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Abstract

In this article, we present a new fractional integral with a non-singular kernel and by using Laplace
transform, we derived the corresponding fractional derivative. By composition between our fractional
integration operator with classical Caputo and Riemann-Liouville fractional operators, we establish
a new fractional derivative which is interpolated between the generalized fractional derivatives in a
sense Riemann-Liouville and Caputo-Fabrizio with non-singular kernels. Additionally, we introduce
the fundamental properties of these fractional operators with applications and simulations. Finally,
a model of Coronavirus (COVID-19) transmission is presented as an application.

Keywords: Fractional integral; fractional derivative; non-singular kernels; Mittag-Leffler function;
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1. Introduction

Fractional calculus has become a popular and significant area of study. It is due mainly to the
widespread use of fractional differential equations in various technical and scientific fields, including
physics, biology, chemistry, control theory, economics, signal and image processing, blood flow phe-
nomena, biophysics, aerodynamics and data fitting[1l 2, 3, 4, [5, 6, [7, 8, O, [10]. Fractional derivatives
are also well-suited to describing the memory and heredity characteristics of different materials and
processes. Because of these properties of fractional derivatives, fractional-order models are seen to
be more realistic and practical than integer-order models, which ignore such effects. There are many
kinds of fractional derivatives, like Riemann-Liouville, Caputo, Hadamard, Grunwald-Letnikov, and
Hilfer, for more details; see [11, [12], 13} [14].

By developing the kernel of the fractional derivative (integral) operator, the researchers tried
to reach the best description of the mathematical models for many real-world problems. Lately,
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many researchers have been interested in developing new types of fractional operators without sin-
gular kernels. Caputo and Fabrizio, in [I5], introduced a new fractional derivative without singular
(exponential) kernel, and in [I6], they presented some of its applications. Atangana and Baleanu
in [I7] suggested a new definition of a fractional derivative without singular (Mittag-LefHler) kernel
for Riemann—Liouville and Caputo sense. Al-Refai in [I§] presented the definition of the weighted
Atangana—Baleanu fractional derivative in a Caputo sense. In 2020, Hattaf [I9] presented a gen-
eralization definition of the fractional derivative given in [I8]; also, he introduced the weighted
Atangana—Baleanu fractional derivative in a Riemann—Liouville sense with related fractional inte-
gral. The fractional derivatives without singular kernels gave adequately described for models of
dissipative phenomena where the classical fractional operators cannot give it, see [20} 21, 21].

This work aims to establish and investigate properties of a new definition of fractional derivative,
as an interpolate fractional derivative between generalized fractional derivatives Caputo-Fabrizio and
Riemann-Liouville with Mittag- LefHler kernels. The rest of the article is structured as follows. In
Sec. 2, we mention some important results and definitions related to the fractional calculus. In Sec.
3, we present a new fractional integral with a non-singular kernel and establish some properties and
application with simulation. In Sec. 4, we derive a fractional derivative associated with the fractional
integral in Sec. 3 and its properties with simulation. As for Sec. 5, it represents our main purpose in
this article, where we introduce a new fractional derivative with fractional integral related to it and
establish their fundamental properties with applications and simulations. In Sec. 6, an application
is presented.

2. Basics and Preliminaries

In this section, we recall some definitions, lemmas and notations, which help us later to establish
our main results. For more details, we refer to the references [13| [14].

Definition 2.1. The Mittag-Leffler function of one parameter is defined as

L (6t7) Z P

7 (0#0ecRteCp>0), (2.1)
e [(pj+1

and the generalization of the Mittag-Leffler function with two parameters p and o is given by

tPI
Epo‘ th Z QJW, (0 7é VRS R,t, S C,p > 0), (22)

=0
where E,1(0t°) = E,(6t°).
We recall that the Laplace transform of the Mittag-Leffler functions and (2.2)

Pl AP~
Y 9’ LA E,,(0t")} (\) = Y0 respectively. (2.3)
It should be noted, the Mittag-Leffler function is a generalization function of the exponential function,
where Ey (2) = > 77, j—J, =exp(z) .

Let —o00 < @ < a < oo. Let Csla, a] be the weighted space of continuous functions

Csla, a)| = {x: (a,a] = R: (t—a)’z(t) € Cla,a]}, §€]0,1), with the norm

lalle, = ||t = @)= )| -

LAE(017)} (A) =
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and for n € N, let C} [a, a] be the space of continuously differentiable on [a, a] up to order n — 1
such that D"z(t) € Cs[a,a] (D™ = 43), with the norm

n—1

lzlep = D [|D%e|| o + 1D |-

k=0

Remark 2.2. The above spaces have the following properties

i. Cola, a] =C]la, al,
ii. CYla, af =Csla, a],
. if 0< §; < b9 < 1, then Cy, [a, a] C Cs, [a, a].

Next, we recall the following definitions related to fractional calculus.

Definition 2.3. The fractional integral of order q > 0 with the lower limit a for a function
¢ € Csla, a] and defined by

) = i [ = ds, e (@l g0,

is called Riemann-Liouville, where I'(-) is the Gamma function.

Definition 2.4. For a function ¢ € Cs[a, a] the expression

1 d

FEDIC (e) = T(—q)de

/ (e =) (s)ds = DI, "% (e), ec(a, a] 0<gq<]l,
15 called Riemann-Liouville derivative of order q.

