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Abstract

In this study, the mathematical model of four differential equations for organisms that describe
the effect of anti-predation behavior, age stage and toxicity have been analyzed. Local bifurcation
and Hopf bifurcation have been studied by changing a parameter of a model to study the dynamic
behavior determined by bifurcation curves and the occurrence states of bifurcation saddle node,
transcritical and pitch fork bifurcation. The potential equilibrium point at which Hopf bifurcation
occurs has been determined and the results of the bifurcation behavior analysis have been fully
presented using numerical simulation.
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1. Introduction

Several tuners have recently discussed the issue of stability of nonlinear control systems and its

relationship to controllability. Nowadays, the prey - predator model is an important topic, it includes
the study of some aspects in which there are different disciplines: ecology, biology, genetics, and other
disciplines, among which is physics, for example [4, [5, [7].
A new practical way to distinguish between chaotic, periodic and quasi-cyclic cycles is presented
to solve many problems in the environment that have been extensively studied in the past decades
[8, IT]. It is either useful or has many potentials in fields such as engineering and power grids. In late
differential equations, periodic solutions can be generated through Hopf bifurcation. To determine
the nonlinear differential equations, the oscillatory solutions of the system and the steady state are
considered, look [9] [10].
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Bifurcation theory in mathematics considers is a qualitative change that occurs in the behavior of
a dynamic as a result of a change in one of its parameters [I4] [T]. Physical example of this behavior
is, when you press a piece of wood in the force with in the middle of it, and the force with which
you press is considered the coeffient, so you see that the wood curves and changes its shape unit the
force reaches a certain value called the bifurcation value then the behavior of the wood changes and
it breaks. The point at which this behavior appears, the point of breaking the timber is called the
bifurcation point this behavior is usually plotted in a diagram called a bifurcation diagram. Henri
Poncare was the first to introduce the term bifurcation in (1885) [3]. As for method of calculating
the location of this change in behavior, it is explained as follows.

There are many types of bifurcation, the most important (saddle-node, transcritical, pitchfork
and hopf bifurcation) if the following differential equation & = f (z, ) had considerd the point
at which qualitative change occurse in the behavior of this dynamic system or what is expressed
mathematically in the term of bifurcation, see for example [15] 2, [12], it is first an equilibrium point
and secondly the point at which the system layout becomes the (Jacobian matrix).

Local bifurcation analysis have been used with the help of the Sotomayor theorem [13] near the
equilibrium points of the mathematical system , it consists of (first prey, second prey with age
stages and only one predator) with toxicity and anti-predator. The hopf bifurcation effect of the
positive equilibrium point has been studied.

2. Model formulation [6]

In this section, an ecological model consists of four species have been proposed : the first prey
and second prey which have a stage- structure with only one predator , which are denoted to their
populations sizes at time Ey(t), E2(t), E3(t) and E4(t) respectively .

dE, _ S.E (1 B &) _ GiE\Ey

dE E.
—2 = SgEg (1 — —3> — DE2 — 02E2E4 — 041E22 — KlEQ,
dt L 2.1)
dE
d_tg :DE2_02E3E4_O[2E§_K2E3,
dE4 A1E1E4
= AsEyEy + AsEsEy — nEWEy — asEy — K3E)y.
T m+E12+224+334n14a34 3Ly

The positive parameters of system ([2.1)) can be described by the Table 1.

Table 1: The parameters of the system (2.1))

S; >0,1=1,2. The logistic growth rate of first prey and mature prey, respectively.

L; >0,t=1,2. The carrying capacity of the first prey and the mature prey, respectively.

D >0 The rate of transition of immature prey to mature prey.

C1 >0 The rate of predator attack on the first prey.

m >0 The measuring extent to which the environment is provided to protect prey and predators.
C; >0,1=2,3. The rate of predator attack on the second prey, mature and immature, respectively.

0<A; <1,i=1,2,3 The conversion rates of food to a predator, respectively.

n >0 The rate of anti-predator behavior of the first prey.

K; >0,i=1,2,3. The mortality rates of the second prey, mature and immature, and a predator, respectively.
a; >0,1=1,2,3. The toxicity rates of the second prey, mature and immature and predatory, respectively.

3. Local bifurcation analysis

In this section, the analysis of the local bifurcation of model (2.1)) have been studied, focusing
on the changes around each equilibrium point when the parameter values change in the dynamic
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behavior. Our goal is to provide higher order conditions that ensure that the most common local
bifurcations appear, with the help of Sotomayor’s theorem.

