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Abstract

In this paper, the authors establish the approximate and exact controllability of semilinear non-
autonomous impulsive neutral stochastic evolution integrodifferential systems with variable delay
in a real separable Hilbert space. The findings are determined by using the fixed point approach.
Finally, an example is addressed in the proposed work.
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1. Introduction

Impulsive differential equations are a type of important model that represents the behaviour of
a system many evolution processes characterized by the fact that at certain moments of time they
experience a change of state abruptly these processes are subject to short-term perturbations as
impulsive effects also widely exist in stochastic and deterministic systems [2l 16, 29]. Stochastic
impulsive mathematical models are studied in different research areas like population dynamics,
biology, ecology and epidemic. Many authors [5, 13, 22], 24] 26, 25| 28] have investigated the fixed
and random impulsive, delay differential equations in abstract spaces. The qualitative properties such
as existence, stability, invariant measures, controllability and observability of deterministic impulsive
systems have been established by some researches (see[d, [I7] and references therein) for infinite
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dimensional linear and nonlinear impulsive systems. However, it should be stressed, that there has
been few investigation on the controllability of impulsive stochastic systems in infinite dimensional
spaces and from the last decade onwards the controllability of impulsive stochastic integrodifferential
systems in infinite dimensional spaces begun to receive a significant amount of attention [28) 29].
The invertibility of a controllability operator is imposed in order to obtain controllability outcomes.
In fact, it turns out that verifying this condition directly is difficult, as shown in [6], and it fails
in infinite-dimensional spaces when the semigroup formed by A is compact. As a result, studying
the weaker idea of controllability, especially approximation controllability for impulsive differential
systems, is critical.

Klamka [14], [15] investigated constrained approximate controllability problems for linear abstract
dynamical systems with linear unbounded control operator and piece-wise polynomial controls and
also studied the stochastic controllability of linear systems with delay in controls and state variables.
It should be noted that if X is infinite dimensional, the semigroup is compact and B is bounded, then
the infinite-dimensional linear control system is not exactly controllable [6] and there by considering
only the linear part for finding the approximate and exact controllability of the system. In [8] [I8], [19],
authors have studied the controllability for linear stochastic system of the following form

dz(t) = [Az(t) + Bu(t)dt + & (t)dw(t)
z(0) =z, teJ=10,b] (1.1)

controllability of nonlinear stochastic systems with and without delays in finite and infinite di-
mensional spaces in Hilbert spaces [3, 20, 27]. [1l 11l 19] investigated the controllability of nonlinear
stochastic evolution systems in infinite dimensional spaces. Furthermore, academics have shown a
strong interest in neutral impulsive differential and integrodifferential equations [12], 23]. The ap-
proximate and perfect controllability of impulsive neutral stochastic functional integrodifferential
evolutions systems with variable time delay is discussed in this study.

dLX (1) + g(t, X, / Bt s, X)ds)] = [— AW () + Bult) + £t X(0), / (s, )ds)ldi

t
+a<t,xt,/ h(t, s, X,)ds)dW (), te J\D
0

XO = ¢(t) € Lp(Q’Ca)a
AX(tk) = ]k(th), k= 1, M (12)

where ¢ is Fp-measurable and A(t) is a closed, densely defined operator generating a linear
evolution operators {U(t,s);t,s > 0} on a Hilbert space ‘H with inner product (.,.) and norm
|.||. Define the Banach space D(A*(t)), with the norm ||z||o. : ||A%(¢)z|| for € D(A(t)), where
D(A%(t)) denotes the domain of the fractional power operator A*(t) : D(A*(t)) C H — H (Refer
[21] for a detailed study on A%(t)).

In the sequel, we denote for brevity that H, : D(A%(ty)) for some ¢y > 0, and C, = PC([—7,0], H,)
be the space of all piecewise continuous functions from [—r,0] into H,,0 < r < oco. Let K, E be
another separable Hilbert spaces, B is a bounded linear operator from U into H. Suppose W (t) is
given K-valued Wiener process with a finite trace nuclear covariance operator ) > 0.

Assume g : JXCoXxH — H, [ : IXCoxH — H,0 : IXCoxH — LY(K,H)and h : JxIxCo — H
are given functions such that f(¢,0,0),¢9(¢,0,0),h(t,s,0) and o(t,0,0) are locally bounded in H-
norm and LY(K,H)-norm, respectively. Here LY(K,H) denotes the space of all Q-Hilbert-Schmidt
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operators from K into H. We also employ the same notation ||.|| for the norm of L(K,#), where
L(K,H) denotes the space of all bounded linear operators from K into H. The nonlinear map
I :C, — C,, k=1,...,m is continuous.

