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Abstract

This paper aims to highlight existence and uniqueness results for a coupled system of nonlinear
fractional g-difference subject to nonlinear more general four-point boundary conditions are treated.
Our analysis relies on two approaches, the topological degree for condensing maps via a priori estimate
method and the Banach contraction principle fixed point theorem. Finally, Two examples illustrating
the effectiveness of the theoretical results are presented.
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1. Introduction

Fractional calculus and g-calculus is a branch of mathematics, witch deals with the generalization
of integration and differentiation of integer order to any order. It is known that fractional calculus
is used for a better description of phenomena having both discrete and continuous behaviors, and
applying in different sciences and engineering such as mechanics, electricity, biology, control theory,
signal and image processing. Fractional ¢-difference equations initiated at the beginning of the nine-
teenth century [2, [19] has received significant attention in recent years [10], 23]. In addition, propose
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more general results that involve initial and boundary value problems of g-difference and fractional ¢-
difference equations, has also been gaining prominence [19] 9], 22, 23|, 10}, 3], 26, [39] 14}, 211, [40), [8], 411, [42].

The topological methods proved to be a powerful tool in the study of various problems which
appear in nonlinear analysis. Particularly, the a priori estimate method (or the method of a priori
bounds) has been often used in order to prove the existence of solutions for some boundary value
problems for nonlinear differential equations or nonlinear partial differential equations, for details
about usefulness of coincidence degree theory approach for condensing maps in the study for the
existence of solutions of certain integral equations, the reader can be referred to [11], 12} [15] 27, [36],
37, 38, 143, [45].

In this paper, we show existence of solutions for nonlinear fractional difference equations by
applying a fixed point theorem due to Isaia [27], which was obtained via coincidence degree theory
for condensing maps.

So we are mainly concerned with the existence results for the following fractional g¢-difference
system of the form

Dglul (7—) = Fl (7_7 Uy (7—>7 Ug(T)),
,7 € J:=]0,1], (1.1)
DPuy(1) = Fol1, ur (1), u2(7)),

with the fractional boundary conditions

u1(0) = a1 Zy u(m), 0 <m <1, B1 >0,

ur (1) =by I‘” (01), 0 <01 <1, oy >0, (12)
u3(0) = ay IﬁZ (m2), 0 <m2 < 1, Ba >0, '
us(1) = by IO‘2 (02),0 <oy <1, ag >0.

For all © = 1,2, D is the fractional g-derivative of the Caputo type of order 1 < ¢; < 2, and
F :J xR? — R is a given continuous function, a;, b;,7 = 1,2 are suitably chosen real constants.

The rest of the article is organized as follows. In Sect. [2, we introduce some important notions
about fractional difference operators and topological degree theory, while Sect. [3| contains our main
existence results for problem (L.I). Finally, we provide an example to illustrate the applicability of
the developed results.

2. Preliminaries

In this section, we introduce notations, definitions and preliminary facts which are used through-
out the paper.
Let U = C([0,1],R) be the Banach space of all continuous functions endowed with the norm

[ulloe = sup{lju(r)[: 7€ J}.

Then the product space C := U x V defined by C = {(u,v) : u € U,v € V} is also a Banach space
under the norm

I, v)lle = [[ulloo + [[0]]oo-

Let 9, represents the class of all bounded mappings in U.

In what follow, we recall some elementary definitions and properties related to fractional g¢-
calculus. For a € R, we put
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1—¢q°
The g-analogue of the power (a — b)" is expressed by

n—1
(a—0) =1, (a—b)(”):H(a—bqk), a,b e R,neN.

k=0

In general,
a — bg
(a—0)¥ =aq H(a—bqk“‘)’ a,b,a € R.

Definition 2.1. [29] The q-gamma function is given by

(1—g)l~ "
(1—q)t’

The q-gamma function satisfies the classical recurrence relationship

Iy(a) = acR—-{0,-1,-2,...}.

(1 + a) = [a] [y(a).

Definition 2.2. [29/ For any «, B > 0, the g-beta function is defined by

1
B,(a, ) = / WO N1 = qu) P Ve, g€ (0,1),

0
where the expression of q-beta function in terms of the q-gamma function is

[y ()T (B)
Fq(& + ) .

