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Abstract

The aim of this paper is to establish coupled coincidence and coupled common fixed point theo-
rems involving a pair of weakly compatible mappings satisfying rational type contractive condition
in the setting of dislocated quasi b-metric spaces. The presented result improves and generalizes
several well-known comparable results in the existing literature. We also provided an example in
support of our main result.
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1. Introduction

As we know, fixed point theory is one of the most significant subject with a vast number of
applications in several fields of mathematics and other branches of science. The most important
result of this theory is contraction mapping which was proved by the Polish Mathematician Stefen
Banach [3] called the Banach contraction principle. This principle has been generalized by various
authors by situating different type of contractive conditions either on the mappings or on the spaces.
In 2000, Hiztler and Seda [§] introduced and generalized the celebrated Banach contraction principle
in a complete dislocated metric space. Afterwards, Zeyada et al. [I8] introduced the notion of
dislocated quasi metric space for the first time. The most interesting property of this space is that
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self-distance need not to be necessarily zero. In 2015, Klin-eam and Suanoom [I2] have introduced
dislocated quasi-b metric space and derived related fixed point theorems by using cyclic contractions.
Sharma [17] proved a fixed point result in dislocated quasi b-metric space. Recently, Al Muhiameed
et al. [2] proved some coupled fixed Point results in discolated quasi b-metric spaces for rational
type contraction mappings. Motivated by the result of Al Muhiameed et al.[2], the aim of this
manuscript is to establish some coupled coincidence and coupled common fixed point for a pair
of maps satisfying certain contractive condition in the setting of dislocated quasi b- metric spaces
which modifies and generalizes comparable results in the existing literature. Moreover, we provided
an example in support of our main result.

2. Preliminaries

Now, we recall the following definitions and results.

Definition 2.1. [13] Let X be a non-empty set and k > 1 be any given real number. Let d :
X x X = [0,00) be a function satisfying the conditions

1. d(z,y) =d(y,z) =0=z =y.
2. d(z,y) < kld(z,z) + d(z,y)] for all x,y,z € X.

Then d is known as dislocated quasi b-metric on X and the pair (X,d) is called a dislocated quasi b
-metric space or in short (dq b) metric spaces.

Definition 2.2. [13] A sequence {z,} in a dislocated quasi b-metric space (X, d) is said to converge
to a point x € X if and only if

lim d(z,,z) =0 = lim d(z,z,).

n—oo n—oo

Definition 2.3. [13] Let (X,d) be a dq b-metric space. Then a sequence {x,} in Xis said to be
Cauchy sequence if for each ¢ > 0, there exists ng(¢) € N such that for all n,m > ny(e), we have
d(xp, Tm) < €.

Definition 2.4. [13] A dislocated quasi b-metric space (X,d) is called complete if every Cauchy
sequence {x,} in (X, d) converges to a point x € X.

Definition 2.5. [3] Let (X,d) be a metric space and T : X — X be a self-map, then T is said to
be a contraction mapping if there exists a constant k € [0, 1), such that

d(T'z,Ty) < kd(z,y)
for all x,y € X.

Definition 2.6. Let X be a nonempty set and T' : X — X a self-map. We say that x is a fized
point of T if Tx = x.

Definition 2.7. [15] An element (z,y) € X x X, where X is any non-empty set, is called a coupled
fixed point of the mapping T : X x X — X if

T(z,y) ==z and T(y,z) = y.

Definition 2.8. [1] An element (x,y) € X x X s called
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1. a coupled coincidence point of mappings F': X x X — X and g : X — X if g(z) = F(z,y)
and g(y) = F(y,x), and (gz, gy) is called coupled point of coincidence;

2. a coupled common fixed point of mappings F: X xX — X andg: X — Xifzx = g(x) = F(z,y)
and y = g(y) = F(y, z).

Note that if ¢ is the identity mapping, then Definition 2.8 reduces to Definition [2.7]

Definition 2.9. [1/ Let X be a nonempty set. The mappings F: X x X — X and g: X — X
are called weakly-compatible if g(F(z,y)) = F(gz,gy) and g(F(y,x)) = F(gy, gr) whenever g(x) =

F(x,y) and g(y) = F(y, ).

