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Sandwich theorems for analytic univalent functions
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Abstract

In the present paper, we obtain some subordination and superordination results involving the Hadamard
product operator Dg;lg for certain normalized analytic univalent functions in the open unit disk. These
results are applied to obtain sandwich results.
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1. Introduction

Let H = H(U) be the class of analytic functions in the open unit disk U = {z € C : |z| < 1}.
For n a positive integer and a € C Let H[a - n] be the subclass of f € H of the form:

f(z)=a+az"+an 12"+ ... (a€C, N={1,2,3,.}) (1.1)
Let T denote the subclass of H of functions f of the form:

f(z)=z+ Zanz”, (ze€U) (1.2)

If f €T isgiven by (1.2) and g € T given by
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—z+2an , (z€U)

The Hadamard product (or the convolutlon) of f and ¢ is defined by

(f = g)(z —zzanb 2" =(g* f)(2)

If f and g are analytic functions in H. We say that f is subordinate to g in U and write f < g,
if there exists a Shwarz function w, which is analytic in U with w(0) = 0 and |w(2)| < 1 (z € U),
such that f(2) = g(w(z)), (z € U).

Furthermore, if the function g is univalent in U, we have the following equivalence relationship
(cf. e.g. [10L I3} [14])

f(2) < 9(2) & f(0) = g(0) and f(U) C g(U), z € U.

Definition 1.1. [13] Let o(r,s,t;2) : C* x U — C and let h(z) be analytic in U. If | and
o(1(2),2l'(2), 221"(2); 2) are univalent in U and if | satisfies the second-order differential superor-
dination,

h(z) < o(1(2), 2l'(2), 221"(2); 2), (2 €U) (1.3)

then 1 is called a solution of the differential superordination (1.3|). An analytic function q(z)

which is called a subordinate of the solutions of the differential superordination (L.3|) or more simply

a subordinate, if | < q for all l satisfying (1.3)). A univalent subordinate G(z) that satisfies ¢ < q for
all subordinants q of (1.3)) is said to be the best subordinate.

Definition 1.2. [13] Let o(r,s,t;2) : C* x U — C and let h(z) be univalent in U. If I is analytic
in U and satisfies the second-order differential subordination,

p(l(2), 2 (2), 21" (2); 2) < h(z), (2 € D) (1.4)

then 1 is called a solution of the differential subordination (1.4]). The univalent function q is called

a dominant of the solution of the differential subordination (1.4]) or more simply a dominant, if | < q
for all 1 satisfying (1.4). A dominant §(z) that satisfies ¢ < § for all dominant q of (1.4) is said to

be the best dominant.

Recently, several authors, like, [T, 2} 7, 13, [I5] obtained sufficient conditions on the functions h,
[ and ¢ for which the following implication holds

h(z) = @(l(2), 2l'(2), 2°1"(2);2) = q(2) < U(2), (2 € V) (1.5)
By using results (see [3], 14, O, [14]) to obtain sufficient conditions for normalized analytic functions
to satisty:

2f'(2)
f(z)
where ¢; and ¢ are given univalent functions in U with ¢;(0) = ¢2(0) = 1. Also, several authors
(see [11, 3, 4, 5] 6], [15]) derived some differential subordination and superordination results with some
sandwich theorems.

G(z) < < q2(2)
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Choi and Srivastava [I2] found several interesting properties of Hurwitz-Lerch zeta function
©(z,s,a) defined by

[e.9]

olz,5,0) = > (——) (1.6)

n=0 (n ™ a)s

aecC\{0,—-1,-2,...}, s€C, Re(s)>1and|z|=1
In [I6] Srivastava-Attiya introduced the following operator F),; : T'— T

Fup(z) = (1+0)"[o(z, 1, b) — 07"

which has the following form:

Foof(2) _Hz(iil;) 0,2 (1.7)

be C\{0,-1,-2,..}, peC, ze€U, feT
For f € T. Carlson and Shaffer [I1] defined the following integral operator T, f(z) by

:z—l—i n (1.8)

(€)n-1

n=2

Atshan et.al Defined the operator D#? f(z) [8],

DELF(E) = Fuale) + Tuf ()= 4 (;jf;) (@1 o (1.9)

