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Abstract

In this paper, we introduce the definition of a new general integral transform which call it ” A new
general polynomial transform ”. Also, we introduce properties, theorems, proofs and transforms of
the Logarithmic functions, polynomials functions and other functions. As well as, we discuss how
we can apply this integral transform and its inverse to solve the ordinary differential equations with
variable coefficients.
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1. Introduction

Laplace, Sumudu, Natural, Elzaki, Aboodh, SEE, complex SEE, polynomial transforms [3| 2], [7
4,18, [T, 5] which is known to find the solution the linear ordinary differential equations with constant
coefficients (L.O.DE?) with one condition (data) that integral transforms of the function f(¢) is
defined. In this paper, we define and present a new integral transform which is work to find the
solution the linear ordinary differential equations with variables coefficients [6]:

(n) (n=1)
dﬁzt + alt"_ldydt +- an_lt% +any(t) = f(t)
ag, ai, - . ., G, are constants.

This integral transform is defined for some functions, the kernel of this transform k(p,z) =
2~9P)=1 where ¢(p) is a function of parameter p, and the interval of the new transform is [a, b] =
1, 00).
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2. The general polynomial transform

A new integral transform “A new general polynomial transform” for the function f(z), where
x > 1 is defined by the integral

[e.e]

P{f(x)} = / °° 0 f () de = / 4O f(2)dr = Flq(p)),

=1

such that the above integral is convergent, and ¢(p) is a function of a parameter p. (for example

1 p
q(p) = ];7(](19) =p% q(p) = T and so on).

2.1. Property of a new general polynomial transform

A new general integral transform is characterized by the linear property that is
Fy(Af(x) £ By(x)) = APy (f(x)) £ BFy(g(x))

where A and B are constants, the functions f(x) and g(x) are defined when = > 1.
Proof .

Py(Af(o) & Byla)) = [ a (A f(x) & Byle)s
4 /1 ) f)dn + B /1 " ) ()
— AP,(f(2) % BPy(9())
L]

2.2. Transformations for some basic functions

For any function f(z), we assume the above integral exists. The Sufficient conditions for the
existence of a new general polynomial transform are that f(x) for z > 1 be piecewise continuous
otherwise general polynomial transform may or may not exist. In this part of section, we find general
polynomial transform of simple functions

1. If f(x) =k, k is constant, then P, {k} = %,q(p) > 0.
a\p

Proof .
Pk} = / g~ WD Ly
1

—k /oo 2~ @@+ g4
1

k
- —[x—(q(p)+1)+l]<1>0

—q(p)—1+1
—k k
:@[0—1] =——,q(p) >0
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2. If f(x)=2",ne€ R,x > 1, then P{x"} = ——,q(p) >n
f( ) g{ } Q(p) —-n ( )
Proof .
P{z"} = / @@+ pn g0
1
— /oo 2~ @@)+1-n) 1.
1
1
= —(q(p)+1—n)+1j00
—q(p)—l—i—n—l—l[x h
-1 1
=—0-1 = ——
q(p) —n q(p) —n
U
1
3. If f(x)=In(z),z > 1, then P{lnx} = ———,q(p) > 0.
(z) = In(z) o{In '} COIE (p)

Proof . P{lna} = [~ a~ @@+ In zdx. Integration by parts, we get P,{Inr} =

4. If f(x) =2"In(z),n € R,z > 1, then

Pg{xnlnfﬂ}Z/ x(q(p)“)x"lnxda::/ g1 g
1 1

Integration by parts, after simple computations, we obtain:

Po{z"Inz} = Wﬂ(ﬁ) > n

5. If f(z) =sin(aln(z)),z > 1 and a is a constant then P,{sin(aln(x))} =

Proof . Py{sin(aln(z))} = [* 2~ @P*+Vgin(aIn(x))dz. Integration by parts, we get:
1 —p—aP)
u = sin(aln(z)),dv = 279"z, du = M, D — :
x q(p)

