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Abstract

This paper attempts to study the vibration characteristics of a simply supported n*" order rectangular nanoplate
using the modified couple stress theory. The modified couple stress theory, which has only one length scale parameter,
has been used to consider the small-scale effects. The basic and auxiliary equations of the nanoplate are obtained
after determining the strain energy, kinetic energy, and external work and substituting them into Hamilton’s equation.
Then, the vibrations of the simply supported nt" order rectangular nanoplate with a thickness of h are investigated by
substituting the boundary and force conditions into the governing equations. Navier’s method is used for the solution.
The results indicate that the frequencies of the different modes of the n** order nanoplate decrease with an increase
in the length-to-thickness ratio of the nanoplate. Furthermore, the frequency is the smallest when the effect of the
size parameter is not considered (classical theory), and it increases with an increase in the size effect. In addition,
the frequency is smallest for the first mode and increases for the subsequent modes. Also, the vibrational frequency
increases with an increase in the order of the nanoplate.
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1 Introduction

The most reliable method to study materials on a small scale is the experimental method on atomic and molecular
scales. In this method, the nanostructure is studied in its real dimensions. In this technique, an atomic force microscope
(AFM) is used to apply different mechanical loads on the nanoplates, and the responses are measured to determine the
mechanical properties of the nanostructures. The fundamental problems of this method are the difficulty in controlling
the experimental conditions on this scale, the high costs, and the time-consuming nature of the method. Hence, this
method is used only for validating other simple and inexpensive methods.

Atomic simulation is another approach in the study of small-scale structures. In this method, the behavior of the
atoms and molecules are investigated by considering the intermolecular and interatomic effects on their movement,
which ultimately leads to an overall deformation in the object. Using this method involves a high computational cost
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and is not economical when the problem includes large deformations or when the scale is larger than one or more
atoms. Hence, this method is used only for problems with small deformations.

Given the limitations mentioned in the above methods for studying nanostructures, researchers have sought simpler
approaches for investigating nanostructures. Small-scale modeling of structures using continuum mechanics is another
approach to the study of these materials. There are various size-dependent continuum theories that have considered
size effects, including the following: Micromorphic theory, microstructure theory, micropolar theory, Cosserat theory,
nonlinear theory, modified couple stress theory, and strain gradient elasticity theory. These are the extended versions
of the classical field theories, where the size effect has been considered.

2 Modified couple stress theory:

In 2002, Yang et al. [9] modified the stress couple theory presented by Toupin [7], Mindlin and Tiersten [4],
Koiter [2], and Mindlin [3] to propose a modified couple stress theory with only one material length scale parameter
for representing the size effect as opposed to the classical couple stress theory, which has two material length scale
parameters.

In the modified couple stress theory, the strain energy density in three-dimensional vertical coordinates for an
object limited to a volume V and a surface §Q is expressed as follows [§]:

1 L.
U = 5/ (O’ijé‘ij =+ mijxij)dV 1,] = 1,2,3 (21)
1%
where

1
€ij = 5 (uij + ) (2.2)

1
Xij = 5 (0 + 05:) (2:3)

Also x;; and e;; are the symmetric part of the curvature tensor and the strain tensor, respectively. 6; and u; are
defined as the displacement vector and the rotation vector, respectively.

1
0= 3 Curlu (2.4)

Moreover, 0;; and m;; are the stress tensor and the deviatoric part of the couple stress tensor, respectively, which are
defined as follows:

05 = )\E-Zkk(;ij + 2,uz-:ij (2.5)

mij = 20l Xij (2.6)

Where A and p are the Lamé parameters, d;; is the Kronecker delta, and I is the material length scale parameter.
It can be inferred from Eq. (2.3) and (2.6]) that x;; and m;; are symmetric.

3 n!* order plate model:

The displacement equations of an nth order plate are defined as follows:

1/2\"" , (ow(x,y.t)
u1(z,y, 2,1) zsoz(z,y,t)n(h> 2" <af’+s0m(w,y,t)> n=23,579,...

n—1
172 ow(x,y,t
ua(z,y, 2, t) =2¢y(z,y,t) — -~ (h) 2" (%yy) + goy(;my,t)) n=3,57109,...

