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Abstract

In this paper, we study the existence and uniqueness of weak solution to a Dirichlet boundary value
problems for the following nonlinear degenerate elliptic problems

—div [WlA($> Vu) + Bz, u, Vu) | + 11C(z,u) + wolulPu = f — divF,

where 1 < p < 00, wy, v, 11 and w, are A,-weight functions, and A : Q@ x R" — R", B :

OXRXxR" — R", C: Q) xR — R are Caratéodory functions that satisfy some conditions and the

right-hand side term f — divF belongs to L” (€, wi ™) + [T L7 (9, wi ). We will use the Browder-
=1

j
Minty Theorem and the weighted Sobolev spaces theory to prove the existence and uniqueness of

weak solution in the weighted Sobolev space W, *(Q,wy, w,).
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1. Introduction

In the past decade, much attention has been devoted to nonlinear elliptic equations because of
their wide application to physical models such as non-Newtonian fluids, boundary layer phenomena
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for viscous fluids, chemical heterogenous model, celestial mechanics and reaction-diffusion problems
(we refer to [0, 9, B0] where it is possible to find some examples of applications of degenerate elliptic
equations).

The Sobolev spaces W*P(Q) without weights, in general, occur as spaces of solutions for elliptic
and parabolic partial difierential equations. For degenerate partial differential equations, where we
have equations with various types of singularities in the coefficients, it is natural to look for solutions
in weighted Sobolev spaces [1, 4, 13| 14} [15] 17, 19 2], 25, 27]. The type of a weight depends on the
equation type.

Our aim in this paper is to prove the existence and uniqueness of weak solution in the weighted
Sobolev space W, ?(, wy,ws) (see Definition for the Dirichlet problem associated to the degen-
erate degenerate elliptic equation of the form

{—div [wlA(x, Vu) + vuB(z,u, Vu)] +vC(x,u) + wolulP2u = f —divF inQ, (L.1)

u(z) =0 on 012,

where, (2 is a bounded open set in R", wyq, 14, 11 and wq are A,-weight functions that will be defined in
the Preliminaries, and the functions B: Q@ x RxR" — R", A : QO xR" — R"and C: Q2 xR — R
are Caratéodory functions that satisfy the assumptions of growth, ellipticity and monotonicity.

Problem like have been studied by many authors in the non weighted case (see [3| [7]). For
w) = 1y = v; = 1(the non weighted case), wy = 0 and the term A(z, Vu) is equal to zero, existence
results for Problem have been shown in [5].

When —divF = 0, El Ouaarabi and al. [24] proved in the variational setting, under some
assumptions that, for every f € L'() the Problem has a unique solution u € VVO1 P(Q, wr,ws).
The degenerate case with difierent conditions haven been studied by many authors (we refer to
[2, 111, 26], 32] for more details).

Let us rapidly summarize the work’s contents. In Section 2, we give some preliminaries and some
technical lemmas. In Section 3, we make precise all the assumptions on A, B, C and we introduce
the notion of weak solution for the Problem (L.1I). The main results will be stated and proved in
Section 4. Section 5 is devoted to an example which illustrates our main result.

2. Preliminaries

In this section, we present some definitions and preliminary facts which are used throughout this
paper. Complete expositions can be found in the monographs by J. Garcia-Cuerva and J. L. Rubio
de Prancia [16] and A. Torchinsky [28§].

By a weight, we shall mean a locally integrable function w on R"™ such that w(z) > 0 for a.e.
r € R". Every weight w gives rise to a measure on the measurable subsets on R” through integration.
This measure will also be denoted by w. Thus,

w(FE) = /w(x)dx for measurable subset E C R".

For 1 < p < oo, we denote by LP(2,w) the space of measurable functions f on 2 such that

1 1oy = ( / |f<x>rpw<x>dx)” < oo,
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where w is a weight, and 2 be open in R". It is a well-known fact that the space LP(2, w), endowed
with this norm is a Banach space. We also have that the dual space of LP(Q,w) is the space
LY (Q,w' ).

We now determine conditions on the weight w that guarantee that functions in LP(Q,w) are
locally integrable on (2.

