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Abstract

In the present paper, we obtain sandwich theorems for univalent functions by using some results
of differential subordination and superordination for univalent functions involving the Rafid-Jassim
operator.
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1. Introduction
Let H = H(U) be the class of analytic functions in the open unit disk U = {z € C : |z| < 1}.
For n € N and a € C. Let H[a,n] be the subclass of H of the form:
f(z)=a+a,z"+ a1 2" +... (a€C)
Let A denote the subclass of H of functions f of the form:

f(z)=z+ Zanz”, (ze€U), (1.1)

n=2
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which are analytic in the open unit disk U = {z € C : |z] < 1}. Let f and g are analytic functions
in H, f is said to be subordinate to g, or g is said to be superordinate to f in U and write f < g,
if there exists a Schwarz function K in U, which with K(0) = 0, and |K(z)| < 1, (z € U) where
f(2) = g(K(z)). In such a case we write f < g or f(2) < g(z) (z € U). If g is univalent in U, then
f < g if and only if f(0) = g(0) and f(U) C g(U) [14] 15].

Definition 1.1. [7]] Let § : C* x U — C and h(z) be univalent in U. If p(z) is analytic in U and
satisfies the second-order differential subordination:

O(p(2), 20 (2), 2°p"(2); 2) =< h(2), (1.2)

then p(z) is called a solution of the differential subordination (1.2)), and the univalent function q(z)

is called a dominant of the solution of the differential subordination (1.2)), or more simply dominant

if p(2) < q(2) for all p(2) satisfying (1.2)). A univalent dominant G(z) that satisfies G(z) < q(z) for
all dominant q(z) of (1.2) is said to be the best dominant is unique up to a relation of U.

Definition 1.2. [7]] Let p,h € A and O(r,s,t;2) : C}> x U — C. If p and O(p(z2), 2p'(2), 2%p"(2); 2)
are univalent function in U and if p satisfies

h(z) < 0(p(2), 20/ (2), 2p"(2); 2), (1.3)
then p is called a solution of the differential superordination (1.3)). An analytic function q(z)
which is called a subordinat of the solutions of the differential superordination (1.3), or more simply

a subordinant if p < q for all the functions p satisfying (1.3)). A univalent subordinant § that satisfies
q < q for all the subordinats q of (1.3)) is said to be the best subordinat.

Several authors [1, 2, @, 14} [16] obtained sufficient conditions on the functions h, p and () for
which the following implication holds

h(z) < 0(p(2), 2p/(2), 2°p" (2); 2),
then

q(z) < p(z) (1.4)
Using the results (see [3] 4} [5] [6, 10}, 1T], 15]) to obtain sufficient conditions for normalized analytic
functions to satisfy:

2f'(2)
q(z) < 8 < qo(2)
where ¢; and ¢y are given univalent functions in U and ¢;(0) = ¢2(0) = 1. Also, several authors
(see[Tl, B, Bl 6l [7, [§]) derived some differential subordination and superordination results with some
sandwich theorems.

For f € A, Buti and Jassim [I3] defined the following generalized integral operator:

Ok(\ — B + 2)r—o+t /1 I
M7ﬁ7€ — 1 M« - 1.
p)\,a,G,k (Z) @u,aJrll—\(lu —a+ 1) 0 ( og 7_@) f(ek)d‘ra ( 5)

where

A—a<1,{>07>0,0>0k>0



Some new results on differential subordinations and ... 2275

For f(z) € A given by ([1.1)), we have

=0 A=p+2 oo
14,8,€ _ n 1
Pt k Z+Z [A B+n+1] anZ (1.6)

From ([1.6)), we note that

<pl,<§§k (Z))/ =(u—pB+ 2)27’;:5{1,9,16 (2) —(A=B+ 1)?’;5216 (2). (1.7)

The main object of the present investigation is to find sufficient conditions for certan normalized
analytic function f to satisfy:

pl N7
q(z) < [M] =< q2(2).