Definition 2.5. For a function ¢ (¢) € C}[a, a] the expression

“DI¢ (€) = ! )[ (e—5)"%(s)ds=1.""D¢(e), €€ (a, a] 0<g<1,

'l—gq
18 called the Caputo derivative of order q.

Lemma 2.6. Fort > a we have

i. [RL[g(T — d)p_l} (t) = FEQ(—]ID—)q) (t— &)p+q—1 0>0.p>0,
ii. [AEDY(r—a) '] (t)=0 0<q<l1.

Lemma 2.7. For q > 0, I maps C|[a, a] into C|a, a].
Lemma 2.8. Let ¢ >0 and 6 € [0,1). Then %17 is bounded from Cs|a, a] into Cs[a, a) :

”RL[gz||C5 <(a—a I'(1-9)

< )qm\’flﬂcé

Lemma 2.9. Let ¢ >0 and 6 € [0,1). If § < q, then BT is bounded from Cjs[a, a] into Ca, a].
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Lemma 2.10 (semigroup property). Let ¢ > 0,5 € [0,1), p> 0 and ¢ € Cs[a, a]. Then
R (MPIEC) (1) = (PRI (1) te(a, a].
Lemma 2.11. Let 0<g¢<1,6€]0,1) and ¢ € Cs[a, a]. Then
REDT(RETEC) (1) = C(b) for all ¢ € (a,al
Lemma 2.12. Let 0 < g <1, €[0,1). If ¢ € Csa, a] and RLII7'¢ € Cha, a], then

(RE179C) (a)
I'(q)

Lemma 2.13. If0 < g <1 and ( € Csla, al, then

RO (REDICY (1) = ¢ (t) — (t—a)”"  forallte (a, a].

(FEII°DLC) (1) = ¢ (t) — ¢ (a) for all t € (a, a].

Remark 2.14. For g € (0,1),\ > 0 the Laplace transform of operators BEII BEDiand <Di are
gien by

L{(I5) (D} () = AT 1L{C ()} (V)
L{(DHO) (1} () = AL{C (O} (N) = (FF17¢) (0
L{(“D§O) (O} (A) = NLLC ()} (\) = A7 (Q) (0),

respectively.

3. Generalized Fractional Integral

In this section, we introduce a new fractional integral definition by generalizing the Caputo-
Fabrizio fractional integral[16], where we replace the exponential kernel with the Mittag-Leffler kernel.
Additionally, we establish properties for this integral.

Definition 3.1. Let O0<a< 1,6> 0 and x € Cs|a, a]. The new fractional integral of order o, of
the function x(t) is defined as follows

(/cg’%) ) =+ / t o [—ca(t—s)ﬁ]x(s> ds, (3.1)

(07

where Co = =2 and Eg(z) = > e F(#JH) is Mittag-Leffler function.

To show that the new fractional integral ICg’ﬂ is actuality a generalization of the Caputo-Fabrizio
fractional integral [16]. Taking S= 1 leads to

(ngJx) (t) = é/ By [—Co(t — s)l]x (s) ds = é/ exp[—Cq (t — 8)]|z () ds,

Below we establish some properties related to the fractional integral operator ICg’B :
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Theorem 3.2. For any «, 8 ,x satisfying the conditions from Definition[3.1], the fractional integral
operator ICg’B can be written as

(K292) (0= 3 (o (15452 (. 32)

Proof . According to Definition and Definition 2.3 we have

(IC"‘ﬁ ) ®) / g; T (nf +”1 —o)"ds

1 S n ! n 1 . n n
=Y et [ - = S e () o)
n=0 n=0
where #ET] is the standard Riemann-Liouville fractional integral of order . O

Dealing with convergent series is essential in fractional calculus, so the series which is given in
Theorem will be helpful to study the properties of fractional integral ICg"B .

Remark 3.3. By linearity of Riemann-Liouville fractional integral, the fractional ICg’ﬁ 18 linear
operator, that is

K [ (8) + vy (1)) = ukg e (1) + oKy (1),

holds for all scalars u,v and z,y € Csla, al.

According to the analytically of the Mittag-Leffler function E3 [—Ca(t —s)° } at any point s in
the interval [a, t). Also, we know that lim, ,-, Eg [—Ca(t — 3)6} =1, and by continuity of z(t) the
fractional integral K7 is well-defined.

Lemma 3.4. For 0<6< 1 and a€(0,1), the fractional integration operator IC;"B 18 bounded from
Csla, a] into space Cla, al :
|(kce7) )] < Mo, (33)

where

I ((11—5) (a— &)l_gE/BQ_& |:Ca<a . &)ﬂ}

Proof . Note that by the definition of the space Cj[a, a] and Lemma , we have (t — a)
Cla, a] and

|(z) ], =

Lemma [2.6] (i), gives

[(k20) @], < £ 3 @ gy ¢ 0 e ] < M,

M =

r(t) e

)

c

<y e

c =0

LS (e (mers) .

«

(RL[gﬁJrlx) () ‘
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Lemma 3.5. Let 2 (t) € Csla, a]. Then K%z (t) € CLla, d.