Proposition 2.1. 20, [22] Let 1 < p < oo. If the weight w is such that
Wit € L, () if p>1,

1
ess sup—— < +oo  if p=1,
reB w(l’)

for every ball B C Q2. Then,
LP(Q,w) C L}, ().

loc

As a consequence, under conditions of Proposition , the convergence in LP(), w) implies conver-
gence in L (). Moreover, every function in LP(Q,w) has distributional derivatives. It thus makes
sense to talk about distributional derivatives of functions in LP(€Q,w).

A class of weights, which is particularly well understood, is the class of A,-weights (or Mucken-
houpt class) that was introduced by B. Muckenhoupt [23]. These classes have found many useful
applications in harmonic analysis [28]. There are many interesting examples of weights (see [19] for

p-admissible weights and another examples).

Definition 2.2. Let 1 < p < co. A weight w is said to be an A,-weight, or w belongs to the
Muckenhoupt class, if there exists a positive constant ¢ = ((p,w) such that, for every ball B C R"

() G o) 0 o

(é/}gw(x)dx) ess supL < ¢ if p=1,

TeB w(ZL‘)
where |.| denotes the n-dimensional Lebesque measure in R™.
The infimum over all such constants ¢ is called the A, constant of w. We denote by A,, 1 < p < oo,
the set of all A, weights.

If1<qg<p<oo,then A C A, C A, and the A, constant of w equals the A, constant of w (we
refer to [I8 19, 29] for more informations about A,-weights).

Example 2.3. (Ezample of A,-weights)

(1) Ifw is a weight such that C < w(y) < D for a.e. y € R™, where C and D are positive constants.
Then w € A, for 1 < p < oo.

(ii) Ifw(y) =|y|", y € R". Then w € A, if and only if —n <n <n(p—1) for 1 < p < oo (see
Corollary 4.4 in [28]).

(iii) Let Q be an open subset of R™. Then w(y) = e’ € Ay, withv € WH™(Q) and X is sufficiently
small (see Corollary 2.18 in [23]).
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Definition 2.4. A weight w is said to be doubling, if there exists a positive constant C' such that

w(2B) < Cw(B),

for every ball B = B(x,r) C R", where w(B) = / w(z)dz and 2B denotes the ball with the same
B
center as B which is twice as large. The infimum over all constants C' s called the doubling constant

of w.

It follows directly from the A, condition and Hoélder inequality that an A,-weight has the following
strong doubling property. In particular, every A,-weight is doubling (see Corollary 15.7 in [1§]).

Proposition 2.5. [30] Let w € A, with 1 < p < oo and let E be a measurable subset of a ball
B Cc R™. Then »
(Y ¢ 2
| B w(B)
where C' is the A, constant of w.
Remark 2.6. If w(E) =0 then |E| = 0. The measure w and the Lebesque measure |.| are mutually
absolutely continuous, that is they have the same zero sets (w(E) = 0 if and only if |E| = 0); so

there is no need to specify the measure when using the ubiquitous expression almost everywhere and
almost every, both abbreviated a.e..

The weighted Sobolev space W1P(Q, w,v) is defined as follows.

Definition 2.7. Let Q0 C R" be open, and let w and v be A,-weights, 1 < p < oo. We define the
weighted Sobolev space WP(Q, w,v) as the set of functions u € LP(Q,v) with Dyu € LP(Q,w), for
k=1,...n. The norm of u in W'P(Q,w,v) is given by

lullwsions = [ @)oo+ [ |w<x>|pw<as>das); | 1)

We also define Wy (Q,w,v) as the closure of C°(Q) in WP (Q, w,v) with respect to the norm (2.1).

Equipped by this norm, W(Q,w,v) and Wy (€, w,v) are separable and reflexive Banach spaces
(see Proposition 2.1.2. in [20] and see [19} 22] for more informations about the spaces W (Q,w, v)).
The dual of space W, ”(Q,w, v) is the space defined as

Wer@w)] = {f— Sofiler@nler @ui- 1n}
=1

v w
To prove the main result of this paper, we use the following results.

Proposition 2.8. [71]/(Convergence Principles). A sequence (z,) in a Banach space X has the
following convergence properties.