Moreover, from ((1.9)), it follows that

2 (DEEYf(2)) = (14 B)DELf(2) — bDEE f(2) (1.10)
The main object here to find sufficient conditions for certain normalized analytic function f to

satisfy:

DL (2)
z

G (z) < [ ] < q2(2)

and

s =< QQ<Z)

0 (2) < [tDZ,tl’bf(z) +(1 —t)DZ:ﬁf(Z)]

where ¢; and ¢y are given univalent functions in U with ¢;(0) = ¢2(0) = 1.
In this paper, we derive some differential subordination, superordination and sandwich results
involving the operator Dg;’; f(2).
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2. Preliminaries

We need the following definitions and lemmas to prove our results.
Definition 2.1. [10] Let Q the set of all functions f(z) that are analytic and injective on U|E(q),
where U = U U{z € OU}, and

E(f)={e€ 90U :lim f(z) = oo}
zZ—€

and are such that f'(e) # 0 for e € QU|E(f). Further, let the subclass of Q for which f(0) = a
be denoted by Q(a), and Q(0) = Qo,q(1) = Q1 ={f € Q: f(0) = 1}.
Lemma 2.2. [13] Let q be a convex univalent function in U and let a € C, 8 € C|{0} with

Re {1 + Zj(i?} > max {o, —Re(%)} .

If | is analytic in U and

al(z) + B2l'(z) < aq(z) + Bzd'(2), (2.1)
then | < q and q s the best dominant.

Lemma 2.3. [1]|] Let q be univalent in the unit disk U and let 0 and ¢ be analytic in a domain D

containing q(U) with ¢(w) # 0, when w € q(U). Set Q(z) = 2¢'(2)d(q(2)) and h(z) = 0(q(2))+Q(z).
Suppose that

o ()(2) is starlike univalent in U,

Q(2)
If 1 is analytic in U, with p(0) = ¢(0), p(U) € D and

. Re{Zh/(Z)} >0 forze U.

0(l(2)) + 21'(2)9(1(2)) < 0(q(2)) + 2¢'(2)9(q(2)), (2:2)

then | < q and q s the best dominant.

Lemma 2.4. [1]] Let q be univalent in the unit disk U and let 0 and ¢ be analytic in a domain D
containing q(U). Suppose that

¢'(a(2))
° Re{¢(q(z))} >0 for ze U,

o Q(z) = 2¢'(2)p(q(2)) is starlike univalent in U.
Ifl € Hlg(0),1] N Q, with (U) C D, 0(1(2)) + 2l'(2)p(I(z)) is univalent in U and
0(q(2)) + 24 (2)e(q(2)) < 0(1(2)) + 2l'(2)6(1(2)), (2.3)
then q < [ and q s the best subordinant.
Lemma 2.5. [10] Let q be a convex univalent in U and q(0) =1 and let § € C, that Re(f) > 0. If
l € H[qg(0),1]NQ and I(z) + pzl'(z) is univalent in U, then

q(2) + Bzq (2) < 1(2) + B2l'(2), (2.4)
which tmplies that ¢ < | and q s the best subordinant.
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3. Subordination Results

Now, we discuss some differential subordination results by using the Hadamard product operator

Db f(z).

Theorem 3.1. Let g be convex univalent function in U with ¢(0) = 1,0 # ¢ € C, v > 0 and suppose

that q satisfies:
2q"(2) gl
Re {1 R } > max{0, —Re (E)} (3.1)

If f € T satisfies the subordination

Dt f(z) ] Dt f(z)| Dbf(z) e,
[# +e(b+1) . ] <D5,J£1’bf(z) 1) < q(2) + el (2), (3.2)
then
[Dg,tl:ﬂz) e+ 1) ““”f( >] <a) (33)

and q is the best dominant.

Proof . Define the function [ by

z

I(z) = [M] , (3.4)

then the function [(z) is analytic in U and [(0) = 1, therefore, differentiating (3.4]) with respect
to z and using the identity ((1.10) in the resulting equation, we obtain

2l'(z) 2D f(2)) B
e _7[< g 1)] 9

Now, in view of ({3.5)), we obtain

2'(z) _ | eI () Dief(z) DELf(2)
o[ () ()

The subordination (3.2)) from the hypothesis becomes

(=) + =2 (2) < alz) + ~24 (2)
An application of Lemma with g = % and a = 1, we obtain (3.3). O
Putting ¢(z) = (3£) in Theorem ,We obtain the following corollary.