Proof . By the definition of the space C} [d, a], it suffices to show that DK’z (t) € Csl[a, a]. For
this, let {z)},-, be any convergent sequence in the space Cs [a, al, i.e.

there exists z€ Cs [a, a] such that x — x, as k — co. Now we need to prove that

Dng”Bxk (t) — chg’% (t), as k — oo, using Remark 3.3, yields

HDICg’%k (t) — DKz (t)‘

o, = [Pa e @) - 2]

L [ B[t b)) ds

adt

Cs

Cs

Leibniz integral rule gives us

HD/cgﬁxk (t) — DKz (t)‘ o= é[g;k (t) — ()] +$ / t s () — 2 ()] (%Eﬁ [—Ca(t—s)’BDds .
1 1 o= (—C)" [* nd—1
- —[m(t)—x(t)HanZOF(nm/&[m(s)—x(s)}(t—s)ﬁ .

Since the Mittag-Leffler function and its t-derivative are analytic functions at every point s in [a, t)
and the Riemann fractional integrals #2127 (n = 1,2,..) is well-defined for any function in the
space Cs [a, a] , then the integrals

t
/ (2 (8) — ()] (t — )" 'ds, n=1,2,..
are converges. Hence

< i (0) = 2 (W, + = 3 (~Cal ML i (1) = 2 (),

Hchgﬁxk (t) — DKz (t)‘

Cs
By our assumption, the right-hand side leads to zero whenever k — oo . [

Lemma 3.6. Let ac (0,1),0<6< 1 and x € Cs[a, a]. Then the fractional integration operator K°
is bounded in Cs[a, a] :

|(k3%2) ]|, <Ml

Where M = @ (a—a)Epas [Ca(a - d)'ﬂ :
Moreover

<ICZ‘”81’> (a) :=lim Kz (t) = 0.

t—a

Proof . Since z € Cs[a, a] then (t — &)’z (t) € C[a, a] and thus

\&
o @, = [[¢ =’z
Using Theorem |3.2] we get that

[(ko7a) 0], = |23 et (i)

«

Cs

<1 S| (ure) o

Y

Cs
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on the other hand, we have

H (RL]L{:BHx) (t)‘

let s=a+y(t—a). Then

=0 [ e
o ST [ =9 = e, ds

/t(t — )P (s —a)™ ds = /Ol(t — )1 —a)kP(t —a) 0yt — a) dy

H
o RL pkB+1 r'1-9) kA
H( ]d :E) (t))cé - F(k‘ﬁ—i—Q—é)(t a) ||I||C(57
and then
1 & NG
(e ol = 5 R ey - el
I'(1—-9)

(t—a)Bpps [Calt — @)°] 2]lc; < M|l
Directly we conclude that the right-hand side approach to zero as t — a. [J

In the following result, we derive the formula for Laplace transform of ng’B .

Lemma 3.7. The Laplace transform of fractional integral ICg’Bis given by

A1

a,B _
c{(kete) 0} = gLt .
Proof . According to the Laplace convolution operator theorem, we have

c{(ks) 0} ) = 2L { By [-Ct’ ]} ) £z (0} (V)

and by identity
p-1 B-1
£{(k2%2) O} ) = 25 £ e OO = o= £ e (H ).
[

Now, we apply the fractional integral Kg’ﬁ of a power function (¢ — a)”,p > —1, that is we derive
(ICg’B (r—a) ) (t) where we have use Theorem as follows

(k27 =) () = 230 (—c (Rrp i —ay) o).

and from Lemma 2.6 (i), we get

«, AND o 1 . n F(p+1) ~\nf+p+1
(kef(r—ay) () = Emﬁ_@)FM6+p+%@_@ﬁ++
o F(p+1> _dp-i-l - —CALB
- - EMH[CJt )} (3.4)
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Figure 1: Graph of (3.4)) for a =0,8=0.8 , p =1 and deference values of «.

Property 3.8. If 2 (t) € Cs[a, a] , then for a,we (0,1),0<0< 1,
Ko (K;%) (t) = K27 (icgﬁg;) ().

That is, the fractional integral operators ng’ﬁ are commutative.

Proof . We have 0o
e (Ke) () = K iz (=€) () ] v

a a

_ éi (—Ca)* (RLLQ“B“ lé i (—C.)" (RLL?B “@D (1)

-2 33 (-G (€ ("ere) )

_Ca)k (_Cw)” <RL[gLﬁ+k,B+2x> ().

€=
1
||Fj

Which completes the proof. [J

4. Fractional Derivative Associated to the Fractional Integral ICg’ﬁ

After introducing the fractional integral ICg’B of order € (0, 1), it became necessary to introduce a
fractional derivative of order ac€ (0, 1). In this section, we establish a fractional derivative associated
with the fractional integral.

Consider the following integral equation

(/cgr%) )=y (t), ac(0,1),5> 0. (4.1)

Using Laplace transform and applying Lemma leads to
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pran
al + (1 —a)

L{z ()} N =LA{y 1} (N),

or equivalently,
l-«a

L{z ()} (A) = arl{y (O} (V) + 5 Ly (Y.
According to Lemma [3.6] and by using the inverse Laplace we get
z(t) = aDy(t) + (1 —a) 1]y (1) (4.2)
Based on the preceding, we will present the definition of the fractional derivative that we will be

denoted by ’CDg’B . Also, we establish some properties related to this derivative.