Now, according to Jacobean matrix J(Ei, Ey, E3, Ey) of the system (2.1)) which is given in [6] as
follows:

J = [aij]44

_51(L1*2E1)7C1E4(m7E%) 0 0 __Ci1Ey ]
L (m+E%)2 (m+E%)
_ 0, —D—CyE4—201Ey— K S2<L2Li;w3> —Co By (3.1)
0 D —C3E4—203F3— Ky —C3E3
7A1E4(M721)— nky AsEy AsEy ALy Ao Byt A3 E3—nE1—a3— K3
| () (m+2%) |
For any non- zero vector R =(ry, 79, 13, 7’4)T:
D*F, (X, 1) (R, R) = [air] s
S C1E\E, (3E; — C — E?
0411——27“1(—1+ E2E2Y 213m) 1(m—2;)r4>7
Ly (m + E}) (m + EY)
S
gp = —2 <a1r§ + Coryrg + L—Qrg) , (3.2)
2
31 — —27“3 (0527’3 + 037“4) y
AE\Ey (3E, —m Ay (m — E?
Oé41:2( 1 4( 213 )7"2 —1< 2;)7“4’/’1—nT4T1+A27”4T2+A37"47’3>.
(m+ E}) (m+ E?)
and
D*F, (X, 1) (R, R, R) = [Bi]
CiEy (3E? —m CLE, (14E?m — m? — 9E?
511_27’1( 1B 123 )7’47”1— 1B ( - ond 1)7“%)7
(m+ E}) (m+ E})
Ba1 =0, (3.3)
ﬁ31 = 07
A1E4 (14E12m — mQ - QE%) 2 A1E1 (3E12 - m)
Ba = 2, ond = N 471
(m + E}) (m + E3)

where X = (E, Es, F3, E,) and u be any parameter.

Theorem 3.1. System with the parameter value Ko= K, = (Dsjgl) ,
furcation at Q1 = (L1,0,0,0).
Proof . By the Jacobian matriz given in Eq. (4.3) in [06] J, = Jy (Ql, Kg) = [Cijl 10y, Where &5 = ¢y
, except ¢33 = — Ky .

Then the characterise equation of jl has a zero eigenvalue (say A\ig,)at ng Ko |, at the equilib-
rium point Q.

has a transcritical bi-

. T
Now, let R' = (fgl],i‘gu,fg],ﬂ”) be the eigenvector corresponding to the eigenvalue \ig, = 0.
Thus,<j1 (Q1) — )\1}231) R =0, this gives:
S
il =0, i) = 2l il =0

K+ D
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and fz[))l] any non-zero real number .
Let BN = (b[ll],b[zl],bg},bg]) be the eigenvector associated with an eigenvalue \ip, = 0 of the
matriz J,T. Then, (le(Ql) — )\1E3I> Bl =0

By solving this equation for , B = (0, Dle bgl], bgl], O) , where Bgl] any non-zero real number.

Now, consider that:
of

8_1(2 = fK2 (XvKQ) = <

Ofi 0fs Ofs 0fs
0Ky 0Ky’ 0K, 0K,

T
) =(0,,0,—E,,0)".

. .. T .
So, fx, (Ql,K2> = (0,0,0,0)" and hence (Bm> Ik, (Ql,K2> =0
By using Sotomayor’s theorem, the saddle- node bifurcation condition cannot be satisfied. There-
fore, the first condition for transcritical bifurcation is satisfied. Now

0 0 0 0
0 0 0 0
0 0 -1 0
0 0 0 0

Dng (X7 KQ) =

where, Dfy., (X, K3) represents the derivative of fr, (X, Ky) with respect to X = (E, E, Es, E4)T.
Furthermore, it is observed that:

00 0 0 0 . 0
. 00 0 0] |=2F 0
1 — K+D'3 | _
Dfic, (@1, K>2) R 00 —1 0| -y
00 0 0 0 0
.. T . . . T .
(B[1]> |:DfK2 (Qla K2> Rm] = (Ov 07 _7;;{[31]7 0) (Oa O’ bigl]7 0) = Tél] bgl] 7£ 0.

