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Abstract

Some scientists studied the weighted approximation of the partial neural network, but in this paper,
we studied the weighted Ditzain-Totik modulus of smoothness for the fractional derivative of func-
tions in L, of the partial neural network and this approximation of the real-valued functions over a
compressed period by the tangent sigmoid and quasi-interpolation operators. These approximations
measurable left and right partial Caputo models of the committed function. Approximations are
bitmap with respect to the standard base. Feed-forward neural networks with a single hidden layer.
Our higher-order fractal approximation results in better convergence than normal approximation
with some applications. All proved results are in L,[X] spaces, where 0<p<1.

Keywords: approximation, Ditzain-Totik modulus, higher order fractal approximation, partial
Caputo models, partial neural network, Sobolev space

1. Introduction

Here at the beginning of this work, we would like to know the space W]f [a, b] is a Sobolev space,

where W¥ [a,b] is the set of all functions from L, [a,b], f*) € L,[a,b] and L, [a,b] the space of all

1/p
measurable functions. We can define the norm of f € Ly [a,b] as follows, || f[|, = < f: IfI? da:) :
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Moreover, we can define the k-th symmetric difference of f is given by

AL (f,x[a,b]) = AL (f,2) == ZLO(Z.)(—l)”‘Zf(x——Hh) v+ ¢ la,]

0 0.W.
Then the r-th usual modulus of smoothness of f € L, [a,b] is defined by:
Wk(f, 0, [a7 b])p = sup HAZ (f; ')HLJ,,[a,b}7 0 =0.
0<|h|<o
We can define Ditzain—Totik modulus of smoothness which defined for such an f as follows:

A8 ), = e (B (g0 o e (1) =0

In the applications the () usually used 0 (x) = (z (1 — 93))1/2 and () (z) = a (1 —2z) for J =
[0.1],0(x) = (1 —11:2)% for J = [-1,1],0(z) = /z and 0 (z) = (x(1+a:))%and ¢ (z) = x for
J = [0,00]. [2] is the first outhouse studied neural network approximations and introduce neural
network operators, continued his studies on neural networks approximation by introducing and using
the proper quasi-interpolation operators of the sigmoidal and hyperbolic tangent types which resulted
in [4]. Working in this paper, neural network approximations are introduced at the fractal level
resulting in higher approximations. We include the left and right Caputo derivatives of the function
under approximate fractional calculus and neural networks, all of which are necessary to expose our
work. Applications are presented at the end.

Feed-forward neural networks with a single hidden layer, are expressed mathematically as follows

Ny (z1,...,x Zla Z%k% + b,

k=1

where 0 < i < n, a; € R*,s € N are connection weights, l; € R is coefficients, a;, x, o activation
function of the network. The network can be found in [4] [].

2. Auxiliary Results
Definition 2.1. [3] Let f € W [a,b] and K-modulus smoothness of f at t is given by

wi (f,h) = sup HA’“ fH and limwy (f,h) =0,
h—0

0<|h|<s
and the Ditzian-Totik modulus of smoothness of f at t is given by

wi (f,h) = S |k fll,and lim  wf (£.1) =0,

Definition 2.2. [3,[6] Letv >0, n = [v] where [.] (calling of number), f € W] (Sobolve space)
and f=1 € W,. We can define left Caputo fractional derivative as follow.

1

D (@) = gy [ =0 ) de o e o,

where I' is the gamma function:

rw)= / et hdt, v>0.
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Note that DY, f € L, [a,b] and DY, exist a.e on [a,b]. We set D2, f(z)=f(z), Vo € [a,b].

Definition 2.3. [J] Let f € W [a,b], m = [oc|,oc> 0, the right Caputo fractional derivative of
order <> o is given as follows

DL = [0 @ e e i,
we set Dy f(zx)= f(z), Vz € [a,b].

Note that D" f € L, [a,b] and Dy f exists a.e on [a,b]. We let that D2, f () = 0 for x < xg
and D f(x) =0 for z > 20 for all 2, xy € [a,b].

Remark 2.4. Let f € W) [a,b], f*" € W, [a,b],n = [v], v>0,v¢ N, then we have

| f" ($)||Lp[a7b]
I'n—v+1)

[ f@)HLP[a,b] < c(p.k) (. —a)"™"

thus we observe that

wg(D:a f7 6)Lp[a,b} = Sup HAi@DZQ f(m)HLp[a,b]

0<|h|<6
k
= sup Z < k ) (—l)kinaf( _ kb + h@)
oclnl<s || =g \ @ 2 Lylab]

where x & kh{€ [a, b]

v kz
D2 f, )y < c(pr k) sup Z( ) 1DE,f @l o

0<\h|<6 i—0
<DL f @)1, 0y
oy — /b(b—t)"_”_lf"( ) dt
— I T(n—v) J, .