(1) Strong convergence. Let x be a fized element of X. If every subsequence of (x,) has, in turn, a
subsequence which converges strongly to x, then the original sequence converges strongly to x.

(2) Weak convergence. Let x be a fized element of X. If every subsequence of (x,) has, in turn, a
subsequence which converges weakly to x, then the original sequence converges weakly to x.
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Theorem 2.9. [15] Let w € A,, 1 < p < oo, and let  be a bounded open set in R™. If u,, — u in
LP(Q,w), then there exist a subsequence (u;,) and ¥ € LP(Q,w) such that

(i) g, (z) — u(x), i; — oo, almost everywhere on €.
(ii) |ug(2)| < ¥(x), almost everywhere on €.

Theorem 2.10. [10] (The weighted Sobolev inequality) Let w € Ay, 1 < p < oo, and let Q) be a
bounded open set in R™. There exist constants Cq and & positive such that for all ¢ € WyP(Q,w)
and all v satisfying 1 < v < -5 +9,

lellrw < CallVellLr@w),
where Cq depends only on n, p, the A, constant of w and the diameter of Q.
Remark 2.11. Let w,v € A,. then,
(i) If w =, then CZ(Q) is dense in Wy (Q,w) = Wy P(Q,w,w).
(ii) If o € WyP(Q,w,v), then by Theorem (with v = 1), it holds that
lellzrew < CallVellraw < Callellyirgw.-
Hence, W, (Q,w,v) C WP (Q,w).
Proposition 2.12. [§] Let 1 < p < c0.

(i) There exists a positive constant C, such that for alln,& € R™, we have
€17=2¢ = Inlr=2n| < Cyle = nl (16l +nl)
(ii) There exist two positive constants 3, and v, such that for every x,y € R", it holds that
By(lal +191) le =yl < (o2 = o2y, —y) <5 (ol + Iyl) " o=yl

The Browder-Minty Theorem is stated as follows.

Theorem 2.13. [32] Let A : Y — Y™ be a monotone, coercive and hemicontinuous operator on
the real, separable, reflexive Banach space Y. Then the following assertions hold:

(a) For each T € Y*, the equation Au =T has a solution u € Y.

(b) If the operator A is strictly monotone, then equation Au =T has a unique solution u € Y.
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3. Basic assumptions and notion of solutions

3.1. Basic assumptions

Let us now give the precise hypotheses on the Problem ([I.1)), we assume that the following
assumptions: {2 be a bounded open subset of R"( n > 2), 1 < ¢,s < p < o0, let wy, v, 11
and wo are A,-weight functions, and let A : Q@ x R* — R", B : Q@ x R x R* — R", with

A@,6) = (A1(@,9), - Aulw,€) ) and B(w,n,€) = (Bi(@,1,), - Bu(w,n,€)) and € : @ x R — R

satisfying the following assumptions:
(A1) For k=1,...,n, A, By and C are Caratéodory functions.
(A2) There are positive functions hy, ha, hs, hy € L®(Q) and v, € LY (Q,w)
(with Lyl ) o € Lq’(Q,u2)<with Lyl ) and 3 € Ls’(Q,V1)<with lyl= 1)

such that
Az, §)] < m(@) + ha(z) €7
(Bl 0,€)] < 72(@) + ha(2) 0l + ha(2)[€[*,
and
IC(a,m)] < y3(x) + hala)|n*~,
where (7,£) € R x R™,

(A3) There exists a constant o > 0 such that
<.A(I, g) o A(xvf/%é - £/> > O"f - €/|p7
(B(z,n,€) = Blx,n,€),£ =€) > 0,

and

(ctw.m) =) (n=n) >0,
whenever 7,7’ € R and &, € R® with  # 7' and € # & <Where (.,.) denotes here the usual

inner product in R").

(A4) There are constants (31, 52, 53 > 0 such that
<A($,f), £> 2 51‘5’]0,
<B<$7777 £)>€> 2 62’6‘(1 + 53‘7]‘(17

and
C(x,mn >0,

for all (n,¢) € R x R™,
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3.2. Notions of solutions
The definition of a weak solution for Problem (|I.1]) can be stated as follows.