2. Preliminaries

Here, the probability space (€2, F, P) on which an increasing and right continuous family {F; :
t > 0} of complete sub-o-algebras of F is defined. Suppose X (t) : Q@ — H,,t > —r, is a continuous
Fi-adapted, H,-valued stochastic process we can associate with another process X (¢,w) : [0, T]xQ —
Ca,t <0, by setting X (t,w) = {X(t+s)(w) : s € [-r,0]}. This is regarded as a C,-valued stochastic
process. Let (,(t)(n = 1,2,...) be the sequence of real-valued one-dimensional standard Brownian
motions mutually independent over (Q, F,P). Let ¢ € L(K,H) and define |[¢||3, = trYQu*] =
2ot IV At

If [¢]]g < oo, then ® is called a @-Hilbert-Schmidt operator. Recall that f and ¢ are said to
be Fi-adapted if f(¢,.,.) : Q x Q — H and g(¢,.,.) : Q x Q@ — H are F;-measurable, a.e. t € [0,7]
and Fo-measurable, a.e. t € [—r,0]. Let MC,(0,p),p > 2, denote the space of all Fy-measurable
functions that belong to L,(€,C,), that is, MC,(0,p),p > 2, is the space of all Fy-measurable
Co-valued functions ¢ : Q — Cowith the norm E||¢||¢ = E{sup_,<s<ol| A%(to)¥(s)[|P} < oo.

Denote Jy = [0, t1], Jr = (tg, txr1], k = 1,2,...,m. Let J = [0,T] be an interval. We define the fol-
lowing classes of functions: Let PC([—r, T, L,(2, F, P,’H)) be the Banach space of piecewise contin-
uous function from [—r, T into L,(§2, F, P,H) satisfying the condition supyci_, || X (t)||P < co. Let

H, be closed subspace of all continuous processes X that belong to the space PC([—r, T, L,(2, F, P,H)) =

{X(t)is continuous everywhere except for some ty at which z(t;) and z(t)) exist and z(t;) =
z(ty), k =1,2,...,m} consisting of measurable and F-adapted || Xy, = (supte[o,T]EHX(t,w)||5)% =
(suprefo.r)sup—r<scol X (t + s)w|[£)7, p>2.

p and r are conjugate indices:% + % = 1. For brevity, we suppress the dependence of all mappings
on w throughout the manuscript. Here D = {t1,to, ...t} C J, 0 =ty < t1 < ... <ty < typy1 =
T, I(K =1,2,...,m) is a nonlinear map and Az (ty) = x(t}) — x(t;) = x(t}) — x(tx).

Assumption A. —A(t) generates a linear evolution operators U(t,s), t¢,s > 0 on a separable
Hilbert space H and 0 € p(A(t)).

The following results relating to Assumption A are obtained. A%(t) and the U(¢, s) linear evolution
operators created by A(t) hold (see [21]).

(B1) The domain D(A) of {A(t) : 0 <t < T} is dense in H and independent of ¢, A(t) is closed
linear operator;

(B2) For each t € [0,T], the resolvent R(\, A(t)) exists for all A with ReA < 0 and there exists
C > 0 so that ||R(X\, A(t)|| < C/(|A\| + 1);

(B3) There exists 0 < § < 1 and C > 0 such that ||A(t) — A(s)A7Y(7)|| < CJt — s|° for all
t,s, 7 €10,T).

Lemma 2.1. Let —A(t) generates linear evolution operators U(t,s). If 0 € p(A(t)), then:

1. There exist constants M > 0 and a > 0 such that ||[U(t,s)z| < Me=*=9)||z|, t >0, for any
reH.

2. The fractional power A® satisfies that ||A“(U(t, s)x|| < Mae™ 9 (t — 5)*||z||,t > 0, for any
r e H and M, > 0.

3. Let 0 < a <1 and x € D(A®), then |U(t,s)x — z|| < No(t — s)*||A%(t)x]|, No > 0.
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Lemma 2.2. Assume that (B1) — (B3) hold. If0 <~y <1, 0<p<a<1+4+0, 0<a—vy<1, then
for any

0<7<t+At<tg, 0<(<T, [AQWUt+ALT) Ut 7)) A ()| < C(B,7, a)(At)* [t 7|7

We can refer to for more information on the theory of linear evolution systems, operator semi-
groups, and fraction powers of operators [10] 21].