2
and
B r
p;a 1,0,k (Z)]
G(2) < |—==——| =<q(2).
[piggk (2)

where ¢; and ¢y are given univalent functions in U with ¢;(0) = ¢2(0) = 1.
In this paper, we derive some sandwich theorems, involving the operator p’;’g’g WS (2).
2. Preliminaries

We need the following definitions and lemmas to prove our results.

Definition 2.1. [7j] Denote by Q the set of all functions q that are analytic and injective on
U|E(q), where U = U U{z € OU}, and

E(q) ={e € 0U : limq(z) = oo}

zZ—€

and are such that ¢'() # 0 for e € OU|E(q). Further, let the subclass of Q for which q(0) = a be
denoted by Q(a), and Q(0) = Q. Q(1) = @ = {g € Q - 4(0) = 1}.

Lemma 2.2. [15] Let q be a convex univalent function in U and let a € C, 8 € C|{0} with

Re {1 + Zq”(z)} > max{0, —Re()}.

q'(z) B
If p is analytic in U and

ap(z) + Bzp'(2) < aq(z) + Bz¢'(2), (2.1)
then p < q and q is the best dominant of .

Lemma 2.3. [/ Let q be univalent in the unit disk U and let 8 and ¢ be analytic in a domain D
containing q(U) with ¢(w) # 0, when w € q(U). Set Q(z) = 2¢'(2)p(q(z)) and h(z) = 0(q(2))+Q(z2).
Suppose that

e ()(2) is starlike univalent in U,
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o Re{zg((j))} >0 forzeU.

If p is analytic in U, with p(0) = ¢(0), p(U) C D and

0(p(2)) + 2p'(2)0(p(2)) < 0(q(2)) + 24 (2)d(q(2)), (2.2)
then p < q and q is the best dominant of .

Lemma 2.4. [15] Let q be a convex univalent in U and let § € C, that Re(8) > 0. Ifp € H[q(0),1]N
Q and p(z) + Bzp'(2) is univalent in U, then

q(2) + B2q'(2) < p(z) + B2p/(2), (2.3)
which implies that ¢ < p and q is the best subordinant of ([2.3).

Lemma 2.5. [12] Let q be univalent in the unit disk U and let 8 and ¢ be analytic in a domain D
containing q(U). Suppose that

e Re {6;((3((,:))))} >0 for z € U,
e Q(z) = z¢'(2)0(q(2)) is starlike univalent in U.
If pe H[q(0),1] N Q, with p(U) C D, 0(p(z)) + zp'(2)d(p(z)) is univalent in U and

0(q(2)) + 2q'(2)9(q(2)) < 0(p(2)) + 2p'(2)d(p(2)), (2.4)
then ¢ < p and q is the best subordinant of .

3. Differential Subordination Results
Here, we introduce some differential subordination results by using the Rafid-Jassim operator.

Theorem 3.1. Let g be convex univalent function in U with ¢(0) =1, 0 # ¢ € C,v > 0 and suppose
that q satisfies:

— Zq”(z> max — e 1
Re{l T }> {0, —Re(2)}. (3.1)

If f € A satisfies the subordination

7578 AY ILL7/37£ /“L757£ ,Y
Phaorf (2 Pl z P f (2
()\_5+2) \a,0,K ( )] ( )\,H”B;,G,K ( )_1) + [ \ao,0,K ( )] —<q(z)+§zq’(z) (3.2)
c P f () < v
then
1,0,¢ v
z
[p—*’“"’f ”] <q(2). (33)

and q is the best dominant of (3.2)).
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Proof . Define the function p by

p(z) = (3.4)

z

b 7@ ’7
[pﬁ\t,gﬁ,]{ (2)]

then the function p(z) is analytic in U and p(0) = 1, therefore, differentiating (3.4]) with respect
to z and using the identity ((1.7) in the resulting equation, we obtain

11,8, !
2p'(z) 4 <p/\:a:9,K (Z)> . .
(Z) _fy H:sz . ( : )
p P a0, (2)
Hence
/ p/‘hgf z
,ZP(Z):’y A—B+2) /\,uﬁt,e,K ( )_1 ‘
p(2) PXhoab,K (2)
Therefore,

/ BiE v ,B8,¢
zp'(2) _ [pl)f,a,G,K (2)] [()\ —B+72) (p/;;;zeK (2) B 1)] .