Definition 3.1. One says u € Wol’p(Q,wl,wg) 15 a weak solution to Problem ﬂ provided that

/(A(m,Vu),Vv>w1da:+/<B(x u, Vu), Vv) ngx—i-/C x,u) vy de
Q

/\u|p 200wy dx —/fvdx—l—Z/f]D wwdx,

for all v € Wy P(Q, wy,ws).

Remark 3.2. We seek to establish a relationship between wy, vy and vy, in order to ensure the
existence and uniqueness of solution for our Problem (1.1)). At first we notice, for all wy, vo, 1n € A,

@) If 2 € L™(Q,wy) where ry = ﬁ and 1 < q < p < oo, then, by Hdélder inequality we obtain

[ullLa(@m) < Cpallullrr@w),

1
where Cpq = | 2] -

(ii) Analogously, if Z- € L™ (2, wi) where rp = 2~ and 1 < s <p < 0o, then

—S

[ul|zs (@) < Cpsl|ul| e

where Cp s = ||4- ||i/é (1)

4. Main result

4.1. Result on the existence and uniqueness
The main result of this article is given in the next theorem.

Theorem 4.1. Let w;,v; € A,(i = 1,2), 1 < ¢,s < p < oo and assume that the assumptions
(A1) — (A4) hold. If

1 fel’(Quw ™) and f; € LY (Qwi ™) forj=1,...n
2. 2 ¢ [PIP=9(Q w) and X € LP/P=3)(Q, w,),
w1 w1
then the problem (1.1)) has a unique solution u € Wol’p(Q,wl,wg).

4.2. Proof of Theorem [4.]]
The essential one of our proof is to reduce the to an operator problem Au = T and apply
the Theorem 2.13l
We define
O : Wy (Q,wy,ws) X Wy P (Q,wi,wy) — R
and
T: Wy (Q,wr,wy) — R,

where O and T are defined below.
Then u € W, P(Q,w;,w,) is a weak solution of (I.1) if and only if

O(u,v) = T(v), for all v € Wy (Q,wy,wy).
The proof of Theorem [4.1] is divided into several steps.
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4.2.1. Equivalent operator equation
In this subsection, we prove that the Problem ([1.1]) is equivalent to an operator equation Au = T.

We define the operator T by T = / fodx + Z/ fiDjvdz.
Q o e

Using Holder inequality, Theorem and Remark (i), we obtain

/ il |v|lws dx + Z/ 143l |Djv| widx
Q W2 =1 /e W

< I /ol @10l zo@n) + D i/t ot @ 1Dl o200
j=1

< (Cnl\f/walb;p'(gm) > Hfj/leLp'm,wl)> [0l r (@01 0)-
j=1

T (v)|

IA

A\

According to f € L¥(Q,ws?) and fi € LV (Q,wl™) for j = 1,..,n, we deduce that T €
(W2(21,0)]
The operator F is broken down into the from

O(u,v) = Oy (u,v) + Oz (u,v) + O3(u,v) + O4(u,v),

where O, : Wy P(Q, wy,ws) X WyP(Q,wi,ws) — R, for i = 1,2, 3,4, are defined as

O (u,v) = /Q<A(x, Vu), Vo)widz, Os(u,v) = /Q<B(x,u, Vu), Vo)redz,

Og(u,v):/C(x,u)vyldx and 04(u,v):/|u|p_2uvw2dx.
Q Q

Then, we have
O(u,v)| < [O1(u,v)| +|02(u, v)| + |Os(u, v)| + [O4(u, v)|. (4.1)
On the other hand, we get by using (A2), Holder inequality, Remark (i) and Theorem [2.10}
01 (u, v)|
< / |A(z, Vu)||Vv|w dx
A (fyl + h1|Vu\p’1) |Vou|wdz

<
<l @ V0 o) + [l @)l Vel g V0l (o)
<

(Il 2y + e 1l ) 125 @y
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and
|02(u7 U>|

< / |B(z,u, Vu)||Vv|vedz

< /q (72 + ho|ul?t + hg\Vu\q’1> |Voulvadz
Q

< el 010 1V 0] g2 + ol oyl el V0 20
AN A T

< el 0 @0 Corall Pl otcain) + 1Bl vy Cg 1l s Coall P02
+\Wﬂhwaﬂﬁ]HVumwgwlzmHVMMme>

sﬁﬂ(cqumwm+H%mﬂmﬂww

1P(Qw1w2)
+Opq||72||Lq (Q,2) ||U||W P(Quwi,wa)

