? =1 cos(T)ugpa® — sﬂsm(F)utaQ
—s32y/a? — 16 cos(D)u’a + 85/2\/T1COS(F)UC¥ —252y/a — Bsin(T )uxa

43@5 sin(T)uugz o + 583/2\/7ﬁ cos(Iug a0 — 45\/rﬁ sin(D) uggp v
+2\/rsin Juugee — 2\/5\/0971 cos(IMugcr + 3\/oszm VUgr

483/2\/7/82 COS U/:L‘x + 48\/OZT/8 Sln ux:m: -+ smSIH(F)Ut
—2v/a — BBsin(Duu; + 2v/svVa? — 18 cos(Iug, — 3v/a — BBsin(T utm};

DyT§ + D, T¢ @) =

Va2 —1y/s(ast + x)

=
va—p ’
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T¢ = m{ —35%2Va? — 1sin(I)ua® + sv/a — B cos(T)uza
—VsvVa? — 1sin(I)ula 4 4532V a2 — 18sin(D)ua — 24/ a — 3 cos(Iuuga
—vsva? — 1sin(T)ugo — \/a — peos(Iugpeae — 44/ oo — B cos(D)uar
+v5va? — 18sin(l)u? — s¥2Va? — 1sin(T)u — s\/a — Bcos(D)u,

+2v/a — BB cos(Duu, + vsva2 — 18sin(T) g, + Va — B8 cos(I) Uy
+4+/a — BB cos F)ut}

= W{SSE‘/QMSin(F)uag + 252/ — B cos(T)uga’
+532v/a? = 1sin(T)u?a? — 45°2v/a2 — 18 sin(T)ua’® — 4s>y/a — B3 cos(I
+4s\/a — B eos(Duuga® — **vVa? — 1sin(T)ug,a” + smcos(F)utOz
—s32y/a? —1Bsin(D)u’a + s**Va? — 1sin(T)ua + 25*\/a — 3 cos(D)uza
—4s\/or — B cos(T)uuger + 55°*v a2 — 18 sin(T)ugpa + 4sv/a — 53 cos(D)tgzpex
—2v/a — Beos(Duuger — 2¢/5va? — 1sin(D)ugpar — 3v/a — B cos(T)uggmor

—45%2v/a? —18%sin(T)ug, — 481/ — B3 cos(D)tyee — s/ — B cos(I)uy
+2v/a — BB cos(D)uuy + 2v/svV a2 — 18sin(I)ug, + 34/ — BB cos(T' utm}.

3. Concluding remarks

In this work we studied the two-wave Korteweg-de Vries equation via Lie symmetry method

and applied the simplest equation method to generate travelling wave solutions. Finally, derived
conservation laws using multiplier approach.
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