B Hf(n)HLp[a,b] (b—t)"" ’
- I'(n—v) n-—v

” f ||L pla,b]

— H nvb_anv

Lp[a,b]

a

||Lp[a b]

(n—v)l'(n—wv)
f Lyla n—ov
<ec(p, k)J(nJ—M(b—a) . (2.1)

Note that (n —v)I'(n—v) = I'(n—v+1). Similarly, let f € W ([a,b]), f™ € W, [a,b],
m= [x],x>0,x¢ N, then
wi (DFf.0) = sup || ARy Di f(a) |

O<|h‘§6 Lp[a,b]

( g )(—1)’“‘@' Dy f(x— %h@ + ih

Ly [a,b]
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kh
where x F Tw € la,b].

wh (D f, 5) ap < P sup Z ( ) (‘UkiiHDg(—f(x)HLp [a.b]

o<\h|<5
< || D s MWH

1 b m—ox—1 (m)
<]l T (m— o) (€—1) frE)ydey,, ,

™l b
< pla,b] g_t m—ox—1 dg
- I'(m— x) /a ( )
m m—oc— b

s Iy (€ —t)m D4

- I'(m—x) (m—ox-1)+1

a

since x € [a,b], we have

| fm ||Lp[a,,,] b—a)"" " —(a—a)" "™

W (D fo8), oy < c(0k)

I' (m— x) m—

0 o || fm ”Lp[a,b] m—ox

Wi, (Db—f7 5) Lp[a,b]g ¢ (pv k) (m_ OC) T (m_ O() (b - CL) : (22)
Then from ({2.1] . ) and ( . we find that
[ (. _
q (0) =l (D50 S e 0 h) o2 —a)"" (2.3)
0 % H fm ||Lp[a,b] m—a
@ (0) = wy (D5_f,0) < ¢ (p,k) m(b—a) -

Thus, D

*TO0

as 6 — 0.

f €L, [x0,b] and DY _f € L, ([a,z,]). Clearly, we have ¢ (§) — 0 and ¢ (6) — 0

xro—

Definition 2.5. [1/ We define here the sigmoidal function of logarithmic type

1
= , eER
< () 14+e® .

and
lim ¢(z) =1and lim ¢(z) =0.
r—>400 T——00
This function plays the role of activation function in the hidden layer of networks we consider
that

Lemma 2.6. Let = € [a,b] C R andn € N so that [na] < |nb| it holds

1
< 4.1488766 = ——
Zl&nbgna] (nl’ - k) v <1)

[nb)
nh_r)nwk;W (nx — k) # 1, for least some x € |a, b].
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Definition 2.7. Let f € L,a,b] and n € N such that [na] < |nb]. We introduced the positive
linear neural network operator

S S (@ + B0 4+ ih0) ¥ (n — k)

fo (f.2) = - , x,2 € [a,b].
ZIE ana] (nx - k)
We study F ,, similarly to G,
[nb]
kh
Z f(x Tw—l—ih@)W(nx—k)
k=[na]

That is f, L) -
s Fo (20) = o i

Definition 2.8. Let f € L,[a,b] and n € N such that [na] < |nb|, we further study the positive
linear neural network operator

ZIEanmﬂ f(JJ/ + kTh@ + lh@) LD(TL:E _ k)
(f7 ) [nb] ;T E [a’b]'
k=[na] v (nx B k)

; (=) (z/ — H0 + 4h0) ¥(nx — k)

% nb k k
Let Fn = Zl&:%na] Zi:O (
That is £, (f,7) = =L Note that by Lemma. S — L — 414887,

Py [na) ¥ (nz—k) }ZZJ] J/(nx—k) v (1)
Then
£ (f.2) ry (f) = ) S (e — k)
Fo (fy2) = f(2) = =g —fla) = [b]
2 ieinay ¥ (nx — k) D keinal ¥ (nx — k)
By Lemma [2.1]
1 [nb]
IF 0 (F22) = F @l = gy |5 ) = 7@ 3 ¥ (= h)
k=[na] I
pla,b]
[nb] k] ' kh) [nb]
< 4.14887| > Z( ) ’f(x’—7+@h®) (ne—k)—f(x) Y ¥(nx—k)
k=[na] =0 k=[na] I
pla,b]
o khi)
< 2% 4.148876 Z f <£L‘ -5 + ih@) v (nx — k)
k=[na] Lojasy