Analogously, using (A2), Holder inequality, Remark (ii) and Theorem [2.10, we obtain

|O3(u7 U)|
< [ lete wllepads
Q
< [CaChalbisllir an) + CieCallhallimoyllellits oo ] el oy

Next, by applying Holder inequality and Remark (ii), we get

04(u,v)| < /hMlWMMx

/p
< /|u|pw2da7 /|v|pw2dx
= ||u||LP(Qw2)||U||LP(sz)
< Callul Py 01l

Hence, in (1) we obtain, for all u,v € Wy (Q, wy,ws)

O (u, v)]
[H%Hm o) Il @llull g 0 o T CaCosllslle )
+ Coallrllie um) + G, (Cq_ Ihallo +Hh3HLwQ)HUHQ_ﬁp(

Qw1 ,w2)

+ Gy Callhall ey ul [T, + Callully,.,

1p(Qw w2) P(Qw1,w2) HUHWO P(Quwi,wa)”

Then O(w,.) is linear and continuous, for each u € VVO1 P(Q, wi,ws). Thus, there exists a linear and
continuous operator on VVO1 P(€Q, w1, ws) denoted by A such that

(Au,v) = O(u,v), for all u,v € WP (Q,wr,ws).
Moreover, we have

| Aul. |
<[l @) + ||h1||L°°(Q)||UU?,3@(QMW2) + CaCy s3]
+ Cpallellpe @, + O, (quz [[hal| L@ +||h3||L°o
+ C3 Ol | oo oy |l 71 + CQHqu

LS Ql/l)
) ||u||W1P le W2)

lp(Qw w2) P(Qwi,w2)’
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where

|Aul. == sup{|<Au,v>| = 0w, 0)] v € WP(Q, 01,0, [0 pn g = 1},

*
is the norm in [Wol’p(Q, wy, WQ)} . Hence, we obtain the operator

*

A Wol’p(Q,wl,ng) — Wol’p(Q,wl,wg)
u — Au.

However, the Problem (|1.1)) is equivalent to the operator equation
Au=T, wuc W(]Lp<Q,w1,w2).

4.2.2. Monotonicity of the operator A
The operator A is strictly monotone. In fact.
Let vy, vy € Wol’p(Q,wl,wg) with vy # vo. We have

<AU1 — A’UQ, (% Ug)
= O(vy,v; — vg) — O(ve,v1 — v2)

= /(A(x, Vi), V(vy — v9))widr — /(A(x, Vug), V(v1 — v9))wrdx
Q

Q

+/(B(m,vl, V), V(vy — vg))vedx — /<B(ZE,U2, Vuy), V(vy — v9))vedx
Q
+ 76(33,1}1)(1)1 — vy)ydx — / C(x,v9)(v1 — vo)1rdx
0 Q
+ / ]vllp_Qvl (v1 — Vo) wadx — ]v2|p_21)2(vl — Vg )wadx
Q Q

(A(x, V) — Az, Vug), V(v1 — v9))widz

S—

(B(x,v1, Vuy) — B(x,v9, V), V(v; — vg))odx
(C(x, v1) — C(x, v2)> (vl — 1)2)V1dx

/ (\vl\p’zvl — \02\1”21}2) (vl — 112> wodx
Q

Thanks to (A3) and Proposition (ii), we obtain

D\b\

+
_|_
+

(Avy — Avg, v — 19)
p—2 9
> a/ |V (vy — 02)|P wy do + ﬁp/ <|vl| + |1)2|> |v1 — v9|* wy dx
Q

>a | |V(vg — ve)|Pwidx

Q
> of| V(v — v2)||’£p(g,m>~

Therefore, the operator A is strictly monotone.
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4.2.3. Coercivity of the operator A
In this step, we prove that the operator A is coercive. To this purpose let u € Wol’p(Q,wl,an),
we have

(Au,uy = O(u,u
= Oi(u,u) + Oz(u,u) + Os(u, u) + O4(u, u)
/(B(a:, u, Vu), Vu)vadr + /