Definition 4.1. Let O0<a< 1,8 > 0 and = € Cjl[a, a]. We define the corresponding fractional
derivative to the fractional integral ICZ"B as follows

(’CDZ"B :c) (t) = aDx (t) + (1 — @) RFIP (1) | (4.3)

When a= 1,6 > 0, we obtain the first-order derivative. Otherwise,
ifa=0,0=1 ,then (’CDg’l x) (t)==x(t).

From Deﬁnitionm we notice that of the fractional derivative’CDg’B is well defined if the Riemann
fractional integral. Depending on the linearity of the Riemann fractional integral, the fractional
derivative KD;’B is also a linear operator. It is easily seen that the fractional differential operator

’CDg’ﬁ belongs to space Cs [a, a] follows from the definition of C} [a, a] and Lemma m
In the following result, we derive the formula of the Laplace transforms of fractional derivative
’CDg”B. Where we have used Laplace transforms of the first derivative and Reimann fractional integral.

Lemma 4.2. The Laplace transform of the fractional differential operator ’CDg’Bis given by

£ (505%2) (0} () = aAL {x (0} ) + 0w (0) + (1 — ) 5 £Lx (D} (V).

Lemma 4.3. Let z € C}[a, a] . Then

(’CDQ’%) (@) :=lim <’CDZ"B:c) () =0,

t—a

Proof . Since z € C}[a, a], then x € Cla, a] and Dz (t) € Cs[a, a] . From Remark[2.2]and Lemma
2.8 we have the following

[ o,

< aH(t—d)‘sDx (t)H

Y

Cs

4 (1—a) H(t —a) (RL1§—1x> (t)H .

C C

Consequently, H (’@2’%) (t)‘

approach to zero as t — a. [
Cs

The following result shows the relationship between the fractional operators’CDg’ﬁ and ICZ"B . In

fact, the derivative operator ’CDg’ﬁ is a left inverse of integral operator ICg"ﬁ and their composition
is not commutative.
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Theorem 4.4. Let a€ (0,1),0<0< 1.

i. Ifz (t) € Csla, al, then
Kp’ (/cgv% (t)) =z (t). (4.4)

ii. Ifx(t) € Cila, a], then
o, a, ~ ~
kDS (/cd by (t)) = 2 (t) — 2(a) B [~Ca(t — a)°] . (4.5)
Proof . Our proof is based on Theorem [3.2] Definition [.1] and Lemma [2.10] for (i) we have

Dy (K (1)) = D57

n=0

LS ey (R ]

= i (—C.)"D <RL](Z;6+1$> (t) + (1 ; ) . (_Ca)nRng—l (RLIgﬁﬂx) (1)
- i (—Ca)" (RLIg,Bx) (t) — i (_Ca>n+1 (RLIénJrl)ﬂm) )
=z (t);

a

=Y e (Pane) 0+ S S e () o

(@
n=0 n

= i (—Co)" <RL]gﬁ [ (t) — x(d)]) + (1-0a) (_Ca)nRngﬁ-i—l (RL]§—1:E> (1)

= (C)" L [ (1) — w(@)] = Y (—Co)"THEELITYE (@) (1)

n=0 n=0
=) T (—C)"™ I (1) = Y (—Co) L (1) = Y T (—Co) I (a)
n=0 n=0 n=0

Therefore,

O
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Figure 2: Graph of (4.6) for a = 0,8 =0.8 , p = 2 and deference values of «

Let us consider the fractional ’CDg’ﬂOf a function x (t) = (t —a)® ,p>—1

(D2 (r = @) (1) = ap(t — @) + (1 - a) %@ — )™, (4.6)
In particular, if p = 0, then
P
(502" 1) () = (- o) =

This means the fractional derivatives of a constant are, in general, not equal to zero.
The following is a direct result of Theorem [4.4]

Corollary 4.5. If z (t) € C}a, a|, and x (a) = 0,then, for a€ (0,1),0<0< 1,

Ko’ (’CDS’% (t)) — Kkpo? (/cgﬂ% (t)) — 2 (1),

It should be noted that the fractional derivatives operators ’CDZ"B are, in general, not commutative
operators. To illustrate this, we set that z (t) = e'. Hence,

13 13 13 (1 2 1
“pit (<o () =<nit [0 () + 21 (@)
1311 2
=Kkpg- {get + 512 By s (t)]
1 1 21 1 1 21
= §D |:§€t + thEL% (t):| + 5[2 |:§€t + §t2E1 % (t):|
1 1 1 1. 1
= |:66t + gt 2E1 1 (t):| + |:6t2 El,% (t) + gtEl’Q (t):|

similarly,



836 K. O. Hussain, N. J. Al-Jawari, A. K. O. Mazeel,

5. A New Fractional Derivative
Our goal in this section is to introduce a new fractional derivative and establish its properties.

