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Abstract

The purposes of this article are to introduce and characterize the notions of (i, j)-w-a-open sets
in bitopological spaces. Besides, It introduces and studies the concepts of (i, 7)-w-a-continuous
functions. Furthermore, (i, j)-w-a-connected and (i, j)-w-a-set-connected functions are defined in
bitopological spaces and some of their properties are studied.
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1. Introduction and preliminaries

Kelly [7] in 1963 introduced the notion of bitopological space, after that, many researchers have
studied this concept in the general topology. This concept has been studied in different field of the
general topology, for example: Granados [3] in 2020 took the notion of a™-open sets and defined it
on bitopological spaces. Besides, Jeli¢ [6] in 1990 defined the notions of (i, j)-a-open sets and (i, j)-
a-continuous functions in bitopological spaces, these sets were taking for introducing the sets which
are studied in this paper. Otherwise, Carpintero et al. [I] in 2015, took the notions defined by [6] for
introducing the concepts of (i, j)-w-semi open sets. On the other hand, The notion of w-closed set
was originally introduced by Hdeib [4]. Taking into account the concepts of bitopological spaces and
w-closed sets, Hussein et al. [5] in 2013 introduced a new notion related with the concepts mentioned
above and defined pairwise wf-continuous functions. Later, Granados [2] in 2020 took those notions
and showed new properties over w-N-a-open sets, as well as, some variants of w-N-a-continuity.

In this paper, motivated by the authors mentioned above, it took the ideas showed by [2] and
it defines the concept of (i, j)-w-a-open set, besides it studies those notion on (4, j)-w-a-continuous
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functions where it gets some important results. Besides, (i,j)-w-a-connected and (i, j)-w-a-set-
connected functions are defined, it also proves and investigates some of their properties.

Throughout this paper, the space (X, 7;,7;) or simply X always means a bitopological spaces on
which no separation axioms area assumed unless otherwise mentioned.

Definition 1.1. A subset A of (X, 7) is said to be w-closed [{)] if it contains all of its condensation
points.

Remark 1.2. The complement of a w-closed is called w-open.
Definition 1.3. A subset A of (X, 7) is a-open [9] if A C Int(Cl(Int(A))).
Definition 1.4. A subset A of (X, 7;,7;) is (i, j)-c-open [6] if A C Int, (Cl. (Int;,(A))).

Definition 1.5. Let f : (X,7,7;) = (Y,0,,0;) be a function. Then, f is said to be (i,7)-c-
continuous [6] if f~H(V) is (i,7)-a-open set of X for every o;-open set V of Y.

Theorem 1.6. Let f: (X, 7, 71;) = (Y,0:,0;) be a function. Then, f is said to be pairwise contin-
uous [§] if the induced functions f; : (X, ;) = (Y,0:) and f; : (X, 7;) = (Y, 0;) are both continuous.

2. (2,j)-w-a-open sets

In this section, it defines (4, j)-w-a-open sets and it shows some properties.

Definition 2.1. Let (X, 7;,7;) be a bitopological space and A C X. Then A is said to be (i, j)-w-c-
open if for each x € A there exits an (i, j)-a-open U, containing x such that U, — A is a countable
set. The complement of an (i, j)-w-a-open set is an (i, j)-w-a-closed set.

Remark 2.2. The collection of all (i,j)-w-a-open sets and (i, j)-w-a-closed sets are denoted by
waBO(X) and waBC(X).

Lemma 2.3. Every (i, j)-a-open set is (i, j)-w-a-open set.

Proof . It follows from the Definition 2.1 [ The converse of the Lemma [2.3] need not be true as
can be seen in the following example:

Example 2.4. Let X = {r,t,y}, n, = {0, X, {r,t}}, 7, = {0, X, {t,y}}. Then, {r,y} is an (i,7)-w-
a-open set, but it is not an (i, j)-a-open set.

Lemma 2.5. Let A and Y be subsets of (X, 7;,7;) such that A CY. If A is (i, j)-w-a-open set of
X, then A is (i, j)-a-w-open set of (Y, 7|y, jly).