- /(A(x,Vu),Vu)wld:U—l—
Q Q Q

C(x,u)u Vldaf—i-/ |ulPwod.
Q
Moreover, from (A4) and Theorem [2.10(with v = 1), we obtain
(Au,u) 251/ |Vu|pw1dx+62/ |Vu|q1/2dx+63/ |u|qV2dx+/ |ulPwadx
Q Q Q Q
> min(B, 1) {/ |Vu|pw1dx—|—/ \u|pw2dx} + min(Bz, B3) {/ |Vu|qy2dx—|—/ |u|qu2dx]
Q 0 0 Q

> min (S, 1)HU||€VOLP(Q,M,<»2)'

Hence, we obtain

(Au,u)

> min(Br, 1)|[ull}, .
||U/||W01’p(Q,w1,w2)

Wol’p(Q,wl,m).

Therefore, since p > 1, we have

(Au,u)

HUHWOLP(Q,WLWQ)

— +00 as [|ullyir(gu, w,) — +00,

that is, A is coercive.

4.2.4. Continuity of the operator A

We need to show that the operator A is continuous. To this purpose let u; — u in Wol’p(Q, Wy, W)
as i — oo. Then Vu; — Vu in (LP(Q,w;))". Hence, thanks to Theorem [2.9] there exist a
subsequence (u;,) and ¢ € LP(Q,w;) such that

Vu;, () — Vu(z), a.e. in Q
(4.2)
Vg, (z)] <(x), ae. in Q.

*

We will show that Au; — Awu in [Wol P(Q, w1, ws)| . In order to prove this convergence we proceed

in several steps.
Step 1:
For k =1, ...,n, we define the operator

By : Wy P(Q,wy,wy) — L' (Q, wy)
(Bru)(z) = Ag(z, Vu(x)).

We need to show that Byu; — Bpu in Lp/(Q,wl). We will apply the Lebesgue’s theorem and the
convergence principle in Banach spaces.
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(i) Let u € WyP(Q,wy,ws). Using (A2) and Theorem M(With v = 1), we obtain
”Bku“ip/(ﬂ,wl) = / ]BkU(x”p/wldx = /Q | Ak (z, Vu)|p'wldl’
/ (’yl + hl\Vu|p’1)p/ widx
Q
Cp/ ('yf/ + h’f/]Vu]p> widx
Q
o 112 gy & 1B Wy IV |

o [ gy + I iy ]

IN - IA

IN A

where the constant C), depends only on p.

(ii) Let u; — w in ng’p(Q,wl,wg) as i — 00. By (A2) and (4.2)), we obtain

w1)
/ | B, (z Bku( ) wida

< /Q (|Ak(x, Vi)l + | Az, Vu) ) wnda
<C, (|Ak(a:, Vi )P+ | A(a, w)yp’) wid

< cp/q |+ I s, P (3 Tl ) | e
<, ) [(71+h1¢p—1)p' (1 + hap?™1)? }w dx

< 20,0, / (3 + W 47 worda
s2@d[mmmgmfwmmimmwmmmj.

Hence, thanks to (A1), we get, as i — 00

Brug, (z) = Ap(v, Vu, (7)) — Ap(z, Vu(z)) = Bru(z), ae. x €

Therefore, by Lebesgue’s theorem, we obtain
|| Brwi; — BkuHLP’(Q,wl) — 0,

that is,
Bru;, — Byu in Lp/(Q,wl).

Finally, in view to convergence principle in Banach spaces, we have

Byu; — Byu  in Lp,(Q,wl).

Step 2:
For k =1, ...,n, we define the operator

My : Wy P (Q,wi,wy) — LY (2, 1)
(Myu)(z) = Bi(x,u(z), Vu(z)).

We will prove that Myu; — Myu in L7 (9, 1y).

(4.3)
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(i) Let u € WyP(Q,wy,w;). Using (A2), Remark (i) and Theorem M(With v = 1), we obtain

EYRTE

N / B (=, u, V)| voda

< i (72 + holu|?t + hg\Vu|q_1)ql vodx
Q

<Cy [ [of + Kl + 15 1Vl e

< Gy H%Hm QV2)+Hh2quo el ag@m + 13l Fo HVUHLq(QW]

< Co | Inel s )+ 12l e o Cotalltl E oy + B3l e o) gl Vet g ]

< Gy [l + L (cguhgnqm(m||h3||qoo(m) ||u|rzvg,pm,m)],

LY Q 1/2)

where the constant C,; depends only on g.