Definition 5.1. Leta€ (0,1),8 > 0 and let z (t) € Cs [a, a] such that (LI, "z) (t)€C}[a, a]. The
fractional derivative for the function x (t) of order a5 and type 0 < p < 1, is defined as follows:

a,B _ (CpPl-pp-l—a,BRL 1y
(D5} () = (CDy vy Dl (1), (5.1)
where B D ¢D are the Riemann-Liouville and Caputo fractional derivatives, respectivelsy.

It is not hard to show that the expression . is well defined. Indeed our condition
(BEI 7" x) (H)€CE [a, a] leads to REDYx = D (RET,7"2) €Cs [a, a] . According to Lemma , we have

olmeeP ("L D%z) €Cj [a, a], this means D <IC(11 @ORL Dl y; > €Cs[a, a]. Now we already know from

a
Lemma that "L14D (K372 DY) €C; [a, al, it follows that (© Dy ™I, Dlx) (1) €C [a, a].
It is worth noting that the above definition contains special cases existing previously, as follows:

1. When p = 1, we get the Hattaf fractional derivative of Caputo sense CDg’B [19] given by

(Dl%lﬁl) (t) = (’Cé_a’ﬁ (D$)> ()= —— ; Es [—)\a(t - 3)5] (Dz) (s) ds. (Aa _ i)

-« Ca

2. When p = 0, we get the Hattaf fractional derivative of Riemann-Liouville derivative sense
Rp®P [19] given by

(Dgfx) (1) = (D IC}[‘”%) (1) = 11ajt Eﬁ[ A (t—s)ﬂ]x(s) ds.

3. When i = 1,=a we obtain the Atangana-Baleanu (ABC)fractional derivative of Caputo
sense € D2 [17] given by
1 t
(D3 (8) = (K4 Da) (1) = | Eal-Xalt = )] (Da) (5) ds.

—Q

4. When p = 0, f=a we obtain the Atangana-Baleanu(ABR) fractional derivative of Riemann-
Liouville sense*BE D> [17]] given by

a,o . 170[,(1 _
(D(f,o x) (t) = ( DK, “"z) (1) == adt/ E, (t —s)%]z (s) ds.
5. When u = 1, f= 1 we have the Caputo-Fabrizio fractional derivative [15] given by
o —a 1 t
(Dgta) () = (K™ (D) (1) = 7= | eap[-Xa (t = 5)) (Da) (5) ds.

By the series formula (3.2)), for any «,3,u, x satisfying the conditions from Definition , obviously
to see that the fractional derivative Dgf can be expressed as

1 o0
o, _ vy \n [CpPl—pRL pnB+1RL Hyp
(Dsfa) (1) = 7— HZ( o) (OO DL ) (1), (5.2)
The above series is helpful for us to show some properties of the fractional derivative Dgf
for instance, the linearity of the fractional derivative Dgf which we get from the linearity of the

operators #¥D ¢D RLT and others will be presented later.
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Remark 5.2. If a= 0, then
(D%ﬁx) (t) = (CD};H I RLDng) (t), particularly

(i) = { 20 =@

Theorem 5.3. Let o,3,0 and x be satisfying the conditions from Definition [5.1 Then

o o ML) (@) e
(p3ge) @)= (D) 0~ Dy [ o] (5.3
Proof. Using the formula ([5.2)) and semigroup property of Riemann-Liouville fractional integral,
we have
1 oo
a,B _ RL nB+pRL
(s f”) e " (DL ) (0

1 & (RLll—Mx)( ) B
gﬁ nRL[pB o A\p—1
(Dsfa) (8) = = > (X)L ( O I Akl
- 1 (RLF "2) (@) & _
- A nRLI'IZB t o nRL]n,B Aypu—1
1—a ; ( a) ZL'( ) 1—ar nz:% a)
1 d& (RLII Fa) (6) & )nb’+u 1
= DN () R (1) —
1—Oédtnzzo< U (1) n:o I'(nB+ n)
. RL [l=p,. (a)
_ (D K ﬁx) (t) - %(t Ly [—Aa(t—s)ﬂ
This completes the proof. [1
In particular, when p = 1, we have
a,fB o a,pB ‘7:( ) B
<Da1 x) (1) = (Da0x> (t) - 5 _aEﬁ[ Aalt — ) ] (5.4)

Theorem 5.4. The fractional derivative D 5 has the following Laplace transformation

c{(piiz) 0} ) =

Proof. Using Remark (third relation), we obtain

c { (Dgfx) (t)} (\) = AL hL { (;c})*a’ﬁRLDgx) (t)} o (/cgfaﬂRLDgx) @),

follows from Lemma [3.6]

c{(psle) 0} ) =X { (k" pga) (1)}

(1—a) M +a

ML (8} (A) — Nm (RE[ ) (0)]
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Lemma now yields

e{ (i) 0} 0 = [ A (D) (0} ]

l—a) M+«

Remark (second relation) shows that

{(p5a) 0} ) = [W O} - 7 (M e) “”] | 5

(1—a) N+«

Theorem 5.5. Let o,B,u and x be satisfying the conditions from Definition[5.1. Then the fractional
differential operator Dgf 15 bounded:

a,B
| () @], < &|*DLe,

where
(a—a)'T(1-19)
(1—a)(p+1-9)

Proof. By Lemma 2.8 we have

K —

[1 + (a—a)Es [)\a(a - a)ﬁﬂ .