Definition 2.3. [20] Let w : J — R be a suitable function. We define the q-derivative of order
n € N of the function by Djw(t) = w(T),

Bq(aaﬁ) =

W) =wlah) L Dw(0) = lim Dyw(r),

Dw(r) := Diw(r) = A—qr lim

and
Diw(t) =D,D; 'w(r), T7elne{l,2,. . .}

Set I, .= {tq" : n € N} U {0}.

Definition 2.4. [29] For a given function w : I, — R, the expression defined by

Iqw(T):/ ZTl—qutq)
0 n=0

15 called q-integral, provided that the series converges.
We note that D, Z,w(7) = w(T), while if w is continuous at 0, then

Z,D,w(1) = w(T) — w(0).
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Definition 2.5. [3/ The integral of a function w : J — R defined by

and

o = T—(T_qs)(ail)w s)d,s, T
Tow(T) —/0 T, (s)dys, el

15 called Riemann-Liouville-fractional q-integral of order oo € Ry

Lemma 2.6. [5]]
Let a € Ry and f € (—1,00). One has

I, (8+1)
TorP = 0 1 __goth € (-1 >0, 7>0.
o T Fq(a+ﬂ+1)T , pe(—1,00), a>0, 7

In particular, if w =1, then

« 1 «
Iq ]_(T) = m'r( ), fOT’ CL” 7> 0.

Definition 2.7. [33] The Riemann-Liouville fractional q-derivative of order o € Ry of a function
w:J = R is defined by Dyw(r) = w(7) and

Djw(r) = D([JO‘]I(EO‘]_O‘w(T)

B 1 T w(s) .
- Tyn—a) /0 (r—gs)rr "

where [a] is the integer part of «.

Lemma 2.8. [2]] Let o > 0 and n € N where [a] denotes the integer part of a. Then, the following
fundamental identity holds

7
L

TafnJrk

Fj(a+k—n+1)

RLI;RLD;LLU(T) = RLDZRL-’Z;{W(T) —

(DER)(0).

il

0

Definition 2.9. [35] The Caputo fractional q-derivative of order a € Ry of a function w : J — R
1s defined by
Cra _ Tla]l—apa
Dyw(T) = Iq[ } D([] lw(r), Tel.

We put by convention
c0 _
qu(T) = w(1).

Lemma 2.10. [35] Let o« € Ry. Then the following equality holds:

2

mew(O).

0 q

IqO‘CDg‘w(T) =w(T) —

e
Il

In particular, if o € (0,1), then
aC o _
T3"Diw(r) = w(r) — w(0).
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Lemma 2.11. [3]] Let u be a function defined on J and suppose that o, B are two real nonegative
numbers. Then the following hold:

aTp —7o+B — 787
To0T w(T) =I5 Pw(r) = I, T3w(r),

q

Dy Tow(T) = w(T).

We start this section by introducing some necessary definitions and basic results required for
further developments.
We state here the results given below from [4] 20].

Definition 2.12. The mapping k : My — [0,00) for Kuratowski measure of non-compactness is
defined as:

k(B) = inf {5 > 0: B can be covered by finitely many sets with diameter < 5}.

The Kuratowski measure of noncompactness satisfies some properties.

(1) AcC B=k(A) <k(B),

(2) K(A) =0 if and only if A is relatively compact,

(3) k(A) = k(A) = rk(conv(A)), where A and conv(A) represent the closure and the convex hull of
A respectively,

(4) K(A+ B) < k(A) + w(B),
(5) K(AA) = |\[s(A), A € R.

Definition 2.13. Let T : A — U be a continuous bounded map and A C U. The operator T 1is
said to be k-Lipschitz if we can find a constant £ > 0 satisfying the following condition,

k(T (B)) < tr(B), for every B C A.
Moreover, T is called strict k-contraction if £ < 1.
Definition 2.14. The function T is called k-condensing if
K(T(B)) < k(B),

for every bounded and nonprecompact subset B of A.
In other words,

k(T(B)) > k(B), implies k(B) = 0.
Further we have T : A — U is Lipschitz if we can find € > 0 such that

T (w) =T )| <Lu—2|, for allu,v € A,
if ¢ <1, T is said to be strict contraction.

For the following results, we refer to [27].

Proposition 2.15. IfT7,S : A — U are k-Lipschitz mapping with constants {1 and {5 respectively,
then T +S8 : A — U are k-Lipschitz with constants {1 + (5.