1—2

Corollary 3.2. Let 0 #£ec € C, v >0 and

Re {1 + 12_—Z} > max{0, — Re (g)}
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If f € T satisfies the subordination

D f(z)]”

z

+e(b+1)

Dt (2 >] ( DZ:Zf(Z)) 1< (1 —Z2+2%2),

z Dae f(=

[Dz,tlvbﬂz)r ) G + )

and q(z) = (122) is the best dominant.

then

Theorem 3.3. Let q be convez univalent function in U with ¢(0) =1, ¢'(z) # 0 (z € U) and assume
that q satisfies

/) _ 46
Re{q(z) + Zq/(z) e }>0. (3.7)

Suppose that z% is starlike univalent in U. If f € A satisfies

q(2)
p(z) <t +q(2) ) (3.8)
where,
B tDIEY F(2) + (1= ) DEbf(2) ] t2(DaEf(2)) + (1 = t)=(Dhef(2)
e ? ] o [ DE () + (1 - ODELF() 39
then
p+1,b _ b 7
[tDa,t e+ t)Da,cf<z>] <o) (310)
and q 1s the best dominant.
Proof . Define analytic function [(z) by
1.b . w,b v
(z) [th,t fa)+ t>Da,cf<z>] )

Then the function [(z) is analytic in U and [(0) = 1 differenitating (3.10]) with respect to z, and
using the identity (1.10]) we get,

2l'(2) [tZ(DZ}El "f(2)) + (1= t)2(Dhef ()

+1 (3.12)

I(z) tDEEY £(2) + (1 — t)DEL f(2)

By setting
O(w) =1+ w and p(w) = L, w #0

w?

we see that f(w) and ¢(w) are analytic in C\{0} and that ¢(w) # 0, w € C\{0}. Also, we get
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and

h(2) = 0(a()) + Q) =t +a(2) + 27 5

It is clear that Q(z) is starlike univalent in U,

9] £

By a straightforward computation, we obtain

()

I(2) :t+l(z)+zl(z). (3.13)
By making use of , we obtain
t+1(z)+ zll/((j)) <t+q(z)+ zzl((j)) (3.14)

Therefore, by Lemma , we get [(2) < ¢(z). By using (3.9)), we obtain the result. [J
Putting ¢(z) = (}igz), (-1 < B < A<1) in Theorem (3.3, we obtain the following corollary:

Corollary 3.4. Let -1 < B< A<1 and

R 1+Az+ 2Bz N (A— B)z -0
N1+ B: 1+B:  (1+B2)(1+ A2)

wheret € C and z € U, if f € T satisfies

1+Az+ (A—B)z
1+ Bz (1+Bz)(1+ Az)’

[(z) <t+
where is given [(z) by (3.10]), then

[th,tLbﬂz) +(1- t)Dg;Zf(z)] ! (1 + Az)
_< b
2 1+ Bz

and q(z) = (}Igi) is the best dominant.

Taking the function ¢(z) = (22)” (=1 < p < 1) in Theorem , we obtain the following
corollary:

Corollary 3.5. Let —1 < p <1 and

1+ 2 2pz 222
p
R6{<1—z) +1+22+1+z2}>0

wheret € C and z € U, if f € T satisfies
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1+ 2 202 222
ot +
1+22 1422

I(z) < (
where 1(z) defined in (3.10),then
[th,tl’bﬂz) (1= t)Déi:Zf(z)] " (1 + )

1—=2

z 1—=2

and q(z) = (H2)” is the best dominant.