|(ez2o) o], = oo <<— (el
=la- d)“ M+ 1 - H 1 - adt [ Aa(t = S)B] (""Djz) (s) ds .
(a—a)'T (1 -9) 2

(D) () + / () ) (8, [aate -9 ) s

Analysis similar as in the proof of Lemma shows that

T (I—al(p+1-90)

[(p322) @, <g gy | 2 @,
(1<ci;)a)“1;+11—_ g DL (R D) ()],
<L (e o) o),
AT Ol D 0 -

(a—a)"T (1 —0) 1+ (a—a) By [afa—a)']| | (" D2a) (1)

“(l-a)'(p+1-9) HCs'

This completes the proof. [J

From the above theorem, the following identicality can be obtained immediately

(Dgf%) (@) :=lim <oanfx> (t)=0. (5.5)

t—a

Cs
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Now, let us consider, the fractional derivative Dg’f, of a particular function z (t) = (t —a)”
p>—1.

<Df{f(7 _ @p) (1) = ﬁ i( ) (ch WRL nALRL Db (7 d>p> (t)

Y

_LO_O 1uLn5+1 I'(p+1) N
1= %2:% (C B s )(t)
_ L < C p+ 1) r—é nB+1+p—p
1= O‘nz% (D L'(nf+24+p— u)( ) )(t)
T+ < W (t—a)"t?
- l-a HZ;FM) <F(n5+1+p))
Or, equivalent
(Dgr—ay) 1) = “%Z”(t @ Byper | ~Aalt = )7 (5.6)

In particular, if p = 0, then

(Dgfl) (t) = i (t —a) By [—Aa(t _ 3)6}

This means that the fractional derivatives DA of a constant are, in general, not equal to zero.
On the other hand, for 0 < pu <1,

(Dl —ay ) () =0, (5.7)
Indeed,
(Daftr =) 1) = ("D KD [Fhr (e =2 ) (0
= (“Di KD ()]) = 0

In the following, we will establish a fractional integral associated with the fractional derivative. For
this, let us consider the following

<ngfm) (t) = u(t) (5.8)

Using the Laplace transform, we get

NL Az (6} () = M (1) (0)
a ¥ a = £{u(H)} (V)

Therefore

LAz ()} () = A" (L") (0) + (1= a) L{u(t)} (V) + %E {u(®)} (N,

applying the inverse Laplace leads to

(RLIé—#x) (O) t,u—l
I' ()

Relying on the above work, we present the following definition.

z(t) = +(1—oz)u(t)+oz<RL]gu> (t).
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Figure 3: Graph of (5.6 for a =0,8 =1, p =2 and deference values of a.

Definition 5.6. The fractional integral associated with the fractional derivative (Dgfx> , 1s defined

by
(fg%) H=(1-a)z(t)+a <RLI§x> (t). (5.9)

We obtain the original function when o = 0. Otherwise, we have

(];Jx) (t) = / x (s)ds.

The fractional integral I3” defined in [19] as the fractional integral associated with the generalized
fractional Riemann-Liouville derivative sense.
The Laplace transform of the fractional integral I P s given by

o (1-a)\ +a
c { (10 %) (t)} (\) = S L{z (O} ). (5.10)
From Lemma , it can be directly verified that the fractional integral I # is bounded.

Theorem 5.7. The fractional integration operator Ig’ﬁ with0 < a < 1,5 > 0 is bounded in Cs [a, al:

|(z22) @, < Clele,.

where
ala—a)’I(1 = 6)

I'(g+1-9)
In the following theorem, we derive the composition relations between the fractional integration
operator Ig"ﬂ with the fractional differentiation operator Dgf

C=(1-a)+
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Theorem 5.8. The equalities
RL[}_MZB) (a)
I9PDXPe) (1) = 2 (¢t _ L) @ t—a)! 5.11
(£ i) (0 = () = S ==y (5.11)
and
(et (1) = o (1) — (1 0) (@) (0 = 0~ By [-halt = )] (5.12)
are valid whenever a,f,p and x satisfy the conditions from Definition [5.1].
Proof. According to Theorem [5.3] we obtain
RL 7l—p A\ 0O n Bn+p—1
a,B Ha,B a,f a,f ( ]ﬁ x)(a) ( Aa) o, ~
D) (1) = 177 (D) (1) - (
(127Dle) 0 = 127 (D3) 0 =~ p e =)
0o Q—A >n Bn+p—1
= (1—a) (Dgyz) (1) +a"™ 1] (Dgfa) (1) + (P "2) (@)Y — G

:i (=Aa)" <RL[gﬁx> (t) + @ i (=) BLTY <RL[5?B£E> (t)

Bn—+pu—1

B(n+1)4p—1
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For identity (5.11]), we have

(Dgg1e7) @) N ij )@ (t =)' By | -halt = 9)']

= (1) (Dggz) (1) + o ("1 Dgyw) (1)

(Paire?a) @

-1 i - [(1 — ) RL[;*MI (t) + aRL[;*uRngm (t)] (@)(t — d)M_IEB’” [—)\a(t _ s)ﬁ]

- [(RLI;‘%) (@) + = (F ) <a>] (t =)' By [ -Dalt = )]

This completes the proof. [J
As particular cases of the previous theorem, if ;4 = 0, then the fractional integration operator
]g’ﬁ is a left and right inverse to the fractional differentiation operator Dg’oﬁ , i.e.