(ii) Let u; — w in W, P(Q,wy,w,) as i —» co. According to (A2), Remark (i) and the same

arguments used in Step 1 (ii), we obtain analogously,

Myu; — My in L7 (Q, ).

Step 3:

We define the operator
H: WOLP(Q,CL)l,CL)Q) — LS,(Q, 1/1)
(Hu)(z) = C(z, u(x)).

In this step, we will show that Hu; — Hu in L*(Q,11).

(i) Let u € WyP(9,w;,ws). Using (A2) and Remark (ii), we obtain
|Hull g, = 1}0@ﬂnﬁu@x

St/%+mw“fmw
Q

< G [ (o luf) s
Q
< o |8l + a0l 0 |
< o (1805w gy + Coallal e o 6l 2 ny |
<

sl @) + Cow CollalF iyl tn |

where the constant C depends only on s.

(4.4)
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(ii) Let u; — u in WyP(Q,wy,ws) as i —» co. By (A2) and Remark [3.2] (ii), we get

HHu’LJ - Hu”isl(ﬂ,lq) )
p
:/ ’Huij(x)—Hu(:p) dx
/ (16wl + et w)]) v

C(x,us,)| S 1C(z, u) l)uldm

A
Fvﬁhleuz] ) +<W3+h4|u|5‘1> }m

| /\

I/\
\\

/

<C/ <3+h4|¢|3 1) +<73+h4w5‘1> ]uldx
< 20,0 ||73||Ls @) T 1l oo e 12011

LS(Q,Vl):|
< 20,8 Il + Coalallim @6 |

next, using condition (A1), we deduce, as i — oo
Hu; () = C(x,u(v)) — C(z,u(x)) = Hu(z), a.e. €
Therefore, by the Lebesgue’s theorem, we obtain

Ls (Q,1) 5 07

that is,
Hu;; — Hu in L¥(Q, ).

We conclude, from the convergence principle in Banach spaces, that

Hu; — Hu in  L¥(Q, ). (4.5)

Step 4:

We define the operator
J WOLP(Q, w1, WQ) — Lp/(Q,CL)Q)
(Ju)(z) = |u(z)["~?u(z).

In this step, we will demonstrate that Ju; — Ju in LP' (€, ws).

(i) Let u € WyP(Q,wy,ws). We have

1l gy = [ 1Tl wade

/Q|u](p‘1)p’w2dx

|u|pw2dx

< IIUIlp

1, WP (Quwr,ws)’
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(ii) Let u; — u in WyP(Q,wi,w,y) as i — co. Then u; — u in LP(Q,w,). Hence, thanks to
Theorem , there exist a subsequence (u;;) and ¢ € LP(€2, ws) such that

u;, () — u(z), a.e. in

lug;, (z)] < p(x), a.e in Q.

Next, we get

/

p

| Jus, — Jul|” wodx

o = [T = ut@)
< [ (1001 + ata)l) wads

<c, / (170, @ + () )eonda

< Cza/Q s, ’piQuij !p/ + ]|u\p*2u]p/>w2dx
9]

< Op/ Ju, PP 4 Iul(”‘l)p'>w2da:

< ZCp/ |o[Pwadx
< 2G[lell7r 0.,
Therefore, by Lebesgue’s theorem, we obtain
HJ% - JU’HLP/(Q,wg) — 0,

that is,
Ju;; — Ju in LP' (€, wy).