By substituting Bl in (1.3) we get:
0

2
. iy —2 <7'“}[;1}> S ( s, %)
o (k) (1) - | ) T
0

Hence, it was obtained

This means that system (2.1)) has a transcritical bifurcation at Q with a parameter Ky= K, and
no pitch fork bifurcation can occurs at Ko= Ko . [J
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Theorem 3.2. Suppose that conditions (4.8b-4.8¢) in [6] with the following conditions are satisfied:

DSy > (C3Ey + K;) (D + C4Ey) | (3.4a)
14E7 < m < min {3E,3E7} (3.4b)
Wy # Wa, (3.4c)
W3 # Wy, (3.4d)

DSy— (CBE4+K2 ) (D4+C4Ey)
CsE4+Ko

Then, system with parameter value: K= K, =
bifurcation at QQs.
Proof . By the Jacobian matriz given in eq. (4.7) in [6] Jy = Jo (Qg,Kl) = [Tij] g Where Tyj = vy
, except Tog = —D — O, B, — K.
Then the characterise equation of J1 has a zero eigenvalue (saylap, )at K= K, , at the equilibrium
point Qy = (E1,0,0, Ey).
Now. let B2 — (72 72 72 -21\" ~ : - _

ow, let R = (7’1 Ty T3 T > be the eigenvector corresponding to the eigenvalue \op, = 0. Thus,

(J2(Q1) = Ao, ) rY = 0, this gives:

, has a transcritical

Rl R G g

where: I = [3, I, = U”, I3 = —M and F[QZ} any non-zero real number.
23 V44011 —0V41V14
Let BY = (b[f]7 b[;], bE], b [2}) be the eigenvector associated with an eigenvalue A\op, = 0 of the matriz

7," Then, (7 ( L (o) — A2E21) BY =0
_ il — _ _onT
By solving this equation for ,Bm = (I4b[22}, b[22], I5b[22}, IGb[;}) , where:

_ Voo 331 712]
Iy=-94], [ = —2a2Us3- otz - [ _ Wogtvaals) g by any non-zero real number.
v V43V22 —V23V42 V43

Now, consider that:

of ofi 0fr Ofs Ofs\' . T
8K1_fK1 (X, K = (am’am’am’am) = (0,=F,0,0)

2\T

So, [r, (Q2,F1) = (O,O,O,O)T and hence (E Ix (meﬁ = 0.
By using Sotomayor’s theorem, the saddle- node bifurcation condition cannot be satisfied. Therefore,
the first condition for transcritical bifurcation is satisfied. Now

0 0 0 0
0 -1 0 0
Dle (X7 Kl) “ o 0 0 0 )
0 0 0 0
where, Dfy (X, Ky) represents the derivative of fx, (X, K1) with respect to X = (E, Es, Eg,E4)T
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Furthermore, it is observed that:

0o 0 o o] [L7Y 0

DFe (Qu )R = [0 L 00 | 7 7
K 2,421 — 0 0 0 0 I2F[22] - 0
00 0 0] |72 0

<§[2]>T DS, (@2 K1) R™| = (0,-7.0,0) (0,5?,0,0)71 = 25 £ 0

i 2\ ? C1LE1E4(3E1—m C1(m—E? T
—21: () (%+ lémi%ig ' (17,S+E%)12)[3

2
—2 (7[22]) <Oél + Cg[g + %]2)
2
21, (#22]) (aly + Cs13)

. 2 A m—E% —m
2 (7"5]) <[1[3 (—(;S+E%)2) — n) + [%—Alifi(gga ) + I3 (As + A3I2))

Hence, it was obtained by conditions (4.8b-4.8d) in [6] and ((3.4b)-(3.4d)) ).

(5" (625, (0 ) (%)) =2 ()" 0, 0

D2F, (Q2, ) (E[m,}_z[?]) _

_ Sl 01E1E4(3E1—m) C’l(m—Ef) >
wy = —I111, | —+ + I | — Iy 15 (qpls + Csl:
1 14(L1 (m—i—Ef):s (m—i—E%)Q 3 25( 212 33)
A — E?
+ [11316 <1(m—2%) — n) s
(m + EY)

A1E1E4 (3E1 — m)
(m + E¢)°

S
@2 = (a1+C’213+L—2[2) —I6 (112 —|—13 (A2+A3[2)> .
2

This means that system (2.1) has a transcritical bifurcation at Qy with a parameter K,= K,. If
condition (3.4d) not satisfied then. By substituting R in (3.4a)) we get:

[ o (2\? (CiBa(3B2-m) . CiBa(m(14B2-m)—9E}) ) ]
21y (T2> ( (m+E2)" % (m+E2)" h

D3FM (QQ, ?1) (}_%[2] 7 }_%[2} : §[2]> _

O )
o (2 (B (m(14B}-m)—95}) - 1By (357-m)
21t (1) (- )

Hence, it was obtained by conditions (4.8b-4.8d) in [6], (3.4D) and (3.4d]).