Assumption B. For arbitrary 7;,& € Cot = 1,2, and 0 < tp < t; < t < ty < T, suppose
that there exist positive real constants Ny, Ny, K, dy > 0 and « € (0, 1] such that g(¢;,v;, &) € D(A%)
and

£t 71, &) = f(Ev2, &) IIP + llo(t, 71, €) — ot 72, )15 < Nulllve — llP + 16 — &[17],
| A%(t0)g(t1,71,&1) — A%(t0)g(t2, Y2, &) [P < Na[lty — t2|P + || — 12l|” + || — &7,
|R(t1,5,71) — h(ta2, 5,72)||P < K[|t — t2|? + [[v1 — 22|P], and || Tx(v1) — Le(v2) IP < dilly — 72|P-

Assumption B;. For arbitrary 7, € Co, 0 < o < t < T, suppose that there exist positive
real constants Ny, No, K, dy > 0 such that

L7 O + o, )Hp < Ny, and [|A%(to)g(t, 7, ©)[I? < No,

Ih(t, s, )P < K, and || L(n)]]” < di, (k= 1,2, . )

Assumption B;. For arbitrary 7,§ € Co, and 0 < #p < ¢ < T suppose that there exist posi-
tive real constants Ny, No, K > 0, di > 0 such that

Lt O + ot 7, Ol < Ni(L+ [1y[P + [I€]P) and

1A% (t0)g(t, 7, E)|IP < Nz(l + 1P+ [I€117),
Ih(t, 5, )P < K(1+ [I€]P), and [[L(E)]” < di(1 + [I€]]7).

Assumption C. For each 0 < s < T the operator A(A\I + I'T)™! — 0 in the strong operator

topology as A — 07, where 'l = f U(T,r)BB*U*(T, r)dr is the controllability Grammian. Notice
that the determlmstlc linear system correspondlng to (1) is approximately controllable on [s, T if
and only if the operator A(A\I + I'T)~! — 0 strongly as A — 07 (see [7]). For simplicity, we denote
Hy« X = [} h(s, 7, X;)dr.

Definition 2.3. A stochastic process X is said to be a mild solution of (1.1) if the following condi-
tions are satisfied:

1. X(t,w) is measurable as a function from [0,T] x 2 to H and X(t) is Fi-adapted;
2. E||X(t)||P < oo, for each t € [—r,T];
3. For each u € L;(O, T;U) the process X satisfies the following integral equation:

X(t) = U(L,0)(6(0) + 9(0,6,0)) — g(t, . / W, s, X,)ds)

/ A t() (t S) (8 XS,H *X ds + Z Z/{ t tk)]k(-)(tk)

O<tr<t
+ / U(t,s)(Bu(s) + f(s, Xs, Hy x X))ds + / U(t,s)o(s, Xs, Hy * X)dW (s)
0 0
Xy = ¢ € MCa(0,p), t>0. (2.1)



A study on approximate and exact controllability of ... 1735

Definition 2.4. System (1.1) is approzimately(ezactly)controllable on [0,T] if

R(T) = L,(F, P, H),(R(T) = L,(Q,F,P,H)), where R(T) = {X(T) = X(T;u) : u(-) €
Lf(J, U)}. We also need the following lemmas (Proposition 4.15 and Lemma 7.2 in [9] and Lemmas
7-9 in [7]) to prove our main results.

Lemma 2.5. If & € LE(0,T; LY(K, H)), A*(to)® € LT (0, T; LYK, H)) and ®(t)k € H,,0 < to < t,
for arbitrary k € K, then A%(to) [ ®(s)dW (s) = [, A®(to)®(s)dW (s).

Lemma 2.6. For any p > 2,® € L7(Q, Ly(0,T; LY(K, H))) we have

E(supossci] / AW ()P) < cpsupocssi Bl / AW (R)[]? < C, B / |o(r)|2dr)s

[

p_

for all t € [0,T], where ¢, = (z%) C, = < p2 U) <L> °.

p—1
Lemma 2.7. For any h € Ly(Q,F,P;H) there exists ¢ € L (Q,Ly(0,T; LY(K, H))) such that
h = Eh+f0 (5)dW (s).

Lemma 2.8. Let p > 2 and let 0 € L7(0,T; LY(K, H)). Then there exists a constant N3 > 0 such
that E sup_.<p<o| fotw A*(t)U(t + 0, 7)o (7)dW (7)||P < N3E fo ||0 odr, where Ny = ME(T(1 +

g(B—1—a))(aq)o=M)iC, o n p+a<B<land L+ 1=1.