Y z Px a0,k (2)

The subordination (3.2]) from the hypothesis becomes

p(z) + %p'(z) < g(z) + %zq’(z»

An application of lemma with 5 = % and o = 1, we obtain (3.3). [J
Putting ¢(z) = (32) in Theorem , we obtain the following corollary:

1—2

Corollary 3.2. Let 0 #£ec € C, v >0 and

2z y
Re {1 + :} > maX{O, —Re(g)}

If f € A satisfies the subordination

BL R NeN Bl ~
p’;,g,e,[( (Z)] (pl;,gm,[( (2) B 1) n [p§,§7g,K (Z)] . (1 — 22 —|—2%z>

A M7ﬁ7£

(A=pB+2)
P, K (2)

then

[pﬁ:ﬁ:é,K <z>] ! (1 n )
| <
z 1—2

and q(z) = (1£2) is the best dominant.

1—2
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Theorem 3.3. Let q be convezr univalent function in U with ¢(0) =1, ¢/(z) # 0 (z € U) and assume
that q satisfies

Re {1 + %(q(z))m + ) L A GO € } >0, (3.6)

where m € C,e € C|{0} and z € U. Suppose that z‘g((;)) is starlike univalent in U. If f € A
satisfies

Uy, B 0N 0, k,m; 2) < (1+q(2)q(z)™ + 62(“;/((;), (3.7)

where,

8,0 ym B v(m—1)
) pl;,g—lﬂ,K (2) pﬁ,g—Le,K (2)
\11(79/“675767)\997]{:77”75’2): %675— M”B’g—
Dy a6,k (2) Dy a0,k (2)
) 78 5 ,E
+ev(A =B +2) pﬁ,g—ze,}( (2) B pl;,g—l,é),K (2)
v 15,0 15,0 >
Pra—16,K (2) Prao K (2)
(3.8)

then

w,B,¢ v
z
Pra—16,K (2) < q(2) (3.9)
w,8,¢
P, K (2)

and q is the best dominant of (3.7)).

Proof . Define the function p by

1,8, v
Pra—1,6,K (2)
p(z) = [uﬁé—] . (3.10)
Py a0, K (2)
Then the function p(z) is analytic in U and p(0) = 1 differenitating (3.10]) with respect to z and
using the identity (1.7]), we get,

9 7é b 7£
zp'(2) p’i,g—Q,e,K (2) pi,g—l,e,K (2)
=7 |(e=8+2) | 257 X :
P 105 (2) P f(2)

By setting
O(w) = (1+w)w™ ' and ¢p(w) = =, w # 0,

we see that f(w) and ¢(w) are analytic in C[{0} and that ¢(w) # 0, w € C|{0}. Also, we get

q(z)

q(z)

Q(2) = 2¢'(2)p(q(2)) = ez
and

q'(z)
q(z)

h(z) = 8(a(2)) + Q(z) = (1 +q(=))a(=)" " + =
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It is clear that Q(z) is starlike univalent in U,

Re {ZS((ZZ))} ~ Re {1 + Dy + R GO zzﬂ(z) } -0,

By a straightforward computation, we obtain

\Ij<77 [y 57 g? )‘7 97 ka m,&; Z) = (1 + p(z))<p(z))mil + 52%7 (311)
where U(v,u, 8,4, A, 0,k,m,e; z) is given by (3.8).
From and , we have
(14 pENEE)™ + 222 < (14 () () + 2L (312

p(2) q(z)