(3" [0°F, (@0 T0) (R T2 R)] =222 () 8w, — ) £ 0

LE, (3E? —
w:?) 1( 1 m)(01]4_A116)7

(m + E7)°
LE, (m (14E — m) — 9E3
= DI WA =) 298D (¢ — Ay
(m + E})

So, there is pitch fork bifurcation at Q, where K= K. O
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Theorem 3.3. Suppose that the following conditions are satisfied:

Ly > 25, (3.5a)
Ey

14 = 3.5b

# I, (3.5b)

. . Y . (D+2a1E2+K1)(2a2E3+K2)L2
Then, system (2.1|) with parameter value: Ss= Sy = DT—3Es ,
bifurcation at Qs.
Proof . By the Jacobian matriz given in eq. (4.10) in [6] J5 = J; <Q5,Sg) = [Wij] 4
SQ(L2—2E3>
. L2
(sayAsg, )at So= Sy , at the equilibrium point Q.

has a saddle-node

where U;; = u;; , except gy = . Then the characterise equation of Js a zero eigenvalue
T

Now, let RP) = (7 ] [5] ré], [5}) be the eigenvector corresponding to the eigenvalue Asg, = 0. Thus,

<J5 (Qs) — )\532[> R[5] = 0, this gives:

T[15] =0, T[B] Y1r[5] rlfl =0

where: Y] = Z%, and 7"[5] any non-zero real number.
Let B (b[15 , b[25 , bg’ ,b[5) be the eigenvector associated with an eigenvalue \sp, = 0 of the matriz

J.T. Then, ( T(Qs) — )\5E2[> BB = 0.

u32

: . . N .
By solving this equation for , Bl = (O, b5 Yabl!, Yg,b:[f]> , where: Yy = —42 Y, = —W. and bY’
any non-zero real number.
Now, consider that:

af df, dfs Ofs 9fs\" Es r
= X, =(0,F3(1 — = .
(952 fSQ( 52) ((9527 (952’ (952’ (952 07 3( L2)7070

So, fs, <Q5,5'2> = <0,E3 < — f—;) ,O,O)T, and hence by condition .

(B[5}>Tf52 <Q5,Sg> By(1— JLE_2) b 2o,

By using Sotomayor’s theorem, the transcritical bifurcation condition cannot be satisfied. Therefore,
the first condition for saddle- node bifurcation is satisfied.
Now By substituting RV in (3.2) we get:

0

°F, <Q57 52> <R[5}’ R[5]> _ -2 (72[25}>2 (&1 . S_ZY12)

_2a2y2 < [5}>2 7

Hence, it was obtained

( B[5l> [ (Q& 52> ( L) Rmﬂ ) (fg”l)Qb[;] (m + i—zyf + a2Y12Y2> £ 0.
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So, system ([2.1) has asaddle- node bifurcation at Sy= S5.
But, opposite of condition (3.5b|) imply

(55)" 4o, (0082) = 1~ 2200 20

So,

Dsz (X7 SQ) =

o O OO
o O oo

000
000
000
000
(X, 52)

Where, Dfs, (X, Ss) represents the derivative of fg, (X, S2) with respect to X = (El,EQ,Eg,E4)T.

Furthermore, it is observed that:

000 0 ([)] 0
: 000 0of]| 0
(Bl — 2 _
Dfsz (Q57SQ)R 0000 }/17“[25] 0
000 0 0 0

(B[fﬂf [Df52 <Q5, 5'2) R[ﬂ — (0,0,0,0) (o, WP 0, o)T —0.

This means that system (2.1)) has no transcritical and pitch fork bifurcation at Qs with a parameter
82: SQ. D

Theorem 3.4. Suppose that conditions (4.13b), (4.13¢) and (4.13f) in [6] with the following condi-
tions are satisfied:

AQEQ + AgEg > s, (36&)
S.
A251 — (54 ((1/15% + 0151 + L—25§) - 042(5355 7é 035255 — A352 (36b)
2
Then, system (2.1)) with parameter value I:(g,: K3 = m where:

i = = [(e23) (esa) (e22) + (e52) (€21) (e3)] + (e22) (e3a) (eas) + (A2 + AsFs — ag)
+ (€21 (ea2) [(ess) — (ea2)],

has a saddle-node bifurcation at Qg = (O,EQ, E;;,E;).
Proof . By the Jacobian matriz given in eq. (4.12) in [6] Js = Jo (Qﬁ,l:(3> = [€ij]yq, where

Eziij = €35 , except 544 = AQEQ + AgEg — Kg — Q3.