Proof . Let A be an (i, j)-a-w-open set of X, for every x € A, there exits an (i, j)-w-a-open set U
of X containing x such that U — A is a countable. In consequence, it has that U is (7, j)-w-a-open
set of (Y, 7|y, 7;]y) containing x. This is shown that A is (4, j)-a-open set of (Y, 7|y, 75ly). O

Theorem 2.6. Let (X, 7;,7;) be a bitopological space and A C X. Then A is said to be (i,7)-w-o-
open if and only if for every x € A, there exits a (i, j)-c-open set U, containing x and a countable
subset B such that U, — B C A.
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Proof . Let A be an (i,j)-w-a-open set and = € A, then there exits an (i, j)-a-open subset U,
containing z such that U, — A is countable. Now, let B = U, — A = U, N (X — A). Then,
U, — B C A. Conversely, let x € A. Then, there exits an (i, j)-w-a-open subset U, containing = and
a countable subset B such that U, — B C A. Therefore, U, — A C B and U, — A is countable. [

Definition 2.7. Let {Us : § € A} a collection of (i, j)-c-open sets in a bitopological space X is

called an (i, 7)-a-open cover of a subset A of X if A C U Us.
dEA

Definition 2.8. Let (X, 7;,7;) be a bitpological space. Then, X is said to be (i, j)-a-Lindeloff, if
every (i, j)-a-open cover of X has a countable sub-cover.

Theorem 2.9. Let (X, 7;,7;) be a bitopological space. Then, the following statements are equivalent:

1. X is (i,j)-a-Lindeloff.

2. Every countable cover of X by (i,7)-a-open sets has a countable sub-cover.

Proof . (2) = (1) : Since every (i, j)-a-open set is (i, j)-w-a-open set, the proof follows.

(1) = (2) : Let {Us : 6 € A} be a cover of X by (7, j)-w-a-open sets of X. Now, for each z € X
there exits an d, € A such that z € Us,. Since Uy, is an (i, j)-w-a-open. Then, there exits an
(1, 7)-a-open set Vs such that x € Vs, and Vs, — Uy, is countable. Then, the family {V; : 6 € A}
is an (i, 7)-a cover of X and X is (i, j)-a-Lindeloff. Therefore, there exits a countable sub-cover d,,
with i € I such that X = JVj, . Since X = J[(Vs,, = Us,) UUs, | = | JI(Vs,, — Us,,) U JUs,. .

i€l i€l i€l i€l
Since V;, — Us, is a countable set, for each §(z;), there exits a countable subset As,,) of A such
that Vs, —Us, C U Us and therefore X C U( U Us) U (U Us,,). O

A(;(sz) el 66A5(zi) el

Theorem 2.10. Let (X, 7;,7;) be a bitopological space and C C X. If B is (i,j)-w-a-closed set.
Then, C C JU B, for some (i, j)-w-a-closed subset J and a countable subset B.

Proof . If C is (i, j)-w-a-closed set. Then, X — C'is (i, j)-w-a-open set and hence by Theorem [2.6]
for every © € X — C, there exits an (i, j)-w-a-open set U containing = and a countable set B such
that U= BC X —C. Thus, CCX—-(U-B)=X—-(UN(X-B))=(X-U)uB,let J=X-U.
Then, J is an (4, j)-w-a-closed set such that C C JU B.

Theorem 2.11. The union of any family of (i, j)-w-c-open sets is (i, j)-w-c-open set.

Proof . Let {A;: 0 € A} is a collection of (i, j)-w-a-open subsets of X. Then, for every x € U As,

seA
r € Aj, for some 6 € A. Hence, there exits an (i, j)-w-a-open subset U containing z, such that

U — As is countable. Now, as U — (U As) C U — A, and thus U — (U As) is countable. Therefore,
seA seA
U As is an (i, j)-w-a-open set. [
dEA
Remark 2.12. Let (X, 7;,7;) be a bitopological space, then the following statements hold:
1. If a subset A of X is (i, 7)-w-a-open and U € wO(X, ;) NwO(X, 7;), then ANU is (i, j)-w-a-
open set.
2. The union of the arbitrarily many (i, j)-w-a-open sets is (i, j)-w-c-open set.
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Definition 2.13. The union of all (i,7)-w-a-open sets contained in A C X is called (i,7)-w-a-
interior of A and is denoted by waBInt(A).

Definition 2.14. The intersection of all (i, j)-w-a-closed sets of X containing A is called (i, j)-w-
a-closure of A and is denoted by waBCI(A)

The waBInt(A) is an (i, j)-w-a-open set and the waBCI(A) is an (i, j)-w-a-closed set.

Theorem 2.15. Let (X, 7;,7;) be a bitopological space and A, B C X. Then, the following statements
hold:

—_

waBInt(waBInt(A)) = waBInt(A).

if A C B, then waBInt(A) C waBInt(B).

waBInt(AN B) C waBInt(A) NwaBInt(B).

waBInt(A) UwaBInt(B) C waBInt(AU B).

waBInt(A) is the largest (i, j)-w-a-open subset of X. contained in A.
A is (i, j)-w-a-open if and only if A = waBInt(A).
waBCl(waBCIl(A)) = waBCI(A).