For any A > 0 and h € L,(S2, F, P; H) define the control

ur(t, X) = B*U*(T,t) (M +TE) "N (Eh — U(T, 0)(¢(0) + ¢(0, ¢,0))

—g(T,XT,/O WT,s,X))ds — > U(T t) In(Xy,))

0<trp<t

t
~ BUAT,Y) / (M + TT) " A(to) Ut 5)g (s, X, HE % X)ds
0

t
=BT [T U ) (5, H 5 X
0

t
— B*U*(T\t) / M +TH U, s)o(s, Xy, HE * X)dW (s)
0

+ BU*(T,t) /O t()J + T Lp(s)dIV (s). (2.2)

Lemma 2.9. There exist a positive real constants Ny, Ny > 0 such that forall XY € H,
E|jur(t, X) = X (&, V)P < 5N [y Ell X = Vil[e, ds and E|ju*(t, X)|P < 55 Nu(1+ [ Bl X2, ds).
3. Approximate Controllability

This section presents our main result on approximate controllability of system (1.1).
Let us fix A > 0 and introduce the following mapping ® on H,:
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(D2)(t) = U(t,0) A% (10)(6(0) + g(0, & / A (to)U(t, 3)Bu(s, A (tg) Z,)ds

— Aa(to)g (t,A_a(to)Zt,/Ot h(t,S,A ( O)Zs) S) —|— to Z L{ t,tk [k(A_a(to)Ztk)

0<trp<t

+ /0 A% (to) A(to UL, $)g(s, A= (to) Zs, HE % (A~ (t0) Z,))ds

+ /0 AC(to)U(L, 5) f (5, A~ (to) Zy, HE % (A~(t0) Zs))ds

+ /O AP (VUL 50 (5, A0 (1) Zoy HE % (A~ (t0) Z)) AW (s) (3.1)
(@Z)(t) = A%(to)o(t), —r < to < <0
urt, A7 (to)Z) = BU(T, t)(\ +T5) " (Eh — U(T, 0)(¢(0) + 9(0, ¢,0))
iy <T,A—a(t0)ZT,/T BT, s, A > S UT B (A () Z,)

_ BUNT 1) /0 L TT) VAU, 5)g(5, A= (t0) 7o, HS % (A~ (t0)7,))
_BUNT, 1) /0 L0 T T, 5) (5, A (t0) Zo, S 5 (A=(t0) Z.)ds

— BU*(T)t) /0 T(M + T UT, 8)o (s, A% (t0) Zs, HS % (A% (t0) Zs))dW (s)

+ BU(T, 1) /0 ST T () (s). (3.2)

Lemma 3.1. Assume 0 < o < (p —2)/2p. For any Z € H,, (PZ)(t) is continuous on the interval
[0,T] in the L,-sense.

Proof . Let 0 <ty <t; <ty <T. Then for any fixed Z € H,,.

E[(®Z)(t:) = (2Z)(t:)|IF < 8 (E]|U(t2, 0) —tu(tuo))A“@o)(cb(O) +g< ,0,0))[”
+E| [, Ao‘(to)L{(tQ,S)Bu’\(s,A_a(to)Zs)ds—fOIAa(tO)U(tl,s)Bu (s, A=*(to)Zs)ds||P
+E||A%(to)g(ta, A= to V21, fo t2 s, A=(t) Z4)ds)— A*(to)g(tr, A= (to) Zuy, f3" h(t1, s, A= (to) Zs)ds)|
+E([(fy* Alto)U(ta, 5) — [ Alto)U(tr, 8)) A% (to)g(s, A= (to) Za, Hy (A= (to) Zs))ds]||”

+E|[[(Jy? A (to)U (2, ) ) Aa(to)wtl s))f (s, A=%(to) Zs, Hy * (A (t0) Zs))ds]||”
FE||[(J3? A (to)U (L, 5) fo A(to)U(ty, 8))o (s, A= (tg) Zy, HE % (A=Z))dW (s)]||P

+ et BIA® (b0) U (2, tr) — Uty ti) [ T(A™(80) Z (80))[I7) = o0y i
Thus, we obtain by Lemma that

I = 8 B||(U(ty, t1)U(tr,0)=U(t1,0)) A% (o) p(0)
Iy = 8 E|[(U(ta, t1)U(t1,0) — U(t1,0)) A% (t0)g(0,
< 8PTINS (ty — )P B A (to)U (11, )Aa(to) (0,0,0