1—z

4. Superordination Results

Theorem 4.1. Let q be convex univalent function in U with ¢(0) =1, v > 0 and Re{e} > 0. Let
f €T satisfies

e
[f € H[4(0),1]nQ
and
DHELY £( v u+1 b v Db f(
O] gy [PER) Patre)
z z D' f(2)
be univalent in U. If
e Dyt i(:)] DL i)' Dk ()
q(z) + el (2) < [f +e(d+1) . (Dg,tl”’f(z) - 1), (4.1)
then
DL ()
q(z) < [# (4.2)
and q is the best subordinant of .
Proof . Define the function [ by
,u+1 b
() = [—f()] . (4.3)
z
Differentiating with respect to z, we get
I D“'H b
) e +1bf( . (4.4)
l(Z) Dg,c f(Z)

After some computations and using (1.10]), from (4.4)), we obtain

b ()] DEtRYF(2) ] DEDF(2) B e
[ 2 ](Dz,tl’bﬂz)_1)_Z<Z)+5zl(z)’

+e(b+1)

z
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and now, by using Lemma we get the desired result. [J
Putting ¢(2) = (%) in Theorem , we obtain the following corollary:

Corollary 4.2. Let v > 0 and Re{e} > 0. If f € T satisfies

[D—f“] ¢ Hlg(0).1)1Q
and
(Pt [ B2 2

be univalent in U. If

1— 224222 DEELY £ 1k
( =2y )[ :

(=)=

and q(z) = (12) is the best subordinant.

1—2

+e(b+1)

_1)

DErb ()T DEbf(z)
e e

then

2293

Theorem 4.3. Let g be convex univalent function in U, Lett € C, v >0, ¢'(2) #0 and f € T,

suppose that

Re{zq'(2)q(2)} > 0,

z

[mgf”’f(z) +(1- )DL <Z>] € HIg(0).1]NQ

And

£ 0.

z

[mg;w f(z)+ (1= t)Drby (z)] !

If the function I(z) (3.10) is univalent in U and

t+q(z)+ zq/(z)

q(2)

< 1(z),

then

q(z) <

[thfCLbf(z) +(1— t)DZ:’éf(z)] !

z

and q 1s the best subordinant.

(4.5)

(4.6)
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Proof . Define the function [ by

tDIF(2) + (1= t)Drbf(2) ]
K@:[ K F(2) + )%qu s
z
Differentiating (4.8]) with respect to z, we get
& tz(DFELO F(2)) + (1 — t)2(Dr2f(2))
1) _ [0 + (1= =088 ) "
l(2) tDoe " f(2) + (1 = t)Daef(2)

By setting

f(w) =1+ w and gb(w)zi, w # 0,

we see that theta(w) and ¢(w) are analytic in C\{0} and that ¢(w) # 0, w € C\{0}. Also, we
get

It is clear that Q(z) is starlike univalent in U,

P _
R{¢@@»} Re{q¢/(2)q(=)} > 0.

By making use of (4.9)) the hypothesis (4.7)) can equivalently written as

0(q(2)) + aq'(2)p(a(2)) < 0(U(2)) + al'(2)$(I(2)).
Thus, by applying Lemma [2.4] the proof is complete. [

5. Sandwich Results

Theorem 5.1. Let g1 be convex univalent function in U with ¢1(0) =1, v > 0 and Re{e} > 0 and
g2 be univalent U, q2(0) = 1 and satisfies (3.2)). Let f € T satisfies

u+1,b
[%] H[L 1] N Q
And
DEvf(2) ] DY f(2) Di2f(2)
[ : M ](D%Mﬂa‘”)
be univalent in U. If
, Dt (2) Dt ()" Dabf(2) ,
q(z) + %Z%(Z) = [7 +e(b+1) > ] (Déf,tl’bf(z) —1) < qa(2) + %qu(z),
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DrtLb v
() < | T

and q, and qo are respectively the best subordinant and the best dominant.

Theorem 5.2. Let ¢, be convex univalent function in U with ¢;(0) = ¢2(0) = 1. Suppose ¢, satisfies
(4.6) and g2 satisfies (3.9). Let f € A satisfies

v

b _ b
() + A= ODEFE) T g

z

~

u+1,b P o w,b >
DL ) + (1 - 0Dar )]

z

[(2) is univalent in U, then

0 (2) 45(2)
t+q(z) + qu(z) <l(z) <t+q(z)+ qu(z)’
then
(o) < | PG il — 0Dl G

and q1 and gy are respectively the best subordinant and the best dominant.
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