Proposition 2.16. If T : A — U is compact, then T is k-Lipschitz with constant ¢ = 0.
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Proposition 2.17. If T : A — U is Lipschitz with constant £, then T is k-Lipschitz with the same
constant (.

Isaia [27] present the following results using topological degree theory.
Theorem 2.18. Let K : A — U be k-condensing and
© ={uel: there exist{ € [0,1] such that x = ELu} .
If © is a bounded set in U, so there exists r > 0 such that © C B,.(0), then the degree
deg(l — &K, B.(0),0) =1, for all £ € [0,1].

Consequently, K has at least one fized point and the set of the fized points of K lies in B,.(0).

3. Main results
For the existence of solutions for the problem ([1.1))-(4.1)), we need the following auxiliary lemmas.

Lemma 3.1. Let F; : J x R?> — R be a continuous function for each i = 1,2. Then problem
(1.1)-(4.1)) is equivalent to the problem of obtaining the solutions of the integral equation

’LLZ(T) = Iglful (7') + (Al,i - A4’Z‘T) :Zgﬁ_ﬂl./_'-uZ (771) + (AQJ‘ + A3i,7—) (b,Ig“Lo‘l]-"ul (Uz) - Igl./—'-ul(l)) (31)
if and only if u;, 1 = 1,2 is a solution of the fractional boundary-value problem

DIui (1) = Fu,,
T e Ji=[1,1], (3.2)

Ul(O) = alzqﬁlu(nl)v 0< m < 17 61 > 07
Ul(l) = blIg2U(O'1), O0<o1 < 1, a1 > O, (3 3)
us(0) = as TPu(n), 0 < my <1, B >0, |
Ug(l) = bQIgZU(O-Q), O<oy <1, ag >0,
where
) T ] §i+1
P U/ D W/ S
1 ainﬁi a; bio.%'
Ny = — (1= ) N =% (- 2% ) 3.4
> A; ( L(B; + 1)) MU ( I'(a; + 1)) (34)

P T Pt puteT;
VR (/L S I L A R Y R/ A
T8 +1) T(a;+2))  T(Bi+2) P(a; +1)
Proof . For some constants ¢y, c¢1; € R and 1 < ¢; < 2, the general solution of Dfu;(1) = F,(7)
can be written as

ui(r) =I5 Fu,(T) + coq + 1 T (3.5)
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Using the boundary conditions (3.3]) in (3.5)) we may obtain

B Bt
(1 — #) Co.i LCM = az-I;]i*ﬁ"fui(m)?

Bi+1)) " T(B+2)
b.o% h.oitt
1— —*— i+ (11— —— | c=bITl *F, (0;) — T8 F,(1). :
( F(O@+1))CO’Z+( r(ai+z>> L = T Fu(03) = T Fu (1) (3.6)

which, on solving, yields

a;+1 Bi+1
Co,i = L a; | 1— L TP Fy (i) + L B (bini+ai-7:u-(Ui) - I‘“]:u-(l))
RV I'(a; +2)) 1 ' L8 +2) ! ' o 7

and

=y w_ﬂﬁ__lﬂMT()+1—iﬁi‘@WWTOﬂ—ﬂfﬂ»
1, Az ¢ F(Ozz—l—l) q ug \Ti F(/Bz+1> i+q u;\ O3 q 7 u; .

Substituting the value of cy;,c1,; in (3.5) we get (3.1)), which completes the proof. [0 We use the
following sufficient assumptions in the proofs of our main results.

(H1) There exist constants £; > 0, ¢ = 1,2 such that for 7 € J and each u;,v; € C, i =1,2.

2
1F (7, w1, 1) = F(ron,0)l| < L0 (Jus = wil]),
=1
2
|1Fo(7, w1, un) — Fr,v,va)|| < L2 (Jlus —vil]) - (3.7)
=1

(H2) For arbitrary 7 € J and each uy,us € C there exist constants K;, M;, N; > 0,7 = 1,2 , and
p € (0,1) such that

[ F1(7, ui(s), ua(s)) || < Killual|” + Myf[ugl|” + Ny,
[ Fa (7, ur(s), ua(s))|| < Kallua[|” + Ma|lusg||” + Na. (3.8)

In the following, we set an abbreviated notation for the fractional g-integral of the Caputo type of
order ¢; > 0, for a function with two variables as