[P < 8PTINS (ta—t1 )P E|| A% (to)U (t1, 0) A% (t0) p(0)]|7,
¢)||O)||p
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I3 < 16”_1E(fttf | A% (to)U (t2, s)Bur (s, A=%(tg) Z)||ds)P

16 B[ A (o) (11, ) U Ea, 1) — DB 5, A= (1) Z) [ds)P = Iy + L.

Therefore, there exist positive constants l31, 30 > 0 and €; = p(1 — ) > 0 such that

L < ity — t) (14 (| Z[[5,,) and Tsz < lo(ta — t1)P*(1+ || Zl5,,)-

Therefore, there exists a positive constant l;; > 0 such that Iy < 1y (1+KT?)(|[ta—t1||P+||Ze, — Z, ||P)-
In a similar way, for I5 and g, there exist positive constants l51,l50, lg1 and lgo > 0 such that

Is < (ls1(t2 — 1) + ls2(t2 — t)P) (1 + KTP) (1 + || Zs 13, ),

Is < (lo1(t2 — 1) + loa(ta — t1)P) (L + KTP)(1 + || Zs[15,,)-

Now by using Lemma for some C}, we have

I; < 16P 7 CLE(f,2 | A (to)U (2, 5)0 (5, A= (to) Zs, Hi % (A (t0) 2))|[yds)"?

+16"'C E f HAa (to)U (t1, $)[U(ta, t1) — I|o(s, A (t0) Zs, Hy % (A~ (t0) Z))||gds)* = Iny + Ins.
Then, it follows that there exist positive constants l71 > 0 and ez = (p — 2 — 2pa)/2 > 0 such that
Iy <ty — t)2(1+ KTP) (1 + || Zs[5,)-

Let {e,},n > 1, be a complete orthonormal basis of the separable Hilbert space K such that
Q'%e, = v/ Anen, where @ is the covariance operator of Wiener process W. Then we obtain that
there exists a positive constant lgz > 0 such that

Iny <lpa(te — )P (L + KTP)(1 + [| Zs15,,)-

In a similar way, for Ig there exist positive constants lg1, lgo > 0 such that

T < (Isi(ta — 1) 4 Iso(ta — t1)P*) Doy di(1 + 1Zs[3,)-

Since Z € H,, it follows that [, for i = 1,...,8 tend to zero as ty — t;. Hence (®Z)(t) is continuous
from the right in [0,7). A similar argument demonstrates that it is similarly continuous from left
(0,T] As a result, the lemma’s proof is complete. [J

Lemma 3.2. The operator ® sends H, into itself.

Proof . Let Z € H,. Then we have

E|(@Z)lle: < 87'E sup_r<o<olU(t + 0,0)A%(to)(2(0) + (0, 2, 0))|]?

+8PLE sup_p<peol| A%(to)g(t, A= (to) Zs, [L h(t, s, A=(t0) Zs)ds|]”

8L E sup_,<g<ol| [ A% (o) A(to)U(t + 6, 5)g (s A‘O‘(to)Zs,Hg s (A=(t0)Z))ds||?

+8771E sup_p<gcoll [y A (to)U(t + 0, 5)Bu < ~O(to) Za, Hi % (A= (t0) Z) )ds]|?
+8P LB sup_<p<oll fy A (G)UE+ 0, 5) (s, A= (to) Zs, H + (A= (t0) Z))ds||”

+8P 1B sup_<p<ol fy T A (b)) Ut + 0, 5)o (s, A= (to) Zs, Hy * (A= (t6) Z))dW (s)||”

F8LE sup_r<<0 Y gep, < 1A (to) U(t+0), tk)[k(A (o) Z(te)ll = i+ Lo+ I3+ I+ Is+ I+ I7 + s.

where

I <8 'MPE||9|g,,,

I < 871 MPE|g(0, @,0)[[¢,

I; < 871N, (1 + KTP)(1 + 1Zs]l3,)

I < 87 MPNLT(T(1 = q)(agq)))?/1(1+ KT?)(1 + || Z4|15,),

I5 < 34P ' M2N,T(T(1 — ag)(aq)™)?/4(1 + || Z|[5, ),

I < 8 'MEN, T(T(1 = ag) (aq)™)P/9(1 + KTP)(1 + || Z|5, ),

By Lemma [2.7 for any f satisfying the inequality 1/p + o < f < 1/2 we have

I < ML+ (p— 1= )a){ag) o0 plae, T2 8 (1 o)1 4 2 ),

Iy < 87 'ME YL, diT(T(L = aq)(aq)™)"/*(1+ KT?)(1+ || Z,3, ).