(17 Dgge) () = (D) () = = (1) (5.13)
On the other hand, if u = 1, then they satisfy the following Newton-Leibniz formula
(Jgﬁpgfx) (t) =2 (t) — x(a), (5.14)
also, we obtain
(D1 %) () = 2 (1) = 2 (@) By [~Aalt = 9)°]. (5.15)
For the function z (t) = (t — a)”, p > —1. We have
(17 = ap) () = (1 - a) (¢ -y + a%(t — o), (5.16)

6. An application

Since the outbreak epidemic of the Corona (COVID-19) in the Chinese city of Wuhan in 2019,
researchers have rushed to provide mathematical modeling of it. For example, in [23], the authors used
the Caputo fractional derivative to present a mathematical model for the transmission of COVID-19.
Baleanu et al. [24]presented a fractional-order model for the Coronavirus (COVID-19) transmission
with Caputo-Fabrizio derivative. In [19], the author considered the following model:

CDIPL () = kS (1)L (t) — (s + m)T (1),

(
CDYPS (t) = A—mS (t) — kS ()T (), (6.1)
CDXPR(t) = ST (t) — mR (1)
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Figure 4: Graph of (5.16) for ¢ = 0,8 = 0.8 , p = 2 and deference values of a.

Where CDg’B is the generalized Caputo-Fabrizio fractional derivative with o € (0,1), 8 > 0.R (¢), Z (t)
and S (t) are the numbers of removed individuals, infected and susceptible at time ¢, respectively.
The parameters s, k, m and A constitute the removal rate, the infection rate, the natural death rate
and the recruitment rate, respectively.

Let us denote the total population by #(¢). Then

CDIPH (1) = A — mH (t). (6.2)

The fractional differential equation has an important role in the science of viruses and epidemics.
In particular, H(¢) can describe the intensity of healthy CD4+ T cells for H.I.V infection, where .4
and m represent the rate of production of CD4+ T cells and the rate of dying it, respectively. In
this section, we consider the following model

(D5 (1) = A= m (1), (6.3)

Where a € (0,1),6 > 0 and 0 < p < 1. Applying Laplace transform to both sides (6.3), we get
that A

c{(D677) 0] () = T =mL{H B} V.
From Theorem [5.5], we obtain

VLH(D) () =N (17H) (0) _ A
v = T mL{HW} ).

and

(1—a)NA+aA

NLLH @)} (N) = N (BEL T H) (0) = X

- [(1 — ) Nm + am] LA{H ()} (M),
hence,

1—a)NA+ad
. :

NLH®OYN) + [(1—a) Mm+am] L{H @)} (\) = N+ (BEI7H) (0) + (
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Therefore,

(L+ (1 —a)m) N +am) L{H @)} (\) = 207+ (FEI;PH) (0) + (L-a)MA+aA

A
For simplicity, let z, = 14 (1 — ) m. Then
A= (BELTR) (0) AL (1—a) A aA
tH}(\) =
LAH ()} (N) e o +)\5+% o +za)\5+1+am)\

Or equivalent,

Ame (REITRH) (0) AL (1—a) A A A A

E{H(t)}()‘):)\,8+% a torm +M_E>\ﬁ+%'

Using the inverse Laplace leads to

T S G LU P (<)« (2 o) e (- 2)

m Za

RLII—u
_ é n ( 0 H) (O>t“_1E5,# (_@tﬁ) _ A Es (_@t5> . (6.4)

m Za Za M2y Za

In particular, if g4 =1, then

() =2 (@ A ) Ej (—@tﬁ) . (6.5)

m Za MZqa Za

Which is a solution of the fractional differential equation (6.2)).

7. Conclusion

The fractional-order derivatives presented in [I5, [I7] have been of interest to many researchers
because they describe many real-world problems more accurately than others since they contain
non-local and non-singular kernels [20] 21], 22]. In this work, we introduced a new fractional integral
ICg’B (0<a< 1,8> 0 ) by generalized the fractional integral given in [I6] where we replaced the kernel
from the exponential to Mittag-Leffler, and we expressed it by a series of Riemann-Liouville fractional
integrals, which helped to study some properties related to it, where we found the Laplace trans-
form of ng’ﬂ and showed that the fractional integration operator ICg’ﬁ is bounded from Cjs [, a] into
Cla, a] and the fractional integrals operators ICZ"ﬁ are commutative. We used the Laplace transforms

to derived the corresponding fractional derivative ’CDg’ﬂ and we established its properties where we
proved that it is a left inverse of integral operator ICZ"ﬁ and in general, is not the right inverse; also,
we showed that the fractional derivatives operators ’CDg’ﬁ are, in general, not commutative. Via
composition, our fractional integral ICZ"[B with the classical Riemann-Liouville and Caputo deriva-
tives, we introduced a new fractional derivative Dgf (0 < p <'1) which is an interpolated fractional
derivative between the generalized fractional derivatives in a sense Riemann-Liouville and Caputo
with non-singular kernels presented in [19]. We obtain the Hattaf fractional derivative of Riemann-
Liouville derivative sense D [19] when p = 0 and the Hattaf fractional derivative of Caputo
sense CDg”B [19] if 4 = 1. We expressed the fractional derivative Dgf by a series of compositions of
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classical Riemann-Liouville fractional integrals with classical Riemann-Liouville and Caputo deriva-
tives, which may be more applicable in numerical investigation than the original formula. Also, we
derived the Laplace transform of derivative Dgf and showed that fractional differential operator Dgf
is bounded in Cy[a, a]. We also determined the corresponding fractional integral of the fractional
derivative Dgf with some properties related to it. As a numerical example, we applied all these
fractional operators to the power function (¢t — a)?, p > —1 accompanied by graphics. Coronavirus
(COVID-19) transmission model was our application to the fractional derivative Dgf