We will estimate the right hand side of above equation involving the right and left caputo fractional
derivative of f.
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3. Main Results

Theorem 3.1. Let oc> 0, N = [oc],x¢ N, f € W,la,b] with f&N) € Lp[a,b,0 < B < 1,z €
la,b],n € N, then

N-1

()
0|7 O b () - @)@
j=1 J Lpla,b]
82c(p) 1 0/ o 1 0/ Mo 1
Sm[_B(wk(Dxff; B )L plas] + [wk(D*fo TL_B )L olz, b])
e D A, - 0+ IDE L ® 7]

When o> 1 note here extremely high rate of convergence at n~(*t1B,
(i) If f9 (z) =0, forj=1,...,N — 1, we have

8.2 ¢(p) D o« 1
m[ (D3 f — )LP[M]WL["LU%(D*;C ’n_B)

+3.19 e "1-B)( HDO‘ o @ = @ + 1D gy (0 = 2)7]-

| Fn (f, ) — f(-f)HLp[a,b] <

Lp[,b]

When oc> 1 note here extremely high rate of convergence at n~ (D5,
(i) | Fn (f, @) — (CU)HLp[ab]

826 ”f J —n(1— 8.2¢ (p) 0/ o 1
<Foh Z +(b—ay3.19 O e D )

Lpla,z]

X 1 X X
+ (D, ,n—B>Lp[xb]+319e D] gy = @) 4 1D gy 0 = )]

Proof . Let z,2' € [a,b] we have DY f = D f = 0, we get by the left Caputo fractional weighted
Taylor formula that

S .
f(x’+k—m+z‘h®) :Zf(]).@ ( +k7h@+2h®)J

1 o+ 50 4 1ing Lh ol
. (55 w0 =3) L DrG- 00

where x < 2/ + kTh@ + ih < b. Using the right Caputo fractional weighted Taylor formula, we get

N-1 .; j
f(x’+k7h®+z’h®) :Zf],(_x) (x'—l—%h@—i—ih(b—x)

+ﬁ/: <j +k7h@+zh®)( f(j+w)dj)<x_1v

'+ 580 1iho
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where a < 2’ + %"@ +ih < z. Then

f (x'+%h®+ih(2)> U (nz — k) :;}*m(m—m

+ % / i (x 4 %h@ 4 ihd — j) DR G+
where for all # < 2/ + *% 4 jp( < b if and only if [na] < k < [nb] and
f( +%h@ +m®> (nz — ) :J:Z_: fjj(!"”)\p(m—@ (= +k7h@ fih—)

+%/§+kg@+m@ (j—(:c’+k7h® + ih@) o (DS f(j+m))dj,

where a < 2’ + kTh@ +ihf) < z if and only if [na] < k < |nz] we have [nx] < [nx] + 1. Therefore

[nb]

> f( %h@ ih@)\lf(nx—k:)

k=[nz]+1
N—1 i [nb] J
f9 (x) kh

=3 j! > U(nx—k) x/—l—T—HhQ) (3.1)

j=0 k=|nz]+1
1 [nb] o'+ 588 1 iR kR x—1
+ = Z \I/(nx—k:)/ (<x'+—+ih@)—j) Dy f(j+x)dji
F(OC) k=|nz]+1 x 2
and
Z f(a:'—i— T—i—ih@)\lf(m:—k‘)
k=[na]

N—1 s [na] J

V@) ,khD

=3 i > W(nx—k) (2 + ==+ bl — (3.2)
Jj=0 k=[na]
—i—L %\P(nx—k)/x (J (2 +k—h®+ h@)(x_lDo‘f(j+x)dj

I'(x) ke [ma] o+ 580 4 ih 2 o '
By (B1) and (8.2) we get
[nb]
kh
Fr(f,x) = k;f( —l—Tw—l—zh(Z)) (nx — k)

% N-1 g [nz]
M: f()4<x) Z U (nz — k) (( —I——+zh<I>—x>

+ﬁ > \Il(m:—k)/: | (J—(:z:’JrkTerih@)O(_l

IR0 4 ing
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. [nb) o+ ERD L ing kh() <
Dg,f(j+x)dj+m Z \I/(nac—k:)/ <(x'+7+ih®) —j) D f(j+z)d
k=|nz|+1 z
N1 4() na) kh J
Fih) = TS v ) (04 5 4o —a)
=0 J: k=[na]
P Lf ( k)/w (J (’+kh®+'h(2))o<1D°‘f(‘+ ) dj
nr — —(r+—+2 =) U TT)q
I'(x) k=na o'+ 50 4 ing 2
1 [nb] o/ + 510 4 ihg kR x—1
- . / iy . o o . .