Then the characteristic equation Jg having zero eigenvalue (saylsg, = 0)if and if Bz = 0 and, thus Qg
s a non-hyperbolic equilibrium point.

Note that, K3 > 0 provided that condition (4.13e-4.13f) in [6] and (3.64)).

= _i6] 6] 6] (61T
Now, let RIS = (f%G},F?],ng],Ff]) be the eigenvector corresponding to the eigenvalue A¢g, = 0.

Thus,<j6 (Qe) — )\6E4I> RISl = 0, this gives:

0, 40 = gl o8 gl
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where: 01 = — 20y, 0y = 42— and i[fﬂ any non-zero real number.
_ _ 4:2 _ _ ?12_'2634 €23€42
Let BlSl = (b[lﬁ], b[QG}, bgﬂ, bLG}) be the eigenvector associated with an eigenvalue ¢, = 0 of the matriz

jGT.Then, <j6T(Q6) - )\6E4I) é[ﬁ} =0.

- e = N
By solving this equation for Bl = (53b£16], 54b£16],55b£16],b£16]> , where: 03 = =L 04 = =L 5, 05 =

e’ el

76
e gnd bg] any non-zero real number.
€22€34—€24€32

Now, consider that:

of B
8_f(3 —st (Xﬂk?)) - (

Ofi 0fr Ofs Of
0K3" 0K3 0K3 0K

T
> = (0,0,0,—Ey)".

_ _\T - \T - - -

S0, fics Qo Ks) = (0,0,0,~E4)  and hence (BY) " fie, (Qo, Ks) = ~EdY #0.

By using Sotomayor’s theorem, the transcritical bifurcation condition cannot be satisfied. Therefore,
the first condition for saddle- node bifurcation is satisfied. Now By substituting R in (3.2) we get:

0
=) (flf])Q (182 + €1y + £263)

25, ('ff])Q (@b +Cy) |
BE: (?P)Q (As6 + Asdy)

0, (0. ) (29, 7) -

hence, it was obtained by conditions (4.13b),(4.13¢) in [6] and (3.6Db))

<B[6]>T [DQFM (Qﬁ, f:(3> (é[ﬁ}, E[fi])} =2 <7j£6]>21_74[16] (A251 — 0y (alfﬁ + C1o1 + éﬁ) - 0425355

Ly
— 30505 + A3by) # 0.

This means that system (2.1) has a_saddle-node bifurcation at Qs with a parameter l:(gz K3, and no
pitch fork bifurcation at @)y where K= Kg. [

Theorem 3.5. Suppose that conditions (4.15b), (4.15e) in [6] with the following conditions are
satisfied:

A

N El + AQEQ + A3E3 > K3, (37&)
(m + E%)
Sl <L1 — 2E1> 01.514 (m — E%)
> — , (3.7b)
Ly (m + E%)
Ly > max{2E;, 2F3}, (3.7¢)

@2 7é 1173, (376)
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where:

ti tC{E\E,(3E, — — E?
{172:—751154 (511+ 1C1 1 4(3 1 m) Cl(m 1))

Ly (m+ E})° (m + E})*
A1E1E4 <3E1 - m) 2 SQ
t2 —t 24+ =82 ) — aqtit
Tmemy  C\MRTLE) TR
Wy =ty (Cots — Ag) — t5 (A3 — Cstg)
hia
t=——2
1 h117
P h3shas — hoshss - (h32t2 + h34)
2 = sy 3= —,
hoghss — haghsa h33
~ hg _ haahzy — hoghago - <h23t5 - h43>
ly=—7—,1l5= lo=——7F").
hiy hoahoy — hashsa oy

Then, system (2.1)) with parameter value: a3= az = where:

e11(eazesn) 7

A

== N E1+A2E2+A3E?,—K3
(m—l—E%)

wy = parps—har (pas + paz) — pao (7 — p3) — paple +

has a saddle-node bifurcation at Qg = (El, Eg, Eg, E4>.
Proof . By the Jacobian matriz given by eq. (4.14) in [6] Js = Js (Qs,d3) = [%w} , where
4x4

hij = hi 763506]77%44 = AQE2 + A3£N‘73 —as3 — Ks .
Then the characteristic equation Js having zero eigenvalue (saylsg, = 0) if and if py = 0 and,

thus Qg is a non-hyperbolic equilibrium point.
Note that, as > 0 provided that conditions (1.7a-1.7c), (4.15b) and (4.15¢) in [6].