’U/S(xa Y, z, t) :U)(.’E, Y, t)
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where ¢, and ¢, are the rotations of the normal vector about the x and y axes, and w is the displacement of
the midpoint of the plate along the z-axis. The symmetric part of the curvature tensor, the strain tensor, the stress
tensor, and the rotation vector for the nth order plate model are as follows:

== () () o
€20 =0 (3.4)
Eoy =Eyo = %z (8;; + %) - % <}2L>”1 Z" (65?; + % + 2;;;/) (3.5)
€0z =€zz = % (1 — (Z}LZ)”_I> (?: + %) (3.6)
Cyr=eoy = 3 (1 s (ij)_l) (‘Z‘; + soy) (3.7)
0, —%’ -3 (1 9 (2}5)1) (f;;’ + %) (3.8)
- (E) ) (&)
A7)
re—mn =3 (1-(2)) (B + 22) @1
e B (2)7) (5 )
() (%)
GG ) e

1/2\"" P, 82%) 1 ( 2 2\ (2n "—2) (aw )
R e n _ —Z((z_z2)\(2m av 3.15
’ (Z n h) ¢ ) a2 ydx) 4 (h h> ( h) oy T (8.15)
2 n—1
22\" ow 1 1 /2 D?p, 82g0x)
_ 2z ow .1 (2 n _ 3.16
(h) ><ax+%>+4(z n(h) Z)(@xay y? (3.16)

Oza =(A+20)ezs + Aeyy (3.17)
Oyy =Aegz + (A +20)ey, (3.18)
Oz =A(Ezw +Eyy) (3.19)
Oyz =0zy = 2{€xy (3.20)
Opz =05 = 2/UEqs, (3.21)
Oyz =02y = 2UEy. (3.22)
The changes in the strain energy are expressed as follows:
oU = / (0z20€zq + OyyOeyy + 205060y + 205060, + 20,06y, + MagdTay
v (3.23)

+ My 0Ly + M5 0% 2, + 2Mygy 0T gy + 2My 024, + 2my .0z, )dV
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For simplification, the coefficients of the variables can be named from Fy to Fj5 according to Eq. (3.24) and

obtained individually.

oU = / (F15w,m +F25w,yy —|—F35w,zy +Fiow,, —|—E55w,y +E65‘Px,yy
14

+F7590y,wx + FS(S(py,zy + FQ(S(pz,y:r + FIO(S(;Ow,a: + Fllawy,y + F126(pz,y
+F13590y,x + F145S0a: + F155§0y)dv

where:
&w 1,72 1,72
Fy=—— [(A+2p) (A3 — A1) + gul® (14 Ag) — gul?(1+ Ag) (1 — Ay)]

Ox?
82

+ 2 A (As — ArAg) — Lu2(14+ Ag) + L2 (1 — A1 + Ay)]
Oy?
O,

+ 58 [~ O+ 20) (A2 ) — fu2(1 = Ad)(1+ Ad)]
15]

+6iyy [~A(As A1) — Lul2(1 — Ag)(1+ Ay)]
&w 1,72 1,72
&w 1,72 1,72

+W [)\(Ag — A1A2) — E/Jl (]. + A4) + Z,ul (]. — A4)(1 + A4)]
0

ol [FO 20 (A240) = §p(1 = A)(1+ Ay
8901 1,72

+o [~A(A2Ar) — 2pi2(1 — Ag)(1 + A)]

Pw 2 2 2 Do 1,72

Fy =g [4udd (1 A2 + 578 [2Aady — JulP(1 = A2)(1L+ A
0
+ o [2pdady - JuP(1 - A))(1+ AY)]
ow 0% 0% )
Fy=[=—= 1— Ag)? 4 11242 v _ T [ A5A
4 (ax + ¢z [H( 4) +qu 5] + (8I3y 8y2 [4/‘ 5 1]

ow e, 0%p
Fs=|— 1— Ay)? + fpl? A2 v Z TV (12 AsA
5 ( y +90y> I:N’( 4) +4ILL 5]+(axay 812 [4” 5 1]

ow 1,72 42 (828% 629%) 1,72 A2
Fg=Fg | — ulcAzA — “ulcA
6 8 (8$ +<Pz> [4/1' 5 1] + Dz dy 0y [4/~L 1]