References

[1] Mouaouine A, Boukhouima A, Hattaf K, Yousfi N. A fractional order SIR epidemic model with nonlinear incidence
rate. Adv Differ Equations. 2018; 2018(1):1-9.

[2] Boukhouima A, Hattaf K, Yousfi N. Dynamics of a fractional order HIV infection model with specific functional
response and cure rate. Int J Differ Equations. 2017; 2017(1).

[3] Magin RL. Fractional calculus in bioengineering. Vol. 2. Begell House Redding; 2006.

[4] Acay B, Bas E, Abdeljawad T. Fractional economic models based on market equilibrium in the frame of different
type kernels. Chaos, Solitons and Fractals. 2020; 130:109438.

[5] Ugar S. Existence and uniqueness results for a smoking model with determination and education in the frame of
non-singular derivatives. Discret Contin Dyn Syst - S. 2021; 14(7):2571-2589.

[6] Moze M, Sabatier J, Oustaloup A. Theoretical developments and applications in physics and engineering. Adv
Fract Cale. 2007;

[7] Atangana A, Koca I. On the new fractional derivative and application to nonlinear Baggs and freedman model.
J Nonlinear Sci Appl. 2016; 9(5):2467—2480.

[8] Caponetto R, Dongola G, Fortuna L, Petras I. Fractional order systems. Modeling and control applications. Vol.
Series A, World Scientific Series on Nonlinear Science. 2010.

[9] Dos Santos JPC, Monteiro E, Vieira GB. Global stability of fractional SIR epidemic model. 2017; 5:1-7.

[10] Fabrizio M. Fractional rheological models for thermomechanical systems. Dissipation and free energies. Fract Calc
Appl Anal. 2014; 17(1):206-223.

[11] Hilfer R. Fractional time evolution. Applications of fractional calculus in physics. 2000. 87-130 p.

[12] Diethelm K. The analysis of fractional differential equations: An application-oriented exposition using differential
operators of Caputo type. Vol. 2004, Lecture Notes in Mathematics. Springer Science & Business Media; 2010.
1-262 p.

[13] Kilbas A, Srivastava H, Trujillo J. Theory and applications of fractional differential equations. Vol. 129, Journal
of the Electrochemical Society. Elsevier; 2006. 2865 p.

[14] Podlubny I. Fractional differential equations, Volume 198: An introduction to fractional derivatives, fractional
differential equations, to methods of their. Elsevier; 1998.

[15] Caputo M, Fabrizio M. A new definition of fractional derivative without singular kernel. Prog Fract Differ Appl.
2015; 1(2):73-85.

[16] Caputo M, Fabrizio M. Applications of new time and spatial fractional derivatives with exponential kernels. Prog
Fract Differ Appl. 2016; 2(1):1-11.

[17] Atangana A, Baleanu D. New fractional derivatives with non-local and non-singular kernel: Theory and applica-
tion to heat transfer model. Therm Sci. 2016; 20(2):763-769.

[18] Al-Refai M. On weighted Atangana—Baleanu fractional operators. Adv Differ Equations. 2020; 2020(1).

[19] Hattaf K. A new generalized definition of fractional derivative with non-singular kernel. Computation. 2020;
8(2):1-9.

[20] Hristov J. On the Atangana — Baleanu derivative and its relation to the fading memory concept: The Diffusion
Equation. :175-193.

[21] Hristov J. Derivatives with non-singular kernels from the Caputo-Fabrizio definition and beyond: Appraising
analysis with emphasis on diffusion models. 2018; 1:269-341.

[22] Syam MI, Al-Refai M. Fractional differential equations with Atangana—Baleanu fractional derivative: Analysis
and applications. Chaos, Solitons Fractals X. 2019; 2:3-7.

[23] Tuan NH, Mohammadi H, Rezapour S. A mathematical model for COVID-19 transmission by using the Caputo
fractional derivative. Chaos, Solitons and Fractals. 2020; 140.

[24] Baleanu D, Mohammadi H, Rezapour S. A fractional differential equation model for the COVID-19 transmission
by using the Caputo—Fabrizio derivative. Adv Differ Equations. 2020; 2020(1).



	Introduction
	 Basics and Preliminaries 
	Generalized Fractional Integral 
	 Fractional Derivative Associated to the Fractional Integral Kbold0mu mumu ,bold0mu mumu bold0mu mumu aaaaaa"0362bold0mu mumu aaaaaa
	A New Fractional Derivative
	 An application 
	 Conclusion