Therefore, we obtain that ||®Z|y, < co. By Lemma (®Z)(t) is continuous on [0,7] and so ®
maps H, into H,. This completes the proof. [J
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Theorem 3.3. Assume0 < a < (p—2)/2p and let f : [0,00)xCoxH — H,g:[0,00)xCox H — H,
and o : [0,00) X Co x H — LY, , satisfy Assumptions A, B and By. Then the operator ® has a unique
fized point in H,.

Proof . We prove the theorem through the classical Banach fixed point theorem that for each fixed
A > 0 the operator ® has a unique fixed point in H,. By Lemma ® maps H, into H,. To show
that there exists a natural n such that ®" is contraction, let X',y € H,; then for any fixed t € [0, 7],
E|(®X); — (PY)i||fy < E sup_r<g<o|[(PX)(t + 0) — (PY)(t + Q)HP Ji+Jo+ I3+ Jy+ Js + Je.

Ji < 6P Ny(1 + KTP %) supicom E [y || X — matheal Y[,

Jo < 6P MEN,T||B|P(T(1 — aq)(ag)®)P/1E [) | X, — mathcalYy|[%ds,

Jy < 6P MPNL,T(D(1 — q)(agq)))?/9(1 + KTP/9)E [} ||X, — mathcalYy||%ds,

Ji < 6 MEN,T(D(1 — aq)(aq)®@)?/4(1 + KTP/)E [ || X, — mathcalY,|[%ds,

Let 1/p+ a < 3 < 1/2, by Lemma[2.7, we have Js

Js < 67 MEN (T (14(p—1—a)g) (ag) "0/ x C, MP L2 (14 K TP E [ ]| Xy—mathealY|[fds,
Jo < 6P TMES | dpsupiepon E fot | Xs — mathcalYs||%..

Hence, we obtain a positive real number B(A) > 0 such that

E[(DX)(PY):]|7 < B(A / | Xs — mathcalY||%ds, for any X,Y € H,. (3.3)

For any integer n > 1, by iteration, it follows from (3.3)) that
"X — e Y[f3, < (TB 2| X = DI,
Since for sufﬁciently large n, w < 1,®" is a contraction map in H, and therefore ® itself has a
unique fixed point Z in H,. The theorem is proved. [J

Thus, by Theorem for any A > 0 the operator ®, has a unique fixed point Z* € H, which
setting X*(t) = A%(ty) Z*(t) immediately yields

X0 = U0)(60) +900.6.0) - 0., [ ity 5, X,)ds)

+ ) Ut ) Ik(X,) + DU (T, 4)(M + T5) ™ (Bh — U(T, 0)(¢(0)

0<tp <t

+¢(0,0,0) — ¢(T, XT,/OTh(T,s,X ds)+ Y UT ) Ix(X,,))

0<tr<T

+ /t[I — DU (T, ) (M +TE)UT — 1)) A(to)U(t, s)g(s, X2, HE + X*)ds
+ /t[l — U (T, )M 4T UT — Ut s) f(s, X2, Hy x XN)ds
+ /t[l — T (T, )M T UT — DUt s)o(s, X2, Hy  XN)dW (s)

v (T — (T + ) () (s). (3.4)

X(t)=o(t), —r<t<0

Now our main result in this paper can be stated as follows.
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Theorem 3.4. Under Assumptions A, B, By and C' the system(1.1) is approximately controllable on
[0,T7].

Proof . Let X* be a solution of Eq.(2.2]). Then writing Eq.(3.4) at ¢t = T yields
XNT) = h = XA +Tg) " (Eh —U(T, 0)((0) + 9(0, ¢,0))

T
—g(T, XT,/ WT,s, Xo)ds) + Y UT, te) (X))
0

O<tr<t

— /T MM+ T LAt U(T, 7)g(s, X2, H + X*)ds
0

— /T MM AT UT, 7) f(s, X2, HY * XN)ds
0

— /T MM + T UT, 7)o (s, X2, HY + X)) + o(7)]dW (7). (3.5)
0

By Assumption By, 3 . )
(&7, O + [lo(t, 7, NG < Ni, [[A%(to)g(t, v, )P < Na, and ||A(L, s, E)|IP < K
in I x €. Then there is a sub-sequence, still denoted by
F(r, 2, — [ h(T, p, X)) dp), g(m, X2, — [ h(T, 1, X )dp), o (T, X2, — [ h(T, 1, X))dp) }, weakly con-
vergmg to, say,
(f(T,w,u),g(T,w,u), (1,w,p)) in H x H x L2. The condition on U(T,0),t > 0 implies that
)