- T
Now, let R® = (?{18},?{28],%8],?38]) be the eigenvector corresponding to the eigenvalue Agp, = O.
Th’lLS,(Jg (Qg) — A8E4I) R =0, this gives:

R R C R B

= ary =, Ty = taly
and 77{48} any non-zero real number.
Let B = <ﬂl;[18],?;28],f5g8},f5£18}):r be the eigenvector associated with to the eigenvalue \gp, = 0 of the
matriz J,T. Then, <:7;;T(Q8) — /\8E4I> BB = 0.
By solving this equation for ,E[S] = (t;lﬁs}, t5ELS], t65£81,3L8]>T, and fl;ag] any non-zero real number.

Now, consider that:

of Ofr 0f2 Ofs Ofs
— = X —
8063 fa3 ( ) 063) (8&3 ) 8&3 ) 8&3 ) 8&3

T
) = (0,0,0,—Ey)".

5 AN AN ~ o 8l
S0, fas (Qs,a3) = (0,0,0, —E4) and hence (B ) fos (Qs,a3) = —E4b, # 0.
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By substituting R in (3.2) we get:

2 _ C1(m—FE}) T
_9¢ <~{8]> Sit1 | t1C1E1E4(3E1—m) 1 1
1\ LT (m+E2)’ * (m+E2)°

<~4{18}> <O[1t% + CQtQ + %t%)
2
< t3 (aits + C3)

2 2
2(#48}> (t1 <ﬁ( B n) 4 pABECE m) +t2A2+A3t3>

F (Qs. ) (B9, BV =

(m+E2) (m+E2)
Hence, it was obtained by conditions (4.15b), (4.15¢) in [6] and (3.7b)-(3.7€).
- 2
(BM) | D2F, (@Qs, ) (RS, RS | =2 (7)) 0 (@, — @) £ 0

This means that system (2.1)) has a saddle-node bifurcation at Qg with a parameter az= as, and no
pitch fork bifurcation at Qg where az= ag. U

4. Hopf bifurcation analysis

In this section, it is explored and found the possibility of the occurrence of hopf bifurcation around
positive equilibrium points of the system (2.1)) as shown below.

Theorem 4.1. Suppose that conditions (4.15a-4.15f) in [6] with the following conditions is satisfied:

G1 > G, (4.1a)
G4 > G5, (41b)
Gr < G, (4.1c)
Gg < Gg, (41d)
g Ll (m + Ef) — 0154 (m — Ef) 611 < Hglb7 (m + Ef) , (416)
€1 7§ €9, (41f)
[ PP

1 (p1P2 — p3) - (4.1g)

Where:

Gy = hag (j13 + pt5 + pt6) — phas — po (7 — pi3 — pra — ps) — pioh3,

é2 = pshas — (p12 + p13) — pshas,

G = haa (f10 — ju7) + ofts + f1shaz + pishss — (pz + i)

Gy = (ko + haa) (j1a — pz + i3 + pis — piohaa) ,

55 = prahag — hoo (7 — p3) — (pas + fa2) + pshas,

Go = (—pg—2u0has — Wiy + pe) (pta — pr + pis + pt5 — pohaa) + (po — haa) Gs,

Gr = —2 (—pto — haa) (hag (7 — ps) — prahaa + (pas + pa) — pshss) + pe (g — pr)
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és = (u% + 2pohas + hi4) (7 — p3 + prahag + (a3 + paz) — pshss) — 63 (MG - Hg — 2p0has — hi;)
— (51 + éz) (ta — piz + p3 + ps — pohaa)

Gy = —246 (1a — p7) (o + has)

Gro = (6 — 24t0has + haa) pis (—pua + piz)

G = has (7 — p3) — pahag — (pas + pa2) — pshss,

G = C1E, (m - Ef) G — 6 e (m =+ Ef) + peflr (m + E12> .