P {sin(aln(z))} = — f 1~ eos(aln(z)dz, also Integration by parts, we obtain

(¢(p))? +a*
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u = cos(aln(z)),dv = x79P) " dy, du = —asin(;tln(m)) U= _jg)(p), then
_r—4(p) 2 )
sin(aIn(x L cos(aln(x o _ 4 1P gin(aln(x))dz
] _ ¢ ! — i sin(a In(x
(L G PN} = avs
q(p))* + a® aln(z) = —°
Sy el = e

Then Py{sin(aln(z))} = ()2 + a2

USimilarty:
6. If f(x) = i __ap)
. If f(z) = cos(aln(z)),z > 1 and a is a constant then P, {cos(aln(z))} = G0 T a2
7. If f(x) =sinh(aln(z)),x > 1 and a is a constant then P,{sinh(aln(z))} = (q(p))C; 0
la(p)| > a
Proof .
P,{sinh(aIn(z / ~4P)~Lsinh(a In(x)dz
o0 alnac _ falna:
— / 211 1
After simple computations, we get:
a
P {sinh(aln(x))} = ,1g(p)| > a
O
Similarly,
alnz —alnx
8. Since {cosh(aln(z))} = <e +2€ ), we have
q(p)
P {cosh(aln(x))} = ————=, |q(p)| > «a.
9{ ( ( ))} (q(p>>2 _ag ‘ ( )’

Theorem 2.1. If P,{f(x)} = F(q(p)), then Py{z~*f(x)} =

Proof . Since by definition we have

F(q(p)+«a) and « is a constant number.

Py{a f(2)} = / T e f () da

1

= F(q(p) + )

/OO x*(q(p)“*a)f(x)dx
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Definition 2.2. Let g(z) be a function, where x > 1 and P{f(x )} F(q(p)),g(x) is called an
inverse for general polynomial integral transform and written as P, {F(q(p))} = g(x), where P,
returns the integral transform to the ordinal function (g(x)).

2.3. Inverse general polynomail integral transform

g ko
1. P, {q(p)}—k,q(p)>0.

1
q(p) —n

2. P

g }=a"q(p) >n,ne Rx>1

3. P7Y }=Inzq(p) >0,z > 1.

1
(a(p))?

=z"lnz,q(p) >n,n € R,x > 1.

@) )

} =sin(alnz),z > 1.

((¢(p)

+ a?)

)
6. P‘l{q;—];} =cos(alnz),z > 1.

)
((q(p))? +a?)

} = sinh(a Inx), |q(p)| > a,x > 1.

((q(p))? — a?)

3. P—l{%} = cosh(alnz),|q(p)| > a,z > 1.
—a

A property of Pg_1 is a linear property as it is for the transform F,. Now if

Py Fi(g(p)} = g1(2), ..., Py H{Fula(p)} = gnl)

and A, Ay, ..., A, are constant, then

Py AR (q(p) + A2 Fa(a(p) + - -+ + AnFulq(p)}
= AP F(g(p)} + APy H{Fa(g(p)} + -+ + An Py H{Fu(a(p)}

Theorem 2.3. If P, {F(q(p))} = g(x), then P, '{F(q(p) + a)} = x=*P, {F(q(p))}, where o is a
constant number.

Proof . The proof holds, because P, {F(q(p) + a)} = z~%g(x) = = *P, " {F(q(p))}. O
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3. Solution of linear ordinary differential equation with variable coefficients

Definition 3.1. [6] The linear ordinary differential equation
aox"y™ + arax" 'y o a2y + any = h(z)
ag, @y, . .., a, are constants and h(x) is a function of x, is called Euler’s equation.