1 T _
T Fu (1) = —/ (1 —qs)" lf(s,ul(s),m(s))ds.
[(a:) Jo
Moreover, for computational convenience we put
i+Bi qi+a;
it |bi]o 1 )

and

nqﬂrﬁi |b ’0_{1i+ai 1
0 = Ay — 4 |Ag; i . 3.10
“ | 4’|F(qi+@-+1)+| 3’|(F(qi+ai+1)+F(qi+1)) 310)
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By Lemma we consider two operators 7,8 : C — C as follows:

Tui(r) =LEF, (1), T €],

7

and

Sul(T) = (Al,i — A47i 7') Igl+5lfu(nz) + (Agﬂ‘ + Agﬂ' 7') (blIglJ““l]:ul(aZ) — Igl./—‘.uz(l)) , T € J.

7

Then the integral equation (3.1)) in Lemma can be written as an operator equation
Ku; (1) = Tui(1) + Swi(r), 7€ J.

The continuity of F;, i=1,2, shows that the operator K : C — C is well define and fixed points of the
operator equation are solutions of the integral equations (3.1)) in Lemma

Lemma 3.2. The operator T : C — C 1is Lipschitz with constant Z?:1 lr, = ZZZ 1 F(qﬁﬂ) Moreover,
T satisfies the growth condition given below

[\

T (uy, uz)| Z a+1 (Killua||” + Ml|us|[? + Nj),

for every u; € C.

Proof .
To show that the operator T is Lipschitz. Let u;,v; € C ,i=1,2, then we have
| Twi(r) — To(7)| = Fiui _Z ' Fivi
S_’Zgz E,ui - E,Ui <T>

For all 7 € J, we obtain

Li <
ITus = Toll = pr=y 2 (s =l

Hence, 7 : C — C is a Lipschitzian on C with Lipschitz constant /£, W By Proposition [2.17]

T is xk-Lipschitz with constant {x,. Moreover, for growth condition, we have

[ Tui(7)| <TE|Fu,|(7)
< (Killugl|? + Mil|ua||” + Ni) Zg (1)
1

gy (Sl 4 Ml 4N

Hence it follows that

1

N < —
17l = 1

(Killudl|? + Mi||ua||” + N;),
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which implies that

[\

|7 (g, us)| Z Ki||u1||p+Mi||uz||p+N,~).

O

Lemma 3.3. S is continuous and satisfies the growth condition given as below,
|Su; || < (KG||urll? + M;||us||P + N;)w;, for every u; € C,

where w; is given by (3.9).

Proof . Choose a bounded subset D, = {(u1,u2) € C : ||(u1,u2)|| <7} C C and consider a sequence
{zn = (U1, u2,)} € D, such that z, — 2z = (u1,u2) as n — oo in D,. We need to show that
|Sz, —Sz| = 0,n — oo. From the continuity of F;,, it follows that F;,, — Fi,, as n — oo. In
view of (Hs), we obtain the following relations:

)

(7= 50)" " N Fiun = Fiall < (Killua||” + Mil|us||P + N;) (7 — sq)" i = 1,2.
(i = 5q) "7 o (Killua|IP + Mil|ua|P + Ni) (s — sq)* 7 i = 1,2,
(
(

i — )Ww s (Klluall? + Milluz||? + N) (0 — sq) %" i = 1,2,
1= sq)" " (Killu |” + Milluz||? + Ni) (1 = sq)™™" i = 1,2,

which implies that each term on the left is integrable. By Lebesgue Dominated convergent theorem,
we obtain

Iqi+6i‘«/t-iun _ i,u|(77i) — 0 as n— +00,
Iqﬁaz

Finny — Finl(oi) = 0 as n — +oo,
Igl"ri,un - Jrz,u‘(l) — 0 as n — +oo.

It follows that ||Sz, — Sz|| = 0 as n — +o00. Which implies the continuity of the operator S.
For the growth condition, using the assumption (H2) we have

Sui ()| < (|Av] + [Ag, ) ZEP Fy (mi) + ([ Azl + |Asal) (IDIZET F, (o) + T8 Fu, (1))
(IA L] + [Ag, ) ZEP(1) ()
(

< (Killug]|P + Mil[ua||” + N;)
+ (Kil|ual]” + Milluz [P 4+ N;) (JAgs| + |As]) (10|28 (1) (04) + T2 (1))
Ql—"_ﬁb

M
< (KG||ug||P 4+ Mi||usll? + N;) {(|Alz| + [Ayg,]) m

O.qz+ai 1
(Al + |Asa]) ( [0 +
(A + 10 (i e+ 777 )
= (Killua | + MiJuz|l” + Niw;

Which implies that,

2
1S (uy, us)| Z Killug|[P 4+ M;||lus||” + Ny)w;, i = 1,2. (3.11)

where w;, i=1,2 is given by (]3.9] . This completes the proof of Lemma . 0
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Lemma 3.4. The operator S : C — C is compact. Consequently, S is k-Lipschitz with zero con-
stant.