)
;fTX)‘ Jo BT, 1, X)dp) — U(T, 7) f(7,w, 1)
Jo(

U,
UT,7)g(T, &7, — [, A T%XA )dp) — U(T,7)g(r,w, p) (3.6)
U(T, 7)o (r, X, — [ h(r, M»X’\ )dp) — U(T, 7)o (r,w, 1)
a.e. in I x . On the other hand, by Assumption C, forall 0 <7 < T
MM AT =0 strongly as A — 0" (3.7)
and moreover
INAT+TT) 7Y <1 (3.8)

Thus from (3.5)),(3.6),(3.7),(3.8) by the Lebesgue dominated convergence theorem it follows that
E|XMNT) —h|P =0 as X— 0.

This gives the approximate controllability and hence the theorem is proved. [

4. Exact Controllability

Here the exact controllability for the impulsive neutral stochastic evolution functional integrod-
ifferential equation (1.1) without a compactness assumption are taken into account.

Assumption D. {U(t, s);t,s > 0} and there exists a family of bounded linear operators { R(¢, 7)|0 <
T <t < T} with ||R(t,7)|| < K|t — 7]°~! such that U(t, s) has the representation

U(t,s) = e =AM 4 fst e~ (=M R(7, s)dr,

where exp(—7.A(t)) denotes the analytic semigroup having the infinitesimal generator —A(t) and
maxo<i<r [[U(,0)|] < M.
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Assumption L. The linear operator L from L7 (0,T;U) into L,(Q, F, P;U), defined by
fo U(T, s)Bu(s)ds,
mduces a bounded invertible operator L defined on LJ(0,T;U)/ ker L .

Assumption E.

6p71N2(1 + KTP/Q) + 6p71MpHB”pr/q + 6p71MpN2Tp/q<1 + KTp/q) + 6P P Z dy,
k=1

TP(B=1)+4 T-pB+5
4GPl P _C —Ny(1+ KTp/q) + 6p71MpN1Tp/q(1 + KTp/q) <1
(@B —q+1)7 "(1-2p)%

Using Assumptions D, L, B and By, for an arbitrary process Z,, define the control process
ult, Z) = B{(L)"\(h - WTWMWW®©®%Mﬂ%%%@@&WS
+Zo<tk<Tu<T tk)]k th + fo (T S) (57 ZSa Hg * Z)

—fo (s, Zs, HE * Z)ds — —fo T,s)o(s, Zs, HS * Z)dW (s))|F;}.

Lemma 4.1. There exist positive real constants Ns, Ns > 0 such that VX,Y e H,
Ellu(t, ) —u(t. V)" < Ns i E| X = Ve, ds
Bllu(t, X[[? < N5(1+ [ El|X.[2,, ds).
We will show that, when using this control, the operator V, defined by
t
(‘PZ)() U(t 0)(¢( ) +9(0,6,0)) — g(t, Zs, [ h(t, s, Zs)ds)
—fo Vg(t, Zy, Hy % Z) + [ U ts(Bu(s Z)+ f(s, Zy, Hy x Z)ds
+ LUt s)o(s, Zt,HS * Z)AW () + D <y, < Ut te) (X))
has a ﬁxed point Z, which is a solution of (1.1).

Theorem 4.2. Assume that Assumptions D, L, B, By and E are satisfied. Then the system (1.1) is
exactly controllable on [0,T.

Proof . The proof is based on the application of the Banach fixed point theorem. First, we have to
show that ¥ maps H, into itself and has a unique fixed point in H,. It is similar to that of Lemma

B3.2] and Theorem B.3] and is omitted. [

5. Example

Let H = Ly[0,7],U = Ly[0,T] and A(t) be deﬁned by A(t)¢ = (—0%/02%)E, where D(A(t)) =
{£ € H: ¢, d—ﬁ are absolutely continuous, cmd € H,£(0) = &(m) = 0}. Let B € L(R,X) be
defined as (Bu)(z) = b(x )uOSxSwueRb( )ELQ[OW] Let p > 2,0 < a < (p—2)/2p and
suppose r > 0 is a real number. Set H, = D(A%(t)) and C, = PC([—r,0], H,). It is well known
that A(t) is a closed, densely defined linear operator. Let 5(¢) denote a one-dimensional standard
Brownian motion and the constant oy, (k= 1,2,...,m) are small.