If A C B, then waBCI(A) C waBCI(B).

waBCIl(A) UwaBCIl(B) C waBCI(AU B).

waBCIl(AN B) C waBCIl(A) NwaBCI(B).

© 0N CE W

—_
e

Proof . (1), (2), (6), (7) and (8) are follow directly from the Definition 2.1} (3), (4) and (5) are
follow from part (2) of this Theorem. (9) and (10) are follow by applying part (8) of this Theorem.
O

Theorem 2.16. Let (X, 7;,7;) be a bitopological space and A C X. Then, x € waBCI(A) if and
only if UN A #0 for every U € waBO(X, x).

Proof . Suppose that x € waBCI(A) and it knows that U N A # (), for all U € waBO(X, ). Now,
suppose the contrary that there exits U € waBO(X,z) such that UN A = (), then A C X — U
and X — U is an (i, j)-w-a-closed set. This follows that waBCI(A) C waBCI(X —U) = X — U.
Since © € waBCI(A), it has © € X — U and hence x ¢ U. Which is a contradiction. Therefore,
UN A # (. Conversely, suppose that U N A # ) for every U € waBO(X,x). Now, it has to prove
that © € waBCI(A). Suppose the contrary that x ¢ waBCI(A). Now, let U = X —waBCI(A), then
U € waBO(X,z) and UNA = (X — (waBCI(A))NA C (X —A)N A = () and this is a contradiction.
Therefore, © € waBCI(A). O

Theorem 2.17. Let (X, 7;,7;) be a bitopological space and A C X. Then, the following statements
hold:

1. waBCl(X — A) = X —waBCI(A).
2. waBInt(X — A) = X —waBInt(A).

Proof .

1. Let z € X — waBCI(A). Then, there exits U € waBO(X,z) such that UN A = 0 and
hence it has © € waBInt(A). This shows that X — waBCIl(A) C waBInt(X — A). Now,
take x € waBInt(X — A). Since waBInt(X — A)N A = 0, it gets that © ¢ waBCI(A). In
consequence, waeBCI(X — A) = X — waBInt(A).
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2. Let € X —waBInt(X — A). Since waBInt(X — A)N A = (), it has z ¢ waBCI(A) and
this implies that + € X — waBCIl(A). Now, take x € X — waBCI(A). Then, there exist
U € waBO(X,x) such that U N A = (). Therefore, waBInt(X — A) = X — waBCI(A).

O

Definition 2.18. Let (X, 7;,7;) be a bitopological space and A C X. Then A is said to be (i, j)-w-
a-neighbourhood of a point © € X if there exists an (i, j)-w-a-open set J such that x € J C A.

Theorem 2.19. Let (X, 7;,7;) be a bitopological space and A C X. Then, A is (i, j)-w-a-open set
if and only if it is an (i, j)-w-a-neighbourhood of each of its points.

Proof . Let A be an (i,j)-w-a-open set of X. Then by the Definition A s (i, ])-w-a-
neighbourhood of each of its points. Conversely, If A is an (i, j)-w-a-neighbourhood of each of
its points. Then, for each x € A, there exits D, € waB(X,z) such that D, C A. In consequence,

A= U{DI :x € A}. Since, each D, is an (i, j)-w-a-open and arbitrary union of (7, j)-w-a-open sets
is an (4, j)-w-a-open set. therefore, A is an (i, j)-w-a-open set of X. O

Theorem 2.20. Let (X, 7;,7;) be a bitopological space and for each non-empty (i, j)-w-a-open set of
X is uncountable. Then, aBCl(A) = waBCI(A), for each subset A € 7, U T;.

Proof . The implication waBCI(A) C aBCI(A) is clear. On the other hand, let z € aBCI(A)
and B be an (i,j)-w-a-open set containing x. By the Theorem there exits an (i, j)-a-open
set U containing = and a countable set C' such that U — C' C B. Then, (U — C) € BN A and
(UNA)—C C BNA. Now, let x € U and = € aBCI(A) such that U N A # () where U N A is
an (i, j)-w-a-open set, since U is (4, j)-a-open set and A € 7; U 7;. By hypothesis, each non-empty
(i, j)-w-a-open set of X is uncountable, thus (U N A) — C. Therefore, B N A is uncountable. In
consequence, BN A # (), this implies that x € waBCI(A). O

Theorem 2.21. Let (X, 7;,7;) be a topological space. If every (i, j)-w-a-open set of X is 1;-open of
X. Then, (X,waBO(X)) is a topological space.

Proof .

1. ,X € waBO(X).