Theorem 2.10. [2] Let (X, d) be a complete dislocated quasi-b metric space with coefficient k > 1.
and T : X x X — X be a continuous mapping satisfying the following rational type contractive
condition

AT T(00) < olde) )]+ f [T RO
d(z,T(x,y)).d(u, T'(u,v))

1+ d(z,u)

for all z,y,u,v € X and a, f and v are non-negative constants with 2ak + B(k+ 1) +v < 1.
Then T has a unique coupled fixed point in X x X.

3. Main Results

Theorem 3.1. Let (X,d) be a complete dislocated quasi-b metric space with parameter k > 1 and
T: X xX — X and g: X — X be continuous and commutative mappings satisfying the following
rational type contractive condition

d[T(z,y), T (u,v)] < ald(gz, gu) + d(gy, gv)]
Bd(gz, T (z,y))d(gz, T(u,v))
k 14 d(gz,gu) + d(gy, gv)
d(gz, T (x,y))d(gu, T (u, v)) (3.1)
1+ d(gzx, gu)
5292, T2, y))d(gz, T(u, v))
d(gz, gu) + d(gu, T'(u,v))

+

for all z,y,u,v € X and o, 3,7 and & are non-negative constants with
20k + Bk +1)+0k* +~v < 1. If T(X x X) C g(X) and g(X) is a complete subspace of X, then T

and g have a unique coupled point of coincidence in X x X.

Proof . Let zy, yo be any two arbitrary points in X. Since T'(X x X) C ¢g(X), there exist z1,y; € X
such that

gri = T(xo,yo),gyl = T(?/o, 1’0)-

Continuing this process, we obtain two sequences {z,,} and {y,} in X such that

9Tni1 = T(n, yn) and gypi1 = T (Yn, )
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for all n > 0.
Consider d(gx,, 9Tni1) = d(T(xp—1,Yn-1), T (Tn, Yn))-
Now, using (3.1)), we have

d(g2n, gTns1) = dA[T(Tpn-1,Yn-1), T(Tn,Yn)]

ald(grn-1, 92n) + d(gYn-1, 9yn)]

E d(92n—1,T(Tn-1,Yn-1))d(9Tn—1, T (Tn,Yn))

koo 14+ d(gza-1,970) + d(gYn—1. 9Yn)

d(gxn—la T(xn—la yn—l))d(gxn7 T($n7 yn))

1+ d(gxn_1,9z,)

d(gmn—b T(:Un—la yn—l))d(gxn—la T(.an, yn))
d(ga7n—1agxn) + d(givan(xnayn)) ‘

= ald(g9zn-1, 97n) + d(9Yn-1, 9Yn)]

+ é d(an—lagxn>d(gmn—1agxn—&-l)
k1+d(gzn-1,97n) + d(9Yn-1, 9Yn)
d(gxn—1, g2n)d(gTn, GTni1)

1+ d(grn_1,9z,)
d(gn—1,97n)d(gTn 1, 9Tni1)
d(g‘an,l, gl‘n) + d(gmna ganrl) .

IN

+

+7

+9

+7

+9

Using the triangular inequality on the second and the fourth terms and the fact that
d(gx, gu) + d(gu, T'(u,v)) # 0,
we have

d(gn, 9Tp1) < ld(9Tn-1, 9%n) + d(gYn—1, gyn)]
+ é(d(gxn—ly gmn)k[d(gxn—la gxn) + (g$n7 gajn-i—l)] )
L+ d(grn—1,97y) + d(gYn—1, 9Yn)

k

d(9Tn-1, 9Tn)d(gTn, gTn+1)
1+ d(gxn_1, grn)
d(gxn—h gxn)k:[d(gxn_l, gn) + d(gxn, gxn-i-l)]
d(9Tn-1,9Tn) + d(gTn, 9Tn+1)

+

+9

which implies that

d(g2n, gTnt1) < ld(gzp—1,92n) + d(gYn—1, 9Yn)] + Bld(gTn-1, 9Ts) + d(9xpn, gTn+1)]
+ 0kd(gzn_1,9xy).