Proof . In order to show that S is compact. Let us take a bounded set 2 C B,, i=1,2. We are

required to show that S(2) is relatively compact in C. For arbitrary u; € Q C B,, then with the help
of the estimates (3.11]) we can obtain

||SU|| S (Kﬂ“p—}—MiTp —I—NZ) Wi,

where w; is given by (3.9), which shows that S(2) is uniformly bounded.
Now, for equi-continuity of S take 7,7 € J with 71 < 75, and let u; € . Thus, we get

|Sui(2) — Sui(1)] < [Aug| (2 — 71) ZEP Fo, (1)
+ As| (12 — 1) (T8 F,(03) — TEF,, (1))
< @i (K |lwgl|? + MilJvi||” + Ni) (12 — 71).

Which implies that,
2
S (ur, u2)(72) = S(u, up) (1) < @i (Killual|” + Miljvsl|P + N;) (72 — 71).
i=1

where w; is given by (13.10). From the last estimate, we deduce that ||S(u1, u2)(72)—S(u1, us) ()| — 0
when 7 — 71. Therefore, § is equicontinuous. Thus, by Ascoli-Arzela theorem, the operator S is
compact and hence by Proposition [2.16| S is xk—Lipschitz with zero constant. [J

Theorem 3.5. Suppose that (HZ) (H2) are satisfied, then the BVP ( . ) has at least one solution
(u1,uz) € C, provided that Z _Ur, <1,i=1,2, and the set of the solutions is bounded in C.

Proof . Let 7,S,K are the operators defined in the start of this section. These operators are
continuous and bounded. Moreover, by Lemma [3.2] 7 is x-Lipschitz and by Lemma [3.4] S is x—
Lipschitz with constant 0. Thus, K is k—Lipschitz with constant {r,. Hence K is strict - contractlon
with constant {z,. Since Z?Zl lr, <1, so K is k-condensing.

Now consider the following set

© = {(u1,u2) € C: there exist ¢ € [0, 1] such that u; = ELu;,0 = 1,2} .

We will show that the set © is bounded. For w; € ©, we have u; = EKu; = &(T (u;) + S(w;)), which
implies that

[l < €T wil| + |Swll)

1
< — tw; KZU p+ iU p—i-Ni,
< iy ] llalP + bl +

hence we get

(s uz) [| < E(IT (u, ua) || + 1|8 (ur, ua) )

2
2 [F wz} (Kl [P+ M | + ;)

=1

IN
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where w; is given by (3.9). From the above inequalities, we conclude that © is bounded in C. If it is
not bounded, then dividing the above inequality by a := ||u;|| and letting a — oo, we arrive at

2
1 . Kiap + Miap + Nz

a—00 a

which is a contradiction. Thus the set © is bounded in C and the operator K has at least one fixed
point which represent the solution of BVP ([I.1)). [J To end this section, we give an existence and
uniqueness result.

Theorem 3.6. Under assumption (H1) the BVP (L.1)) has a unique solution if
= 1
—tw;| L; < L. 3.12
2 e (312
Proof . Let u;,v; € C and 7 € J, then we have

|Kui (1) — Ko (1)] <

‘Fui - ‘sz‘ (771)
Fuy — Fo[(03) + (|Ag| + [As|T) I;”'lfui — Ful(1)

CH

e = Fol(7) 4 (|Aga] + [Ag]) ZEH
(|A2z'| + |Asi]) |b| Ze

<L Z s — v3]]) LZ5(1) (1) + ([Av] + | Aaa]) TP (1) ()

(’A2,z'| + | As]) 10| T8+ (1) (04) + (| Mgl + |As|T) ZE (1) }
qz+,81

O.qz+04i
Aoyl + |As; b;
(a4 3|>(| e * W) )

2
1
= |l twi Ez U; — V;
T ]

Hence K is contraction as Z?:l [ + wl} L; <1and by Banach contraction principle K has

(gi+1)
a unique fixed point which is a unique solution of problem (|1 . This completes the proof. [

Remark 3.7. If the growth condition (H2) is formulated for p = 1, then the conclusions of Theorem
remain valid provided that

i {ﬁ W] (K + M;) < 1.