2. Let U,V € waBO(X) and x € UNV. Then , there exits (7, j)-a-open sets J, K of X containing
x such that J — U and K — V are countable. Since (JNK)—-(UNV)=(JNK)N (X —
U)uX =V) C(JNn (X =U))U(KnN(X —1V)), this implies that (JNK) - (UNV) is a
countable set and by hypothesis, the intersection of two (i, j)-a-open sets is an (i, J)-a-open
set. Therefore, UNV € waBO(X).

3. The union is followed directly.

O

3. (%, J)-w-a-continuous functions

In this section, it defines the concept of (i, j)-w-a-continuous functions. Moreover, it proves some
properties.

Definition 3.1. Let f : (X, 7, 7;) = (Y,04,0;) be a functions. Then, f is said to be (i,7)-w-c-
continuous if f~Y(V') is (i,7)-w-a-open set of X for every o;-open set of Y, where i # j.
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Theorem 3.2. Every (i, j)-a-continuous function is (i, j)-w-a-continuous functions.

Proof . It follows form the fact that every (i, j)-c-open set is (i, j)-w-c-open set. [ The converse
of the Theorem need not be true as can be seen in the following example:

Let X = {rt,y}, n = {0, X, {r}, {t},{r,t}}, 7 = {0, X, {r}}, oo = {0, X,{r,t}}, o5 =
{0, X, {r,y}}. Then, the identify function f : (X, 7, 7;) = (Y, 0;,0;) is (i, j)-w-a-continuous, but it
is not (4, j)-a-continuous.

Proposition 3.3. Let f : (X, 7;,7;) = (Y, 04,0)) be a function. If f is (i, j)-w-a-continuous and A €
wO(X, ;) NwO(X, 7;), then the restriction f|a: (A, 7ila, 7jla) = (Y, 04,05) is (i, j)-w-a-continuous

Proof . Since f is (i, j)-w-a-continuous, for any U € o; of Y, f~Y(U) is (i, j)-w-a-open set of X.
By the Remark part (1), f~1(U) N A is (i, j)-w-a-open set of X. Therefore, by the Lemma
(flA)~1(U) is (i, j)-w-a-open set of (A, Ti|a,7jla). O

Proposition 3.4. Let f : (X, 7, 7;) = (Y,0:,0;) be a function and X = U{Vg er:de A} If
the restriction flv, : (Vs, Tilvs, Tilvy) = (Y, 04, 0;5) is (i, j)-w-a-continuous for each § € A, then f is
(1, J)-w-a-continuous.

Proof . Let U be o;-open set of Y. Since f|y; is (¢, j)-w-a- continuous for each § € A, (flv;) 1 (U) =
f~HU) N Vj is (4, j)-w-a-open set of V5 Now, by the Lemma 2.5 f~1(U) N Vj is (4, j)-w-a-open set
of X for each § € A. Now, taking f~1(U) = sea(f 1 (U) N Vs). Now, by the Remark-part (2),
f~YU) is (i, j)-w-a-open set of X. Therefore, f is (i, j)-w-a-continuous. []

Theorem 3.5. Let f : (X, 7, 7;) = (Y,0i,0;) be a function. Then, the following statements are
equivalent:

1. f s (i, j)-w-a-continuous.

2. For each point x € X and each o;-open set J of Y such that f(x) € J, there is an (i, j)-w-a-open
set A of X such that x € A and f(A) C J

The inverse image of each o;-closed set of Y is an (i, j)-w-a-closed set of X.

For A C X, then f(waBCI(A)) C 0;-Cl(f(A)).

For ACY, then waBCI(f~*(A)) C f~'(0;-Cl(A)).

For ACY, then f~'(0;-Int(A)) C waBInt(f~'(A)).

SERANE el

Proof . (1) = (2) : Let x € X and J be a o;-open set of Y containing f(z). By part (1) of this
Theorem, f~1(J) is (i, j)-w-a-open of X. Let B = f~ ( ). Then, x € B and f(B) C J.

(2) = (1) : Let J be a o;-open of Y and xz € f~'(J). Then, f(z) € J- By part (2) of this
Theorem, there is (i, j)-w-a- open set U, of X such that z € U, and f(U,) C J. This implies that
x € U, C f~'(J). Therefore, f~!(J) is an (i, j)-w-a-open set of X.

(1) & (3) : It follows from the fact that for any set A of Y, f~1(Y — B) = X — f~!(B).

(3) = (4) : Let A C X. Since A C f~(f(A)), it has that A C f~'(0;-CI(f(A)). By hypothesis,
- 1(02 CIl(f(A)) is an (i,7)-w-a-closed set of Y and hence waBCI(A) C f~'(0;-Cl(f(A)). Then,
f((waBI(A))) C f(f7(o:-CL(f(A)))) € 0i-CI(f(A)).