(0w _ 1,72 42 oy P0s\ 11 52 42
Iy =TIy (By 'H@y) [—ul®AZ A + 2r  ozdy [3ul*Af]
2w
Fig = 9.2 (A +2u) (AT — 2A1) — (1 — Ay)(1 + Ay)]

0w 1 49

“rain [/\Al(—z + Al) + Z,Ml (1 - A4)(1 + A4)]
Do, 0

+ 5 [+ 20 A + (1 - A% + —g;y [NAZ — Lu2(1 — A,)?]

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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62
Fu :T;; [+ 2u) (A2 — 2A1) — Lpi®(1 — A)(1 + Ay)]
62’[1) 1 2
—&-w (A1 (=2 + A1) + 3ul?(1 — Ag) (14 Ay)]
) o
+7;Zy [+ 20) A3 4 Jui(1 = A0)?] + 72 [AAZ = Jui(1 - Ay)?]
8211) 1 2
Fis =527y [—2pA2 Ay — 3pi2(1 — Ag)(1 + Ay)]
0, dp
+ By (A3 + pi?(1 — Ag)?) + —axy (1A} — Lpu2(1 - Ag)?
P w 1,72
Fi3 :6x8y [—2uAg Ay — Sl (1 = Ay)(1 + Ay)]
0, Oy
" AT = Gul(1 = Aa)?] + = [1AT + pl?(1 = Aa)?]

ow 0%p 0% )
Fuu=[=—=+ 1— A%+ Lul?AZ] + v _ T (L2 A5 A
14 ( x %) [t 4)? + Gul® AF] <6x8y oy? [11° A 1]

82901 az@y

Oxrdy  Ox?

n—1
A121<2) 2"
n \ h

0
Fi5 = (81;/) + <Py> [(1 — Ag)? + FulAZ] + < ) [§41% As As]

The coefficients A are as follows:
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2n—2
2
As=u(h> Izn_2
1 2 n—1
Ao =t 20 (2) ) E
n \ h
n—1
2
“z I,
(h) i

2

1 1 n—1
e (L) -

1
Alg = Z,uZQh

Ao = (A +2p)

SRS

SR

-

4 Virtual work equation:

Z'dz (i=0,1,2,n—1,n,n+1,2n — 4,2n — 2,2n)

[N

The virtual work done by the external force consists of three parts:

1. The virtual work done by the body forces on V.= Q x (—h/2, h/2)
2. The virtual work done by the surface tractions at the top and bottom surfaces ()

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

3. The virtual work done by the surface traction on the side surfaces S = T'* (—h/2, h/2) where ) is the mid-plane

of the plate, and I is the mid-perimeter of the plate.

If (fz, fy,f-) is the body force, (cz,cy,c.) is the body couple, (¢z,qy,q-) are forces exerted on the surface ,
(tg,ty,t.) is the Cauchy tractions, and (S, Sy, S.) is the surface couple, the variations of virtual work will be as

follows:

ow = — [/ (fedu + fy6V + f.0w + gzou + q,0V + ¢ 0w + ¢,00, + ¢,60, + ¢.00,)dzdy
Q

+ /(tx(Su + t, 0V + t,0w + 5,05 + 5,00, + 5,60,)dT
T

Since the only external force applied in this research is ¢,, the virtual work is as follows:

a b
Sw = / / oz, y)6w(z, y)dedy
0 0

The changes in the kinetic energy are expressed as follows:

h
0T = / / p(ﬂl(s’l:tl + ’UQ(S’[LQ + U35’U,3)dAdZ
al-y

where p is the density. Furthermore, according to Hamilton’s principle [I], the following holds:

/T((ST (0T — dw))dt = 0
0

where T is the kinetic energy, U is the strain energy, and W is the work done by the external forces.