k

Where assume Zf:o( ; )(—1)""" estimation equal ¢(p) and assume

Uy, (x) ! (% U ( k;)/z ( (’—f—kh@—l—'h@)Ml Dy f(j+x)dj
w () =—— nr — j—(@'+—+i f+ax)d
I'(ex) k= na] o'+ 500 4 ing 2
[nb] !+ 580 4 ihg kh() ox—1
+ Z \I'(nx—k)/ (x’+7+ih®)—j> D f (5 —x)dj).
k=[nz]+1 x
Then
: - @)
k=[na] Jj=1
We put
U (yc)—L % \If(nx—k)/x (j—(aﬁ’+k—h®+ih@)> DY f(j—x)dj
" I'(ex) ke [na] !+ 580 4 ihp 2 .
Lnb] PANRLIL DY o«—1
1 2 kh® . . .
Uy () = —— Z \If(n:c—k)/ (x’+—+zh®—]) D2 f(j+x))dj
F(OC) k=[nz]+1 z 2
We mean U, (z) = Uy, (2) + Usy (). Assume that b — a > -, where 0 < B < 1, which always
large enough n € N that is when n > [(b — a)%] it is for k = [nal,..., |nz|. We consider
’ o, kRO T .
o+ 580 4 in 2
’ 4 RO ST
we=| [ G- i) DX ) d.
a/+ 580 4 ihg
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'+-EBO 4 ing

3313

Yik < }D‘x f‘ @= 4" Where a < 2/ + kh@ + ih < z if and only if [na] < k < |nxz| we have

[nz] < |nz] + 1. Then
Hyl]CHLp[a,b] < ||D;(*f||Lp[a,z]

Also we have in case of |2/ + K0 4 ihp — z| <5, k =lnd],... |nz].

nB s

W (DS 35 ) Ly

HZ/lkHLp[a,x] <

x n>*B ’
[nx)
”Uln (x)||Lp[a7a:] = Z ¢ nxr — ylk
|—na] Lpla,z]
[nx| x
1 (D f’ nB )Lp[a m]
||U1n (x)“Lp[a,x] :TO() Z N4 (nx - k) x n*B
k = [na]
‘x’—i—@—i—ih@—x{ < %
- ) W (12 = W) D% 1 gy
k = [na]
x’—i—@—i—ih@—x‘ > L
Since Wis increasing on bounded interval, we have
V@ <) ) O PES ) iye
i Lelaa] = o ' () n>*B
[nz]
+ Z \Ij(nx_ HD f“Lpam](
k = [na]

:zc’—i-@—i-ihq)—ac’>L

a)™

Lpla,z]

—a)™
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<
“I'(x +1) n>B
\
+ Z v (nx - k)HD;(— fHLp[a,x]CC - a)oc
k= —o0
’x’+@+ih@—x|>% )
0 o 1

C(p) Wk ( xff’ nB )Lp[a,z] —n(1-B) x 63

STx +1){ B +ed NP S g — )
where k = [nz| +1,..., | nb] , we consider |2’ + KO 4 ih) — z| > g,
' +582 4 g kh(
w=| [ (&' + 757 + ih) = 1D S (G + ) dj
a:’-i-kTh@-i-ih@ kRO
v [ (&' + 257 i) = ) D f (G + )
b— )~
yor < D f] <—)
x
x (b _ x)cx
Hka’HLp[a,z] < ||D*xf||Lp[a,cc].T
Also we have in case of |2/ + KO 4 ihp — | <Lk =[na] ,..., [nz].