(4) = (3) : Let J be a oy-closed set of Y. Then, f(waBCI(f~'(J)) C o:-Cl(f(f~1(J]))) C o
Cl(J) = J. Therefore, waBCI(f~*(J)) C f~!(J). In consequence, f~1(J) is an (4, j)-w-a-closed set
of X.

(4) = (5) : Let A CY. Now, f((waBCI(A))) C o-Cl(f(f~'(A))) C 0;-Cl(A). In consequence,
waBCI(f~1(A)) C fYao:-Cl(A)).
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(5) = (4) : Let A= f(B) where B C X. Then, waBCI(A) C waBCI(B) C waBCI(f~1(A)) C
[ Yoi-Cl(A)) = f~Y0;-Cl(f(A))). Therefore, f(waBCI(B) C o-Cl(f(A)).
(1) = (6) : Let A C Y. It is clear that f~'(o;-Int(A)) is an (4, j)-w-a-open and it has f~!(oy-
(A)) C waBInt(f~Y(o;-Int(A))) C waBInt(f~1(A).

(6) = (1) : Let A be a g;-open set of Y. Then, o;-Int(A) = A and f~1(A) C f~(o;-Int(A)) C
waBInt(f~'(A)). Therefore, it has f~'(A) = waBInt(f~'(A)). This implies that f~!(A) is an
(1, 7)-w-a-open set of X. OJ

Int

Definition 3.6. Let f : (X, 7, 7)) = (Y,0,,0;) be a functions. Then, f is said to be (i,j)-w-
a-irresolute if f~1(V) is an (i,j)-w-a-open set of X for every (i,j)-w-a-open set V of Y, where

i 7.

Theorem 3.7. Let f : (X,7,7;) = (Y,05,0;) and g : (Y,04,05) = (Z,6;,0;) be two functions.
Then, the following statements hold:

1. go f z's (1, 7)-w-a-irresolute, if f is (i, j)-w-a-irresolute and g is (i, j)-w-a-irresolute.

2. go fis (i,7)-w-a-continuous, if f is (i, j)-w-a-continuous and g is pairwise continuous.
3. go f is (1, j)-w-a-continuous, if f is (i, j)-w-a-irresolute and g is (i, j)-w-a-continuous.
4. go f is (1,j)-w-a-continuous, if [ is (i, j)-w-a-irresolute and g is pairwise continuous.

Proof . It begins proof the part (1): Let V be a (4, j)-w-a-open set of Z, since g is (i, j)-w-a-irresolute,
then g~ (V) is an (i, j)-w-a-open set of Y. Now, since f is(i, j)-w-a-irresolute, f~1(¢g~*(V)) is (i, j)-
w-a-open set of X, therefore g o f is (i, j)-w-a-irresolute.

The proof of (2), (3) and (4) are made in the same way to the part (1). OJ

Definition 3.8. Let f: (X, 7;,7;) = (Y, 0:,0,) be a functions. Then, f is said to be (i,j)-w-a-open
if f(V) is an (i,7)-w-a-open set of Y for every (i, j)-w-a-open set or T;-open V of X, where i # j.

Proposition 3.9. Let f : (X, 7, 7;) = (Y,0i,0;) be a pairwise continuous and pairwise open func-
tion. Then, f is (i,j)-w-a-open.

Proof . Let V be an (i, j)-w-a-open set of X and y € f(V). Then, there exits € V such that
f(z) = y. Since V is (i, j)-w-a-continuous, there exits (i, j)-a-open set V; of X containing z such
that Uy — U C A, where A is a countable set. Therefore, f(U;) — f(U) C f(A). Since f is pairwise
continuous and pairwise open, by the Theorem f(Uy) is an (i,7)-a-open set of Y containing
y = f(z) and hence f(U) is (4, j)-w-a-open of Y. O

Definition 3.10. Let f : (X, 7, 7;) = (Y,04,0;) be a function. Then, f is said to be (i, j)-w-o-
closed if f(U) is an (i,j)-w-a-closed set of Y for every ;-closed set of X.

Theorem 3.11. Let f : (X, 7;,7;) = (Y,04,0;) be a function. Then, the following properties are
equivalent:

1. fis an (i,7)-w-a-open.
2. f(ri-Int(U) C waBCI(f(U)), for each subset U of X.
3. 7-Int(f~1(U)) CwaBInt(U), for each subset U of X.



1286 Granados

Proof . (1) = (2) : Let U be a subset of X. Then, 7;-Int(U) is a 7-open set of X. Then,
f(ri-Int(U)) is (i, j)-w-a-open set of Y. Since f(r-Int(U)) C f(U), f(r-Int(U)) = waBInt(f(7:-

Int(U))) CwaBInt(f(U)).
(2) = (3): Let U be a subset of Y. Then, f(ri-Int(f~1(V))) C waBInt(f(f~1(U))). Therefore,
T-Int(f~1(U)) C f~HwaBInt(U)).