Simplification yeilds

a+ B +ko a

d ns n S —d n—1, n d n—1, nj:
(920, gTp41) T (92n-1,97n) + >(9y 1, 9Yn)

1—(B+y
It follows that

d(gxn7gxn+1) S Ud(gxn—bg%)+Md(9yn—1,gyn) (32)
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a+ B +kd a
and

where n =

Similarly we can prove that

1—(B+7) PTG+

d(GYn, GYn+1) < 0d(gyn—1, gyn) + pd(gTn—1, g,). (3.3)

Adding (3.2) and (3.3)), we get
[d(9n; 9Tn1) + d(gYn, gYnt1)] <

where A =n+pu < 1.
Similarly, we have

[d(92p—1, 97n) + A(gYn—1,9Yyn)] <

Consequently, we have

[d(gxn, ganrl) + d(gyna gynJrl)] S
<

)‘[d(gxnfla gxn) + d(gynfh gyn)]

Nd(g2n—2, gTn-1) + d(GYn—2, gYn-1)].

Ad(9xn—1, gzn) + d(gyn—1, gyn)]
AN'[d(gxo, gx1) + d(gyo, gy1))-

For any two non negative integers m and n with m > n, we have

+ d(9¥Yn> 9Yn+1) + d(GYn+1, 9Ym)]

IN

kld(gzn, 92ni1) + d(GYn, GYnt1)]

+ kQ [d<gxn+17 gxn+2> + d<gyn+17 gyn+2)]
o A KT A(gT 1, 9Tm) + A(GYm—1, GYm)]

IN

kX[ d(go, gz1) + d(gyo, gy1)]

+ K2 d (g, g21) + d(9Y0, gy1))]
o BTN d (g, g1) + d(gyo, gy1)]
= RN(1 4 KA+ (RBX)? + .+ (RN)" 7Y [d (g0, g71) + d(gy0, 91))]

<
-1

EA"

Y [d(gz0, g1) + d(9Y0, 9y1)] — 0 as n — oo.

Since A < 1, \" — 0 as n — oo, it follows that

[d(gxn, gTm) + d(GYn, 9Ym)] — 0 as n,m — oo.

That is

d(gxn, 9Tm) — 0 and d(gyn, gym)] — 0 as n,m — oc.

Hence, {gz,} and {gy,} are Cauchy sequences in g(X). On the other hand, since g(X) is a complete
subspace of X, there exist z,y € X satisfying that {gz,} and {gy,} converge to gz and gy respec-

tively.

Now, we prove that T'(z,y) = gx and T'(y, x) = gy.
In addition Since T and g are continuous and commutative we have

99Tn =

9T (20, Yn)) = T(9Tn, gYn)- (3.4)
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Using (3.4) and the continuity of 7" and g, we have

gr = lim ggz,
n—oo

= lim T(g2n, 9Yn)
n—oo

=T ( lim gx,, lim gyn>

n—oo n—o0

= T(z,y).

Similarly, we can show that gy = T'(y, x).
Hence, (gz, gy) is a coupled point of coincidence of T and g.

Uniqueness: Now, we prove that the coupled point of coincidence of T" and ¢ is unique.
Suppose that 7" and g have another coupled point of coincidence (gz*, gy*) # (gx, gy) such that

gr* =T (z",y") and gy* = T(y", z")

where (z*,y*) € X x X .
Then, by using (3.1]), we have

d(gr,gz) = d[T(z,y),T(z,y)]
< ald(gz, gr) + d(gy, gy)]
Bd(gz, T(z,y))d(gz, T (z,y))
k 14 d(gx,gz) + d(gy, gy)
d(gz,T(z,y))d(gz, T (z,y))
1+ d(gx, gz)
d(gz, T (z,y))d(gz, T (z,y))
d(gz, gz) + d(gz, T(2,y))
= ald(gz, gz) + d(gy, 9y)] + 21 jéf;;)g;i)d ff[é;,) o)
d(gz, gr)d(gz, gz) d(gz, gx)d(gz, gz)
1 +d(gz, gx) d(gx, gz) + d(gz, gz)

+

+7

+7

B )
< ald(gz, gz) + d(gy, gy)] + Ed(g:c, gx) + yd(gz, gr) + §d(9x, gz).