'+ kh®/2+ih0 kRO
w=| [ (ot g i = D f (54 2) d

where 2 < x, then

x'+ kh®/2+ih0 khO . ‘ )
12kl g ) = / ((z+ - i — 7)) D% f ()] Loy

W (D% 28 ) Ly 1
x n*B ’ ~ nB

Similar to the previous cases we can find

[nz]
1
|Uzn ('I)HLp[:c,b] = m Z U (nz — k) yor
[nal

Lp[z,b]
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Lnb)
10 iy =755 > ¥ (nz — k)
k=[nx]+1
|2 + H2 4 ihd — 2| < L
[nb)
+ >
k=[nz]+1

‘93’+M7¢+ih<1>—x‘ >7%B

Since Wis increasing on bounded interval, we obtain that

c(p) (DO( £ nB)Lp[z b] o x
< : n® D7,
(
clp) )k (D5S35) S
< 3 U (e —
o [ (x) < n>B * . (nz
x’+—k}2@+ih<b—$| > %

wp (DS 5
n>B

)L la,z] - x
. + (1=5) HD fHLp[a:):]( .1') }

1Un (@) Lpja.a) < @) NUin ()] Lppa,z) + 1U2n (2)] g 1)

2¢(p)

o 1
< *:cfa n_B)Lp[x,b}
I (x +1)

)Lp[a x] + U)g (D
n>B

(e

+ede =) <HD(X fHLp[am]

In [4], we have

For j=1,...,N, for all € [a,b].

@) + D5 b 1‘>°‘>}

3315
U (nx — k) yox
Lp[z,b]
A
DD 10 (b~ 2)
Vs
(3.4)
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Using (3.3)) in (3.4) to get

Lnb) N=L | ()
Fr(f,x) Z Y (nx — <c(p) ’fj"(x)|) {n; (b—a) (ed)e ™"
k=[na] Lofad A
2c (p) Wy (DO( f’ nB )Lp[a x] + wy (DO( f’ nlB )Lp[x b]
I' (x +1) n>B
+ed e 07D (||D;ifHLp[a,ﬂ @)™ + || D2 f | g (B x)“) } = A, Vrelab]. (3.5)
1Fn (F ) = @) oy < (A1) An (2), V2 € [0, 0] (3.6)

Now let as estimate

_ f( Lpa 1 : _p(-B
[l [ 3 L8 [ ey ]

{wl(zc) (D?;_f, nLB )Lp[a,ac] + wk (DO( f’ nB )Lp[:v,b]
n>bB

+ 2¢(p)

= Bn (3.7)

+ ed e 1=B) (HDO‘ fHLp[ax] @)™ + | D% Sl 1 (b x)OC)}

Hence it holds
”Fn (f7 l‘) - f(x)HLp[mb] S 4.1 Bn.
This complete the prove of (iii) and j = 0 implies (ii).
We finally note that

N ey (g .
Rt = X R (-0 @) - £ @)
P (f.2) (S5 Ll = 2 ()

T wme—k) X w(na— k)
Fr(f,2) = (S5 BEF(( = o) (0) = S ¥ (0 = k) £ (2)
Lanmﬂ Y (nx — k)

(4) b
(0] 1(m_k)][FZ(f’x)_ (Zf & )F*(( ($)> — Y (e —k) f(x)

Zk: [na] J=1 j k=[na]

Then we have

(o) — Zf]— (- 2) (@)~ f ()

— [ ()

Lpla,b]

<5.25

N1 o) (o . L)
F,i(f,x)—( 2 >F:<<.—x>f<x>) =Y - k) f ()

|
J=1 J:

Lp[a,b]
Moreover, by (3.5)),(3.6),(3.7)), for all € [a, b] the proof of (i) holds. O
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4. Applications
Corollary 4.1. Let >0, 0< B <1, feW,[a,b], feLpla,b],n € N then

1 1
NETER A
n Lp[a,z] n Lp[z,b]

+€4 6_2n(1_B) ((b HDO( fHLp[aac] + “D f||Lp[acb> ] )

8.2

Fof— < °=
|| f f”Lp[a,b] =T (OC +1)

Proof . Like the proof of theorem . 1| when N=1 the ZN ' =0. In the same way this theorem is
proved. [J
We can specialized oc= 1/2 in Theorems it becomes the following .

Corollary 4.2. Let x>0, 0< B <1, f € W}[a,b], f€ Lpla,b],n € N then

4.148 1 1
VEuf = Fllus S8 )0 (Df;f,—> - (Do‘ s L )
Lpla,b] T (3/2) k nB Lplaa] k 7’LB Lofed]

+ ¢t e72(1-B) ((b_ a)0(<||D;(—f||Lp[ +1D% fHLp:vb]>

We can write as follows when I'(3/2)=1/2/7

8.2 1 1
N P s—[{ (D“ A —) +ul (Do{f _) }
plab] = p (OC +1) Lplaa] n® Lp[z,b]

e e 0B (V=) (1D |y + 1D%S N )

5. Conclusion

We proved some important result for weighted approximation of the partial neural network in
terms of k-th order weighted modulus of smoothness of fractional derivative for functions in L,,
O<p<l1.
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