(3) = (1) : Let U be a 7-open set of X. Then, 7 — i-Int(U) = U. Now, V = 7-Int(V)
T-Int(f~(f(V)) C fHwaBInt(f(V)). This implies that f(V) C f(f~ (wozBInt( ())))
waBInt(f(V)). In consequence, f(V') is an (i,j)-w-a-open set of Y. Therefore, f is (i,7)-w-
open. [

Q N 1N

Theorem 3.12. Let f : (X,7,7;) = (Y,0i,0;) be a function. Then, f is an (i, j)-w-a-closed
function if and only if for each subset U of X, the waBCI(f(U)) C f(r;-Cl(U)).

Proof . Let f be an (7, j)-w-a-closed function and U be a subset of X. Then, f(U) C f(7,-Cl(U)) and
f(m-Cl(U)) is an (i, j)-w-a-closed set of Y. Therefore, waBCI(f(U)) C waBCI(f(r-Cl(U))) = f(7:-
Cl(U)). Conversely, let U be a 7;-closed of X. Then, f(U) C waBCI(f(U)) C f(n-Cl(U)) = f(U).
Hence, f(U) is an (i, j)-w-a-closed set of Y. In conclusion, f is an (i, j)-w-a-closed function. [J

Definition 3.13. Let f: (X, 7, 1) = (Y,04,0;) be a function. Then, the graph G(f) of f is said
to be (i,7)-w-a-closed in X XY if for each (z,y) € (X xY) —G(f), there exits U € waBO(X,z),
and a o;-open set V' of Y containing y such that (U x V)NG(f) = 0.

Lemma 3.14. Let f : (X, 7, 7;) = (Y,0,,0;) be a function. Then, the graph G(f) of f is (i,7)-w-
a-closed in X x 'Y if and only if for each (z,y) € (X xY) — G(f), there exits U € waBO(X, x)),
and a o;-open set V of Y containing y such that f(U)NV = 0.

Proof . It follows by the Definition [3.13] [

Theorem 3.15. Let f : (X, 7,7;,) — (Y,04,0;) be a function. If f is (i,])-w-a-continuous and
(Y,0;) is Ty, then G(f) is (i, j)-w-a-closed.

Proof . Let (z,y) € (X xY)—G(f). Then, y # f(x). Since, (Y,0;) is T}, there exits a o;-open
sets V,U of Y such that f(x) € Vand y ¢ U and UNV = (. Since f is (i, j)-w-a-continuous, there
exits W € (i, j)-w-a-open, such that f(W) C V. Therefore, f(W)NU = (. In consequence, by the
Lemma [3.14] G(f) is (i, j)-w-a-closed. O

Definition 3.16. Let (X, 7;,7;) be a bitopological space. Then, X is said to be pairwise Lindeloff
[1] if each pairwise open cover of X has a countable sub-cover.

Theorem 3.17. Let f : (X, 7, 1) = (Y,0:,0;) be an (4, j)-w-a-continuous function. If X is (i,7)-
a-Lindeloff, then Y s pairwise Lindeloff.

Proof . Let {Us : § € A} be a cover of Y by os-open sets. Then, {f~*(Us) : § € A} is an (4, 5)-w-
a-open cover of X. Since X is (4, j)-a-Lindeloff and by the Definition [2.8] there exits a countable

subset Ag of A such that X = U Us. Therefore, Y is pairwise Lindeloff. [J

dcAp

Definition 3.18. Let (X, 7, 7;) be a bitopological space and A C X. The (i, j)-w-a-frontier of A is
defined as (i,j)-w-a-Fr(A)= waBCIl(A) NwaBCl(X — A)=waBCIl(A) — waBInt(A).
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Theorem 3.19. Let f : (X, 7,7;) = (Y,0,,0;) be a function. Then, X — waBc(f) = U{(i,j)-w-
a-Fr(f~Y(V)) : V € oy, f(z) € V,x € X}, where waBc(f) denotes the set of points at which f is
(1, j)-w-a-continuous.