Ly (53A1 (m+Ef)+ﬁ%C~v’12 )
(L1—2E1)(m+E?)p G

, the system (2.1)) has a hopf bifurcation

Then at the parameter value §1 =5 =

close to pointe;.
Proof . The characteristic equation of system (2.1)) at €, which is given in [6]:

[N+ 1A% + oA+ p3 A+ py] =0, (1.8h)

where p;;i = 1,3, 4, denotes the characteristic coefficients of eq. (1.8h) which are given in [6].

Then, applying the hopf bifurcation theorem, for (n=4) we need to find a parameter say (§1), it s
clear that §1 > 0 provided that the condition (1.8¢) to confirm the necessary conditions for the hopf
bifurcation to achieve:

Di <§1> >0 :41=1,3,4 , A (§1> = (p1p2 — p3) > 0, Provided that conditions (4.15a -

4.15f) and [@.1a). While p3(Sy) —4 A1(Sy) > 0, provided the conditions ([@.1a) and ([.1g).
Ay (§1> = (p1p2 — p3) p3 — pipa = 0, Straightforward computation we get:

|:T1(§§)+T2(§i)+7'3<§1)+74 ] (1-81)
Where:

Cy L, E, <m ) !

" (Ll _ 2E1> m + E2) (55 - é4> ’
C1L1 <m ) i ~ ~
To = (G6 - G7> )
(Ll — 2E1> m + E?)
T3 = ClLlE4 ( ) ) (ég - éS) )

(L1 - 2E1> (m + E?
Ty = éza(él—éz) + 610,

Cleary, 7, > 0,i = 1,2, and 7; < 0,7 = 3,4 under local stability conditions, see [6], as well as

conditions (4.1a)-(4.1d)).

Now, at S; = Sy the characteristic equation given by FEq. (1.8h) can be written as:
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()\2 + %) </\2 + A+ %) = 0, which has four roots:

~ v A
A1 =+ s and Mag==|—prt/2—a=].
P1 2 P1

Clearly, at S, = Sy there are two pure imaginary eigenvalues (Apand \o) and two real and negative
eigenvalues. Now for all values of Syin the neighbourhood of Sy .In general the roots of the following

form.
~ o~ ~ o~ 1 ~ / A
)\1:W1+ZWQ ,)\1:W1—Zu}2,>\374:§<—p1i ﬁ%—471>
1

Clearly, Re(A 5(51)) |g,—5, = ﬁl(gl) = 0, this means that the first condition of the necessary and

sufficient hopf bifurcation is satisfied at S1 = §1.Now, that the transversality condition is verified, we
must prove that:
o (Sl) 7 <Sl> +T (Sl) P (51> 20

Note that for S, = Sy we have @1(§1) =0 and @2(51) = % , so give the following simplification:

$(5) - (5). (5) -2 g,

S
1
5(5) -7 () Ea().  T(E)-2() (36) -2 E)),
where

B dﬁl <L1 - 2E1> dﬁ2 B (L1 - 2E1)

~ pr_ : ~ P2 _ Th ,
1 a5 L P2 a5, L, (Mo 44)
L odp (2B
ps = dgj = I (tta — 7 4 p3 + pis — prohas) |
A i) PRSP ER
P4 d§1 I 22 (M7 — U3 H13 T 12 H5l33)
well, then we get the: 6 <§1> i <§1> +T <§1> (Z<§1> =g, —e3 #0.
Where:
(Ll — 2E1) 53
€1 =2p3 I <(M4 — 7 + pi3 + s — flohaa) p2 + A (o + haa) — #5h33) :
1
[ (1 -2B) ﬁs
€1 = 2p3 o <h22 (7 — p3) + (pas + paz) + 2,5— (pta — por + pg + s — ,uoh44)> .
1

By conditions (4.15@-4.15}‘) in [6] and 1) hold, so we get the hopf bifurcation that occurs at the
equilibrium point Qg at parameter S; = S;. O
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5. Numerical simulation

In this section the dynamic behavior of the system have been studied. Calculations can
be performed for a different set of parameters with different initial points to confirm the analytical
results and the effect of the parameters on the dynamic model. Fig. (1) ( @ — d) it appears that the
system at the hypothetical set of parameters has global positive equilibrium point.