Theorem 3.2. If the function h(x) is defined for x > 1 and its derivatives h'(x),h" (z),..., h"(z)
are exist, then

Py{a"ht ()} = = k"D (1) = (a(p) — (n = )R (1)

)
— (q(p) = (n— 1) (q(p) — (n —2))h"2(1)
— = (qlp) = (n = 1))(q(p) — (n = 2))(a(p) — (n = 3)) ... (q(p) — D)A(1)
+ (q(p) — (n — 1))!F(q(p)

Proof . Since Py{zh'(z)} = [ 2~9?)h/(z)dz, by integration by parts, we obtain:
u=x2"9" dv =K (z)dr,du = —q(p)z~ P dz, v = h(x),
Pya ()} = ha)a O 4 q(p) [ a0 (o),
Py{ah'(2)} = =h(1) + a(p) P,{h(x)} = —h(1) + a(p) F(a(p)),

and -
P 2K (2)} = / 2O (2 dar
1

Also, by integration by parts, we obtain:

/

=z~ dy = b (z)dx, du = (—q(p) + 1)z~ Pdz, v = b (z),
PN ()} =W (@) I 4 q(p) = 1) [ 1K (a)da,
1

= —h' (1) + (q(p) = VP, {H ()} = =" (1) = (q(p) — 1)A(1) + (g(p) — Da(p) F(4(p))-
Also
P{z*h" (2)} = /1 h =12 () d,
= —h"(1) = (g(p) = 2" (1) = (g(p) — 2)(g(p) — DA(1) + (a(p) — 2)(a(p) — Da(p)F(q(p))-
Thus, by repeating this technique for n*-times, we obtain
PAa"h) ()} =
— h" V(1) = (g(p) — (n = 1)A"2(1) = (g(p) — (n — 1) (g(p) — (n — 2))h" (1) — ...
—(q(p) = (n = 1))(a(p) — (n = 2))(q(p) — (n = 3)) ... (a(p) — 1)I(1) + (q(p) — (n — 1)) F(q(p))-

U
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4. Application

In this section, we represent three application:
Application 4.1. We solve the differential equation z2y” + 4zy’ + 2y = zInx with condition,

y(1) =y'(1) = 0.
Taking P, to both side of above equation, we get

—y (1) = (alp) = Dy(1) + (alp) = V(@) P{y(@)} + 4=y (1) + a(p) Py {y(x)}] + 2P, {y(x)}
1
() - D%
Applying the conditions of the above differential equation, we have:

1

(a(p) = D)(a(p)) Po{y (@)} + 4(a(p)) Po{y(@)} + 2P {y(x)} = @) 1
1
[(a(p) — 1)(a(p)) +4(ap)) + 2 Pp{y(z)} = L
9 B 1
[(a(p))” + 3(a(p)) + 21 Pf{y(z)} = ) =17
By using partial fraction for the right sides of the above equation, we have:
A B C D

PO = G+ T w2 T a0 T e -1
After simple computations, we obtain

1 —1 -5 1
4’ 9’0 36 6

and by taking P;1 to both side of the above equation, we obtain

1 —1 -5 1
» 9 1 36 1 6
v =B ) B ) T ) B e
Then the exact solution is
1, -1, 5
y(x)—4x +(?)x —%J,’—{—Bxlnx,
S I
) = o T g T3t Tt

Application 4.2. We solve the ordinary differential equation:

d
a:ﬁ +y =16sin(lnz), and y(1) = —7.
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Taking P, to both side of above differential equation, we get

[~0(1) + a)Flalo)] + Flalr) =
7+ a0 Pla)] + Flal) = oy
() + DF () = g = T

PP = (o D D

Fla(p) = ——— ) +9

((g()* +D((alp) +1)

By using partial fraction for the right side of the above equation, we obtain:

A B(q(p)) +c

Bv@l = a0 T e

After simple computations, we get:
A=-1,B=—-8and C = 16.
We substitute this values in above equation, we get:

1 —8(q(p)) + 16
(¢p)+1)  (¢)*+1

And taking the inverse transformation of the last algebraic equation, we get the exact solution of the
required differential equation

F(q(p)) = Ply(z)} =

y(r) = ' + 16sin(In(x)) — 8 cos(In(x)).
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