We conclude, in view to convergence principle in Banach spaces, that

Ju; — Ju in LP(Q,ws). (4.6)
Finally, let v € M/O1 P(Q, w1, ws) and using Holder inequality, we obtain
|01 (u;,v) — O1(u,v)| = ]/(A(x,Vui) — A(z, Vu), Vo)w dz|
Q

< Y[ Ale, V) — Ax(z, Vu)|| Dygvlw d
_ Q

= Z/|Bkui—BkuHDkv|w1dm
k=1 "

Z HBkuz - BkU“Lp/(Q,wl)HDkUHLP(QM)
k=1

n
(Z | Byui — BkuHLp'm,wl)) 101w (o)

k=1

IN

IA
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and by Remark (i), we get
|02(u;, v) — Og(u,v)| = |/ (x,u;, Vu;) — Bz, u, Vu), Vo)redz|

< / |Bi(z, wi, Vu;) — Bi(z, u, Vu)|| Dyv|vadx

= Z/|Mkuz—MkuHDkU|l/2dl’
k=174

< (Z [ Myu; — MkuHLq'(Q,u2)> Vol L)
k=1
< Cpg (Z [ Myu; — Mku”m’(ﬂ,ug)> V] Lo @)
k=1
< Cp,q (Z HMkuz - Mku”Lq/(ng)) HUHWOLP(Q7UJ17UJ2)7
k=1

and by Remark (i), we get

|03(us,v) — Os(u, v)|

IN

/ lg(x,w) — g(z,u)||v|ind
|Hu; — Hul|v|vidx

Q
[ Hu; — HUHLS'(Q,ul)HU
Cp,sl| Hu; — Hul LS/(Q,V1)HUHLP(Q»W1)
Cp.sCaol||Hu; — Hu

LS(Q,Vl)

IAINA A

L' (Qu1) ||U||Wg’p(9,w1,w2) :

and by Step 4, we obtain

|04(us,v) — Oy(u, v)|

IN

/ ‘|ui|p_2ui — |ulP~2u||v|wadz

| Ju; — Jul|v|wedx
Q
< |Ju — JUHLP’(Q,wQ)||U||W01vp(g,w1,w2)-
Hence, for all v € W, P(Q, wy, w;), we have

‘0(7;%,21> - O(“a 'U)|
<> 0;(ui,v) = O (u,v)

< |2 (1B = Bl ) + Coall Mats = Ml )
k=1

+ CpaColl Hus = Hull @y + 175 = T 1 @y | 1002500y

Then, we get

|Au; — Aull, < Z <||Bk.ui - BkuHLP/(Q,wl) + Cpql| Miu; — Mku”L(I'(Q,ug))
k=1
+ CpsCal[Hu; — H“||Ls’(9,u1) + || Ju; — JUHLP'(Q,wg)'
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Combining (4.3)), (4.4), (4.5) and (4.6]), we deduce that

|Au; — Aul, — 0 as i — o0,

*

that is, Au; — Aw in [Wol P (Q,wl,wg)] . Hence, A is continuous and this implies that A is

hemicontinuous.
Therefore, by Theorem [2.13], the operator equation Au = T has exactly one solution u €
VVO1 P(Q, w1, ws) and it is the unique solution for problem ([1.1).

With this last step the proof of Theorem [4.1] is completed.

5. Example

Take Q = {(z,y) € R?: 22 + ¢ < 1}, and consider the weight functions w; (z,y) = (% + y?) "/

vo(z,y) = (22 + 92 % n(z,y) = (22 + 42" and wy(z,y) = (a2 +2) 77

I

<We have that wq, 1o,

v1, and wy are Ay—weight, p = 4, ¢ = 3 and s = 2), and the functions B :  x R x R? — R2,
A:QxR? —R?and C:Q xR — R defined by

A((2,9),€) = hale, )€,

where hy(x,y) = 4 v and

B((SL’, y)7 U f) = h3<x7 y)|£’§7
where h3(z,y) = 1 + cos?(zy), and

C((x,y), 77) = ha(,y)n,

where hy(z,y) = 2 — cos*(zy).
Let us consider the operator

Lu(z,y) = —div [wl(x, y)A((:v,y), Vu) + l/g(a:,y)l5’<(:v,y), u, Vu(:v,y))}
+ vy (x,y)C ((x, Y), u> + wo(m, y)|ulPu

Therefore, by Theorem [4.1], the problem

Lu(z,y) = T4 = 5 (S&@(ﬂz”f) -2 (S(Zé(i;%)) in Q,
u(z,y) =0 on 92,

has exactly one solution u € W& ’4(Q,w1,w2).
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