Then, simplification yields

d(gx, gr) < o+ % + vy + d]d(gz, gx) + ad(gy, gy) (3.5)
= ¢d(gr, gr) + ad(gy, gy).

Where¢:a+§+7+6.
Likewise, we can show that

d(gy, gy) < ¢d(gy, gy) + ad(gz, gx). (3.6)
Adding (3.5) and (3.6, we obtain

[d(gx, gz) + d(gy, 9y)] < old(gz, gx) + d(gy, gy)]
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where 0 = ¢ + a.

979

Since, o < 1, the above inequality is possible only if d(gz, gz) + d(gy, gy) = 0 which implies that

d(gx,gx) = 0 and d(gy, gy) = 0.
Similarly,
d(gz*, gz*) = Oandd(gy*, gy*) = 0.
Consider d(gx, gz*) = d[T(x,y), T(z*,y")].
Using , we have
d(gz, gz*) = d[T(z,y),T(z", y")]
< ald(gz, gz*) + d(gy, 9y”)]
Bd(gz, T (z,y))d(gz, T(z", y"))
k 1+4d(gzr, gz*) + d(gy, gy*)
d(gz, T(z,y))d(ge", T(z", y*))
1 +d(gx, gz*)
d(gx, T (x,y))d(gz, T (=", y"))
d(gz, gz*) + d(gz*, T (x*, y*))
Since gxr = T'(z,y) and gz* = T'(x*, y*) then, we have
B d(gz,gz)d(gz, gz*)

+

+7

+90

d(gz, gz7) < ald(gz, gr) + d(gy, 9y")] + 7
( ) [d( ) +d( N+ 71 + d(gz, gz*) + d(gy, 9y*)

d(gz, gz)d(gz*, go*) d(gz, gz)d(gz, gz*)
1+ d(gw, ga*) d(gz, gz*) + d(ga*, gz*)
In fact d(gz, gx) = d(gz*, gx*) = 0. Hence we have
d(gr,gz*) < ald(gz, g27) + d(gy, gy")]-

Applying the same procedure, we obtain

+7

d(gy.gy*) < aldlgy, gy*) + d(gz, gz7)].
Adding (3.7)) and (3.8)), we get

[d(gz, gz*) + d(gy,9y")] < 2ald(gz,gz") + d(gy, gy")]-
In the same way, we obtain

[d(ga™, gx) + d(gy™, gy)] < 2ald(gz”, gx) + d(gy", gy)]-
Adding (3.9) and (3.10]), we have

[d(gz, gx™) + d(gy, gy*) + d(92", gx) +d(gy*, gy)] < 2ald(gz,gx") + d(gy, gy*)
+d(gz*, gv) + d(gy”, gy)].

Since 2a < 1 so, the above inequality is possible only if

[d(gz, gz*) + d(gy, gy”) + d(g92*, gx) + d(gy™, gy)] = 0

which in turn implies d(gz, gz*) = 0, d(gy, gy*) =0, d(gz*,gz) = 0 and d(gy*, gy) = 0.

(3.7)

(3.8)

(3.9)

(3.10)

It follows that gr = gz* and gy = gy* such that d(gz,gy) = d(gz*, gy*) which contradicts our

assumption.

By a similar procedure, we can show that gz = gy* and gy = gx*.
Therefore, (gz, gy) is a unique coupled point of coincide of T" and g.
O
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Theorem 3.2. In addition to the hypotheses of Theorem[3.1], if T and g are weakly-compatible, then
T and g have unique coupled common fixed point. Moreover, the coupled common fized point of T
and g has the form (v,v) for some v € X.