Proof . Let x € X —waBc(f). Then, there exits a o;-open set V of Y containing f(z) such that UN
(X — f7Y(V)) # 0 for every (i, j)-w-a-open set U of X containing z. Thus, x € waBCI(X — f~1(V)).
Then, z € f~1(V)NwaBCHX — f~1(V)) C (i, j)-w-a-Fr(f~1(V)). Hence, X —waBc(f) C U{(i,j)—
w-a-Fr(f~X(V)) : V € oy, f(x) € V,x € X}. Conversely, let z ¢ X — waBc(f). Then, for each
oi-open set V of Y containing f(x), there exits and (7, j)-w-a-open set U containing x such that
f(U) CV and hence x € U C f~!(V). Therefore, x € waBInt(f~'(V)), in consequence = ¢ (i, j)-
w-a-Fr(f~1(V)) for each g;-open set V in Y containing f(z). O

Definition 3.20. Let (X, 7;,7;) be a bitopological space. Then, X is said to be (i,7)-w-a-Ty space
i for each pair of distinct points x,y € X, there exits (i, j)-w-a-open sets U and V' containing x and
y, respectively, such that UNV = (.

Theorem 3.21. Let f : (X, 7, 7;) = (Y,04,0;) be an (i, j)-w-a-continuous and injective function,
and Y is a Ty space, then X is a w-a-T5 space.

Proof . Let x and y be two distinct points of X. Then, f(z) # f(y). Since Y is T, there exist
a 1;-open set U and 7j-open set V' such that f(x) € U, f(y) € V and UNV = ). Therefore,
Y O)YN f7YV) = 0. Since f is (i, )-w-a-continuous, then f~1(U) is (i,j)-w-a-open, f~1(V) is
(i,j)-w-a-open , x € f~1(U) and y € f~' (V). Which implies that X is w-a-T; space. [J

Theorem 3.22. Let f : (X, 7, 7;) = (Y,04,0;) be an (i, j)-w-a-continuous and injective function,
and Y is a w-a-Ty space, then X is a w-a-Ty space.

Proof . The proof is similar to the Theorem ([l

4. (i, j)-w-a-continuous functions and (%, j)-w-a-connected spaces

In this section, it defines the concepts of (i, j)-w-a-connected space, (i, j)-w-a-set-connected, (3, j)-
w-a-extremally disconnected and (i, j)-w-a-C-compact space. Besides it proves some properties on
(1, J)-w-a-continuous functions.

Definition 4.1. Let (X,7;,7;) be a bitopological space. Then, X is said to be (i, j)-w-a-connected
if X cannot be expressed as the union of two non-empty disjoint (i, j)-w-a-open sets.

Remark 4.2. If A is both (i,j)-w-a-open set and (i,j)-w-a-closed set of a bitopological space X,
then A is called (i, j)-w-a-coplen, where i # j.

Definition 4.3. Let (X,7;,7;) be a bitopological space. Then, X is said to be pairwise connected
[10] if it cannot be expressed as the union of two non-empty disjoint sets U and V such that U is
T;-open and V' is Tj-open, where i # j.

Proposition 4.4. If f : (X, 7, 1;) = (Y,04,0;) is a (i, )-w-a-continuous and surjection function,
besides X is (i, j)-w-a-connected, then Y is pairwise connected.
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Proof . Suppose that Y is not pairwise connected. Then, there exits U € 0; and V' € o0; such that
UV #0,UNV =0and UUV =Y. Since f is surjection, it has f~1(U) # 0 and f~1(V) # 0.
Besides, since f is (i, j)-w-a-continuous, f~1(U) is (i, j)-w-a-continuous, it has f~1(U) is (i, j)-w-a-
open and f~1(V) is (4, j)-w-a-open such that f~Y(U)N f~(V) =0 and f~Y(U)U f~1(V) = X. This
implies that X is not (i, j)-w-a-connected, which is a contradiction. In consequence Y is pairwise
connected. [

Proposition 4.5. If f : (X, 7, 7;) = (Y,0,,0;) is a (i,7)-w-a-irresolute and surjection function,
besides X is (i, j)-w-a-connected, then'Y is (i, j)-w-a-connected.

Proof . The proof is similar to the Proposition 4.4l O

Definition 4.6. A function f : (X, 7, 7;) = (Y,0:,0;) is said to be (i,j)-w-a-set-connected if
f(z) is (i, j)-w-a-connected between f(A) and f(B) in the bitopological space X which is (i, j)-w-a-
connected.

Theorem 4.7. Let f : (X, 7, 7;) = (Y,04,0;) be a function (i, j)-w-a-set-connected if and only if
f~YF) is an (i, j)-w-a-coplen set of X for any (i,j)-w-a-coplen F set of Y.

Proof . Necessity: Let f be (i, j)-w-a-set-connected and F' be (i, j)-w-a-coplen set of Y. Now,
suppose that f~(F) is not (4, j)-w-a-copplen set of X, then X is (i, j)-w-a-connected between f~!(F)
and X — f~Y(F). Since f is (4, j)-w-a-set-connected, Y is (i, j)-w-a-connected between f(f~'(F))
and f(X — f~YF)). But, f(f7(F))=FNY =F and f(X — f7}(F)) =Y — F, in consequence F
is not (i, j)-w-a-clopen set of Y and this is a contradiction. Therefore, f~!(F) is an (i, j)-w-a-coplen
set of X.