Therefore, by Lemma [2.3] we get p(z) < ¢(z). By using (3.10)), we obtain the result. [J
Putting ¢(2) = (HAZ) , (1< B < A<1)in Theorem , we obtain the following corollary:

1+ Bz

Corollary 3.4. Let -1 < B< A<1 and

{m(l—l—Az)m m—l(l—{—Az)ml 1—|—Bz(4+3Az)}
Re q — + + >0

e \1+ Bz £ 1+ Bz (1+ Bz)(1+ Az)
where ¢ € C|{0} and z € U, if f € A satisfies

1+ Az\] 1+ Az\"" A-B
v : 1
(VM“BJZAG’thﬁ”d'<{ +_(1%—Bz>}(1%—BZ> T ANt B

then
¢ ol
pl;:g’—w,K (2) 14 Az
w0, ~\1 +B
P rcf(2) <
and q(z) = (}igz) is the best dominant.

4. Differential Superordination Results

Theorem 4.1. Let q be conver univalent function in U with ¢(0) = 1, v > 0 and Re{e} > 0. Let
f € A satisfies

w.8,¢ K
[p_H] € HIg(0).1]NQ

and

A=pF+2)

NN v B 8L v
p’ia,e,K (2) pi,a—l,e,K (2) 1)+ pﬁ,a,G,K (2)
2 Pt (2) 2

be univalent in U. If
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w,B,¢ P v w,B,¢ P w,0,¢ 5 v
q(2) + Ezq’(z) < (A=B+2) P oo,k ( )] <p/\,a1,9,K (2) B 1) n [p)\,a,G,K ( )] 7 (4.1)
y z

Bl
pf\b,g,e,K (2) z

then

z

1,8, 5 v
dd<[&ﬂﬁll] (4.2)

and q 1is the best subordinant of (4.1)).

Proof . Define the function p by

1,3,¢ v
P, K (2)
o) - el (43)
z
Differentiating (4.3]) with respect to z, we get
/
9. 7£
zp'(2) z <pl,<,§,9,K (Z)>
— L = e —11. (4.4)
p(z) Phasrf(2)

After some computations and using (|1.7)), from (4.4)), we obtain

10,3,0 Y 10,3,¢
z z
Dya.6,K ( )] (P,\,a—Le,K (2) 1)

B
z pi,g,e,K (2)

(A-5+2)

9 76 ’y
pﬁ,g,e,K (2) €
z

and now, by using Lemma we get the desired result. [
Putting ¢(z) = (}2) in Theorem , we obtain the following corollary:

1—

Corollary 4.2. Let v > 0 and Re{e} > 0. If f € A satisfies

w.B,¢ K
[p_U] € HIg(0).1]0Q

and

(A=pF+2)

Bl ¥ Ny, Bl gl
p’ig,e,K (Z)] (pi,gw,[( (2) _1> i [pig,e,K (Z)]

< pgggl{ (2) <

be univalent in U. If

1—224252
<(1_—2)27> < A=5+2)

BL
B f(2)

z

9 7e fy
Pf,f,e,Kf(Z)]
)
z

¥ Bl
(P;\L,o?—l,e,[( (2) B 1) "
Bl
Pf,fﬂ,Kf(z)

then
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Y
1+2) Py e f(2)
1—2 z

and q(z) = (%) is the best subordinant.

Theorem 4.3. Let g be convex univalent function in U with q(0) =1, ¢'(z) # 0 and assume that q
satisfies

Re {@<q<z>>mq'<z> m-d <q<z>>m—1q’<z>} -0, (45)

where m € C, ¢ € C|{0} and z € U.