S;=03,i=1,2 Li=06,i=1,2 C;=04,4i=1,23, m=0.6, D=0.6,

. . . (5.1)
a; =0.01,i=1,2,3, K; =001, i=,1,2,3 4, =0.09, i = 1,2,3, n = 0.1.
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Figure 1: (a-d): Time series of the solution of system (2.1) start with different initial points (0.5, 1.8, 0.6, 0.7),
(0.3,0.2, 0.1, 0.9), and (1.9, 2, 0.4, 0.3) .(a) Path of E; as a function of time, (b) Path of e; as a function of
time, (¢) Path of E3 as a function of time, (d) Path of E; as a function of time.
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Figure 2: Graphical representation of the solution which approaches Qg.
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Now in order to study the effect of parameters on the dynamical behavior of the system , the
system has been numerically resolved to the data given in with changing one parameter
each time the results are obtained.

The effect of others parameters on the dynamics summarized in Table 2.

Table 2: The bifurcation point of system (2.1)).

Range of parameter The stable point The bifurcation point
01< Lij,; <1,=1,2. Qs
0.1<nm<1.5 Qs
0.01 < K2 < 0.096 Qs Ko = 0.096
0.096 < K3 <1 Qs
0.1 < S92 <0.27 Qs Sa2 = 0.27
0.27 < S < 0.44 Qs Sa = 0.44
0.44 < Sy < 2 Q1
0.1 <C; <0.42 Qs
042<C; <1 ,i=1,2. Qs
0.01 < A3 < 0.017 Qs
0.017 < A3 <0.3 Qs
0.01 < a3, K3 < 0.077 Qs a3, Ks = 0.077
001 <as,Kz3<1 Qs
0.01 < K1 < 0.42 Q1 K = 042
0.42 < K1 < 0.61 Qs K, = 061
061 < K; <1 Qs
1<51<0.23 Qs S1 = 0.23
023< 51 <1 Qs
0.1 <D <0.169 Qs
0.169<D<1 Qs
001 <A;<03,i=1,2. Qs
01<C3<1 Qs

The effect of varying the parameter S in the range 0.1 < Sy < 0.27 the solution approaches
to Qs, as shown in Fig.(3) (a) , increasing further in the range 0.27 < Sy < 0.44 the solution
approaches to (s, as shown in Fig.(3) (b), but in the 0.44 < Sy < 2 the solution approaches to Q1,
as shown in Figure 3 (c).

nR

H
[
H
H
ot
E
B
£
£

LY _

......

Figure 3: (a-c): (a) Time series of the solution of system with Sg = 0.1, which approaches to Qg =
(0.360,0.039,0.167,0.020), and (b) time series of the solution of system (2.1) with Sy = 0.28, which approaches
to @5 = (0.140, 0.010,0.032,0), and (c) time series of the solution of syste with Sy = 0.43, which approaches
to Q= (0.5,0,0,0).
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For the parameter K; in the range 0.01 < K; < 0.42 the solution approaches to ()1, as shown
in Fig.(4) (a), increasing further in the range 0.42 < K; < 0.61 the solution approaches to @5, as
shown in Fig.(4) (b), but in the 0.61 < k; < 1 the solution approaches to Qs , as shown in Fig.(4)
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Figure4: (a-c): (a) Time series of the solution of system (2.1]) with K; = 0.01 ,which approaches to @, = (0.5,0,0,0),
and (b) time series of the solution of system (2.1]) with K; = 0.43 ,which approaches to Q5 = (0.410, 0.032,0.140,0),
and (c) time series of the solution of system (2.1)) with K; = 0.61 ,which approaches to Qs = (0.360,0.065,0.157.080) .

6. Conclusions and Discussions

In this study, the mathematical model of four differential equations for living organisms that de-
scribe the characteristic of the effect of anti-predation behavior in the mathematical model containing
toxicity and its life stages have been analyzed, which are proposed to focus on age logically. Local
bifurcation and Hopf bifurcation have been studied by changing a parameter of a model to study
the dynamic behavior determined by bifurcation curves and the occurrence states of saddle node
bifurcation occurring at points @5, Qg, )s and transcritcal bifurcation occurring at points @)1, Q)2
The pitch fork bifurcation that occurs at point is determined ()5 . The positive equilibrium point
at which Hopf bifurcation occurs has been determined and the results of the bifurcation behavior
analysis have been fully presented using numerical simulation. With data given in Eq. . Which
are summarized as follow:

1. There is no periodic dynamics for system ({2.1)).

2. The parameters Az, D, as3,5;,C;,1 = 1,2 and K;,i = 1,2,3 , play an important role on the
dynamics of system ({2.1]), while at others parameters L;, a;, A;,i = 1,2,n,m, the solution is
still approaching the positive equilibrium point.
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