4. Examples

In this section, in order to illustrate the main result, we consider two examples.



3208 Boutiara, Benbachir

Example 4.1. Consider the following boundary value problem of a fractional differential equation:

¢ 4 2
Dl (1) = <5+9 (133;9' )+ TR0y e g o,1)
sm |u2 —rt
a2 — uz(®)] 2
DYus(t) = ( 15 Fua(0)] )+ 1+, (4.1)
u1(0) = allgU(i), ui(1) = bll“ (3),
00) = e Tiul?),  wall) = T ul?),
Note that, this problem is a particular case of BVP (1.1)), where
4 T 1. ]
q1 37(]2 57 q= 47 - 5
1 1 2 5
a1 _b2:§;a2:b1 5 iM2 = 02_3751 Bk (4.2)
1 3 1 4 1
ap=m=—-,Po=—-,a0=—,01 = —.
1= 2T 32T o1 5

Using the given values of the parameters in and , by the Matlab program, we find that

2 T%‘
— tw| =2.332,
Z[F(wl) “’}

1=1

In order to illustrate Theorem[3.5, we take

sm< |u1(t)|> —— 2 (4.3)
fo(t,ur(t), uq(t)) = 16 + <16+|U2(t)|> + (1 +1t7).
We can easily show that
B

112, urs u2) = f(8vr, vl < 45 Z[Huz‘ — will],
o (4.4)

[ f2(t, ur, uz) — g(t,v1,02)|| < 1_16 Z[Huz‘ — vg]].
Hence the condition (H1) holds with Ly = 10, Lo = =. Further from the above given data it is easy

to calculate

szl Z [ﬁ} L; = 1.8703,

On the other hand, for anyt € J, u € R we have

|f(t,ur,ug)| < E| Uy | +—| o +1,

|f(t7u1au2) |U1|‘|‘ 6|u2|+27

|_16
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Condition (H2) holds with M, = K; =
Theorem [3.4

= My, =Ky =+, p=N; =1 and Ny = 2. In view of

© = {(u1,u2) € C: there exist £ € [0,1] such that u; = EKu;, i = 1,2},
18 the solution set; then

I (u, u2) | <€

—~

17 (ur, ug) | + IS (u, uz) |])

1
[m * wi] (G + M) ([l || + [fuzl) + ;).

IN
gt

From which, we have

2
> |:[‘(ql+1) + Wz} N;
2
oy [ - +wz] (M; + K;)

By Theorem the BVP (1.1]) with the data (4.5) and (4.5) has at least a solution u in C(J xR, R).
Furthermore Z?:l [r(q 1y +wi L; =0.1854, < 1 Hence by Theorem 6 the boundary value problem

with the data and has a unique solution.

Example 4.2. Let us consider coupled system (1.1) with specific data:

| (u,ug) || < — 19.8124.

3 ) 1
q1 27612 4aq 27 )
1
2 2 1
ap =M = 752 —042 5,0125-

In order to illustrate Theorem[3.5, we take

lui ()] | cosy/lua(®)]

Fltun, ) =5 +3 16+\/|u1<t>| T (4.6)
Folt, ur, ug) = 8 Sln\/\ul(t \/‘;Z(t”‘
One has
1 2
[f1(ts ur,uz) — (01, 02)] < 6 Z[Hui —vil],
1 o (4.7)
[ f2(t, w1, u2) — g(¢, v1,v2)|| < o1 > Mlui = vl
=1

The condition (H1) holds with L, =
calculate

% and Ly = i. Further from the above given data it is easy to

2

Zeﬂ Z Lil)—o.1446.
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Using the given values of the parameters in (3.4) and (3.9), by the Matlab program, we find that

2

T 4.6588 4.8
+ w; = 4.6588. .

Hence condition (H1) holds with Ly = 15, Ly = 5;.
satisfied. Indeed using the Matlab program, we can find

We shall check that condition (3.12)) is

2 Tai
> { wi} L; =0.2332 < 1.
— [I'(¢; +1)

By Theorem- the boundary value problem (1.1} . has a unique solution.
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