Suppose that 22G) s starlike univalent in U. Let f € A satisfies

'(
q(2)
b 7£
[pi,g—l,B,K (2)
b 7Z
pl,\l,g,e,K (2)

and V(vy, u, 8,0, N\, 0, k,m,e;2) is univalent in U, where is given V(vy,u, 3,0, X,0,k,m,e;z) by

€ Hlq(0), 11N @,

(3-8)-
If
-1 q(z)
(T4+q(2)(q(2)" " +ez e < W(y, B, 0, N0, k,;m,e; z), (4.6)
then
B:¢ v
pi)f,af 0,K (2)
q(z) < [#3;— (4.7)
Pr a0, (2)
and q is the best subordinant of (4.6)).
Proof . Define the function p by
\B,¢ v
p§7a—1,9,f< (2)
p(z) = [WM— : (4.8)
Phaio,icf(2)

Differentiating (4.8]) with respect to z, we get

7/8’£ u767é
2p'(2) pf\L,a—ze,K (2) Dya—-1,0K (2)
o [(u —B+2) ( - :

Bl Bl
pl/\L,g—l,&K (2) pﬁ,i,@,f( (2)

By setting
O(w) = (1+w)w™ ! and ¢p(w) = £, w # 0,
we see that f(w) and ¢(w) are analytic in C|{0} and that ¢(w) # 0, w € C|{0}. Also, we get

q(2)

Q(2) = 2¢/(2)9(q(2)) = ez )

It is clear that Q(z) is starlike univalent in U,
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A _ ed Z(q(2)md (2 m 1 N1 (5
R6{¢(Q(Z))}_R{E(q())q<)+ —(4(2)) q()}>0

By a straightforward computation, we obtain

\Ij<7> 22 57 g? )‘7 97 ka m,&; Z) = (1 + p(z))<p(z))mil + 52];/((5)) > (49)
where U(v,p, 8,4, X, 0,k,m,e; z) is given by (3.8).
From and , we have
m—1 q/(Z) m—1 M
(1+q(2))(a(x))" +ez ) = (1+p(2))(p(2))"" + ez ) (4.10)

Therefore, by Lemma 2.5, we get ¢(z) < p(z). O

5. Sandwich Results

Theorem 5.1. Let g1 be convex univalent function in U with ¢1(0) =1, v > 0 and Re{e} > 0 and
qo be univalent U, q2(0) = 1 and satisfies (3.1). Let f € A satisfies

z

1,3,4 v
VA
[p—m’e’K ( )] € H[1,1]NnQ

and

A—=pF+2)

B, v B,
pig,e,K (2) pf\t,g—l,e,K (2) 1) .
z Py f(2)

bl 7€ /Y
pﬁ,ie,K (2)
z

be univalent in U. If

ql(z)—i-%zqi(z) < (A\—=p+2)

77‘6 /y 9 7€ 776 ’y
pﬁ,g,e,K (2) pl;,g—w,K (2) p&‘,ﬁ,e,;( (2) g
11,8,€ -1+ < q2(2)+=2¢5(2),
% Poorf(2) < v
then
,8,€

@ (z) < [M] < go(2)

and q; and qo are respectively the best subordinant and the best dominant.

Theorem 5.2. Let g1 be conver univalent in U with ¢1(0) = q2(0) = 1. Suppose q; satisfies (4.5)
and gz, satisfies (3.6)). Let f € A satisfies

w,B,¢ 7
4
[p—kfgf’f( ( )] € H[1,1]nQ
Paoxf(2)

and (v, p, B,0,\,0,k,m,e;z) is univalent in U, where is given V(vy, u, 3,0, \,0,k,m,e;z) by
)
if
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. q (Z) ‘ m— g (Z>
I+ qa() (=) + szqi(z) < Uy, 1, 8,0, 0,0, k,m,e;2) < (1+ q2(2))(q2(2))™ " + Ezqz(z>
then
ot g f(2)]
@(z) < —;ﬁggi:( ) =< q2(2)

and q; and qo are respectively the best subordinant and the best dominant.
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