Sufficiency: Let f~}(F) be an (i, j)-w-a-clopen set of X for any (i, j)-w-a-coplen F set of Y and
let X be (i, j)-w-a-connected between A and B. Now, suppose that Y is not (i, j)-w-a-connected
between f(A) and f(B), then there exits an (i, j)-w-a-coplen F' set of Y such that f(A) C F C
Y — f(B). But, A C f7%F) C X — B and f~!(F) is an (i,j)-w-a-coplen set of X and this is a
contradiction, because X is (i, j)-w-a-connected. Therefore, f is (i, j)-w-a-connected. O

Lemma 4.8. Let f: (X, 7, 7;) = (Y,0i,0;) be a function (i, j)-w-a-set-connected and A C X such
that f(A) is an (i,7)-coplen set of Y. Then, the restriction fla: A =Y is (i, j)-w-a-set-connected.

Proof . Let A be (i, j)-w-a-connected space between B and C. Then, X is (i, j)-w-a-connected
between B and C of Y is (4, j)-w-a-connected between f(B) and f(C). Since f(A) is an (4, j)-coplen
set of Y, then f(A) is an (i, j)-w-a-connected between f(B) and f(C). O

Definition 4.9. Let (X, 7;,7;) be a bitopological space. Then, X is said to be (i, j)-w-a-extremally
disconnected if the (i, j)-w-a-closure of any (i, j)-w-a-open set is (i, j)-w-a-open set, where i # j.

Theorem 4.10. Let f: (X, 7, 1) = (Y,04,0;) be a function (i, j)-w-a-set-connected. If Y is (i,7)-
w-a-Ty space and (i, j)-w-a-extremally disconnected, then fla : A — Y is constant for every (i,j)-
w-a-connected subset A of X.

Proof . Let z,y € A and x # y. Suppose that f(x) # f(y) in Y. Since Y is (i, j)-w-a-T; space and
(1, j)-w-a-extremally disconnected, there exits (i, j)-w-a-coplen set U of Y such that f(x) € U and
f(y) ¢ U. Now, since f is (4, j)-w-a-set-connected, it has f~1(U) is (4, j)-w-a-coplen set of X. And
so, by the Lemma , fHU) N A is a non-empty proper (i, j)-w-a-coplen set of the subset A, this
implies that A is not (¢, j)-w-a-connected space and this is a contradiction. Therefore, f(z) = f(y)
and hence f|4: A — Y is constant. [J
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Definition 4.11. Let (X, 7;,7;) be a bitopological space. Then, X is said to be (i, j)-w-a-C-compact
if given and (i, j)-w-a-closed set A of X and a cover {Vs: 6 € A} of A by (i, j)-w-a-open sets of X,
then there exits a finite subset A0 of A such that A C U{wozBCl(V;; 10 € Ag)}, where i # j.

Theorem 4.12. LetY be (i, j)-w-a-extremally disconnected, (i, j)-w-a-C'-compact and (i, j)-w-a-Ts.
Then, f: (X, 7,1;) = (Y,04,0)) is (i, j)-w-a-irresolute if and only if it is (i, j)-w-a-set-connected.

Proof . Necessity: The proof is easy following the Definition.

Sufficiency: Let f be not (i, j)-w-a-irresolute. Then, there exits an (i, j)-w-a-closed set J of YV
such that f'=(J) is not an (4, j)-w-a-closed set of X. Now, let x € waBCI(f~'(J)) — f~1(J). Then
X is (i, j)-w-a-connected between f~!(J) and x. Hence, Y is (4, j)-w-a-connected between f(f~(J))
and f(z). In consequence Y is (i, j)-w-a-connected between J and f(z). Since Y is (i, j)-w-a-Ty, for
each y € J there exits an (i, j)-w-a-open set U, containing y in Y such that f(z) ¢ waBCl(U —y).
Then, the family {U, : y € J} is a cover of F' by (4, j)-w-a-open sets of Y. Now, since Y is (i, j)-w-a-

C-compact, there exist a finite number of points y1, s, ..., y, in J such that J C U waBCU(U,,) =U.

i=1
Then, U is (i, j)-w-a-coplen set of Y since Y is (i, j)-w-a-extremally disconnected. Besides, f(z) ¢ U
since f(x)waBCI(U,) for any y € J an this is a contradiction. Hence f is (4, j)-w-a-irresolute. [
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