Proof . From Theorem [3.1, (gz, gy) is a coupled point of coincidence of T" and g i.e. gxr = T(x,y)
and gy = T(y,z).
Due to the weakly-compatibility of 7" and g, we have

9(9(x)) = g(T(z,y)) = T(gx, gy) and g(g(y)) = 9(T(y,v)) = T(gy, gx).

Now, setting v = gz, then we have that v = gx = T'(z,y), we get

gv = g(9r) = gT(z,y) = T(gz, gy) = T (v, v).

Thus, (gv, gv) is a coupled point of coincidence of 7" and g.

Consequently, gz = gv. Hence v = gv = T'(v,v). Therefore, (v,v) is a coupled common fixed point
of T and g.

Finally, we show that the coupled common fixed point of 7" and ¢ is unique.

Let (v1,v1) € X x X be another coupled common fixed point of 7" and g i.e.

v = gr =T(x,y).
Again, since T and g are weakly-compatible, then we have

g1 = g(gz) = g1 (z,y) = T(g9x, gy) = T(v1,v1).

Hence (gv, gv) and (gvy, gv1) are two coupled points of coincidence of T" and g.
The uniqueness of coupled point of coincidence implies that gv = gv; and so

v = guv = v = guy.
Hence (v,v) is the unique coupled common fixed point of 7" and g. O

Example 3.3. Let X = [0,1] and define d: X x X — R* bym
d(z,y) = 22 +y|* + |20 — y|*

forallz,y € X.
Then (X, d) is dgb-metric space with constant coefficient k = 2.
Define the continuous mappings T : X x X — X by
Ty
T ==
(z,y) =
and g: X — X by

gr =1x

for each z,y € [0,1].
Since [2xy +uv|* < |2z +ul? + |2y + )%, |22y — wv|? < |22 —ul* + |2y — v|?* holds for all x,y,u,v € X,
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we have
2
AT (w,y), T(u,v)] = d( =5 =
4 4
B 2my+uv2 2xy_u1)2
| 4 4 4 4
1
= (|2zy + wo]* + |22y — uo|?)
2
< 6 (|2 + ul> + 2y +v* + |22 — ul® + |2y — v|2)
1
= g ldlgz, gu) + d(gy, gv)]
where x,y,u,v € X with a = %, = 1—16,7: %,5: i since 20k + B(k + 1) + 0k* + v = % <1.

Hence all the conditions of Theorem are satisfied, having (g0, g0) as a coupled point of coincidence
of T and g.

Furthermore, since T and g are weakly-compatible, Theorem shows that (0, 0) is the unique
coupled common fixed point of T and g.

Conclusion

Al Muhiameed et al. [2] proved the existence and uniqueness of some coupled fixed point result
for maps satisfying certain rational type contractive condition in the setting of complete dislocated
quasi-b metric space. In this paper, we establish and prove the existence and uniqueness of a cou-
pled point of coincidence and coupled common fixed point result for maps satisfying rational type
contractive condition in the perspective of complete dislocated quasi b- metric spaces.

Our established result generalizes and extends comparable results in the existing literature. Also, we
provide an example in support of the main result.

Open Problems: Gordji et al. [6] defined the notion of orthogonal metric space and proved
fixed point results in the setting of orthogonal metric spaces. Gordji and Habibi [5] and Ramezani
and Baghani [I4] are also some of the researchers who proved fixed point results in the setting of
orthogonal metric spaces for the maps satisfying different contractive conditions. The obtained re-
sults generalized some existing results in the literature. Also, Khalehoghli et al. [I1] introduced the
notion of R-metric spaces and generalized Banach fixed point theorem.

In line with this new line of research, we try to pose the following open problems.

1. What are the sufficient conditions that guarantee the existence and uniqueness of Coupled
coincidence and coupled common fixed point results in the setting of dislocated quasi orthogonal
b-metric spaces for a pair of maps satisfying rational type contractive condition?

2. What are the sufficient conditions that guarantee the existence and uniqueness of Coupled
coincidence and coupled common fixed point results in the setting of dislocated quasi R-b
metric spaces for a pair of maps satisfying rational type contractive condition?
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