Consider the neutral stochastic delay diffusion equation with impulses of the form



A study on approximate and exact controllability of ... 1741

dZ(t,x) + G(t, Z(—r(t /_/ (s —t,y,x)Z(s,y)dyds)]

= (2 + alt)Z(t.x) + ba)ut) + F( X (t— raft) /_/ —t,y,2) (s, y)dyds)|dt

+ K(t, X(t —rs(t / / —t,y,x)Z(s,y)dyds)dS(t)
—-r JO0

Z(t,0) = Z(t,7) = 0,t € J = [0,T],
Z(s,x) =o¢(s,x), —r<s<0,0<z<m,
AZ(ty,x) = I(Z(ty, ) = (] Z(2)| + ) e e U, 1 <k <m. (5.1)

where 71,79, 73 are continuous with 0 < r;(t) < r,i =1,...,3 for all t > 0 and ¢ € C,. Suppose F :
[0,00)xCoxH — H,G : [0,00)xCoyxH — H,K:[0,00)xCyxH — H,h:[0,00)x[0,00)xC, — H
are both ongoing and global Lipschitz is uniformly bounded in the second variable and continuous
in the first. Furthermore, in the first variable, G is continuously differentiable.

Then it is not difficult to verify that A(f) generates an evolution operator U(t,s) satisfying
assumptions (B1)-(B3) [10] and U(t,s) = T'(t — s)e” Ji T where T'(t) is the analytic semigroup
generated by the operator —A with —A¢ = —¢” for £ € D(A). It is easy to compute that, A has a
discrete spectrum, and note that there exists a complete orthonormal set {e,},n > 1, of eigenvectors
of A with e, (z) = y/2/msin nx and the analytic semigroup T'(t), t > 0, generated by A such that

(1) = Z —n® —a(1))(&, en)en, § € D(A)

and clearly, the common domain and the operator A’s domain are the same. In addition, we can
define A%*(to)(to € [0,a]) for self-adjoint operator A(ty) by the classical spectral theorem and it is
easy to deduce that

[e.e]

A%(t)e = S (n? + ()" (€, enen

n=1

on the domain

D(A%(t0)) = {€ € H, Z W+ (1)) (6. e )e € HY.
Particularly,

A2 (t0) > v/ (07 + alt))*(€, en)e

Therefore, we have that, for each £ € H,

§)E = ie‘"z(t‘s)‘f:“(T)dT(g,en)en, A% (tg) AP (to)€ = Z n®+a(t)* P (€, en)en

n=1
and

AU (E, 5)E = Y (n? + aft)) e =)o (¢ e,
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Then,

1A* (1) A (s) < (1 + [la() D 1A U L 5) AT ()| < (L + [la())? Vs €[0,T],0 <a < B,

fafafsoo o a —5)=2 [La(r)dr
1A% (OU(t, $)E|1* < (= 5) 2062y Taaet®lm=2lielnar|(¢ e, )2

n=1

note that clogx — x < clog ¢ — ¢, which shows that
lA* (Ut s)|| < Mae™ 2 (t — )77,

for M, = o max{e®®t==)=[7a@dr . 4 ¢ c [0, T]} > 0. Now let

/0 B(t, 5,)(x)ds = / / " B(s,y, (s, y)dyds, g(t, 6 16)(x) = Glt, p(—ra(1)). hit, s, $)(x))
and

ft, 0,9) () = F(t, ¢(=ra(t)), h(L, 5,9)(2)), 0 (t, &, ) (x) = K(E, ¢(=73(t)), h(t, 5,9)(x)),

for all ¢,y € C, and any = € [0, 7].
Then we have for any fixed s € [—r,0], ¢;, ¢; € Cy,i = 1,2,

Flt 1, 01) = ft o, 02) 1P < Nilllgn — dallZ, + 11 — 2llZ,),

A% ()g(t, dr,01) — A% (D)g(t, da, ) [P Na(ll1 — @22, + lor — 2lIE,),
o (t, d1,11) — o (t, B2, 1b2)||*N3(||1 — (/52”20& + [Jib1 — ¢2||2CQ>7

where N; > 0,i = 1,2,3 are constants. Further, f(t,¢,v),g(t, ¢,v) and o(t, ¢,1) are uniformly
bounded. On the other hand, it is known that the deterministic linear system corresponding to
is approximately controllable on every [0,7],¢ > 0, provided that foﬂ b(x)e,(x)dx # 0, for
n =1,2,3,.... As a result of this choice of A, B, f,g and I k, it is clear that the assumptions in
Theorem are met, and that (1.1) is the abstract formulation of , implying that the system
(5.1) is roughly controllable on [0, 7.
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