(4.1)

(4.2)
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5 Plate equations

Using Hamilton’s principle (Eq. (4.4))), the basic equations are obtained as follows

» (9°Fy  OF, 0*F, O0°F3 OF; ) ]
s Il S B Tl I O I
{f—é ( Ox? ox + 0y? * 0z0y Oy 2| = a@y) + plow

0w 0w %) O
— Aol | == + = AZpJ, (‘T =t
6P12 ((%2 + 6y2),tt+ 6PIn+1 O + 2y y

/’5 (82F6 LRy 9Fy | 9F
n \ Oy2 = Ozdy Oy Oz

0
+ F14> dz = pkows 1t — AspInti <w>
0xr ) 4

/ (am OFy | OFy  0Fy
_ Ox? Ox Oxdy Oy

ow
+ F15) dz = pkapy .t — AepIni1 (8)
Y/

%
in which we have the following:

J1 =1 — Agl,
Int1 = Ins1 — Aglan

Ko =1y — 2461, 1 — Ail,

6 Determination of the general equations of an n*”* order plate

Considering the following parameters:

1
By = 2415+ 1?A7 + 5l2Ag + 24,
By= 1B -4 + A +112A +112A
2=5B1= A1 o+ 5l A7+ 11%As
By = —ph +2A7; — Ag — A
1o
B4=A9—A10+1l Ag — Aq
3.0 3.0 2
Bs = 345 — 51 A7 + Zl As — A+ )z + 2N+ p)Aslnt1 — (AN + p) AgLan
Bg = —plo + 2pAgly — pA2lg — 4A10 + 212 A7 — 12 Ag

1 1 1
B7 = Zulzh - §NZ2AGIn+1 + zulegfzn

1 1
Bg = —(/\ + 2#)[2 +2A19 — Ag — A1x + 512147 — ZZZAg
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) 1 1
By :ZZ2A8 — 5#l2"4g[2n—2 — 12A7 — 51271/17 + 3A12 — ()\ + ,U)IQ — ()\ + /L)Aglgn

(6.9)
+ 2(>‘ + ,U)AGIVL—H
3.0 Ly 3.0 L oo 4o 2
Big = 5[ A + 5[ nA; — 5[ Ag + 5#[ A6I2n—2 —uly — MA6IQn + ZMAGI%L—H —4A49 (610)
B12 = pAGIn+1 - pAgIZn (612)
B13 = pIQ — 2pA6In+1 - pAgIQn (613)
The general equations of an n'” order plate will be as follows:
O*w *w O*w 9w 0w P, o,
B B B Bs—+Bs3——+ B B
Lo2oy? T P2apt T P2 gr T g TP TP s T g 50
Py Oy Jdp Py 0*w
B Y+ B3— +B3—~2+B Y = h—— 6.14
tBig aer T B, t Bt B s a(z,y) + phos (6.14)
0w 0w 3 At
By, [Pz TPy
1 (ax2at2 + 8y28t2) TP (81:3152 * oyor
Pw 0% 0% 0t 0t d*p ot
-B B Y+ B B Y _B T 1B LI T
ozo? T o ogor T % oy A Towos U oyt T U oyt U 0y20a2 (6.15)
Ow 3w 0%, Fw 0%, '
—B3— — B3y, — By—— + B =-B B
Sor M T Pags TP g 2azar T U
Pw 0%, 0% 0 0 0 0t
—B B B Y 4+ B Y 4+ B * _B * _B m
ayoar T Pgyar T P0G TP g Y Pamas  Prgas ~ Pranay (6.16)
Bw ow 0% Pw 0% '
BSY Bl B by =l = —Bry—— + By 2L
4 B 3 oy 3%y + g oy? 128y8t2 + Dis o2

7 Navier solution method

The Navier solution method can be used for rectangular plates with simply supported boundary conditions on
all edges. Since the boundary conditions are automatically satisfied in this method, the unknown functions at the
mid-plane are expressed as dual trigonometric series, as follows [6], [10]:

x,y,t) = Z Z Wpnn sin oz sin fye’? (7.1)
m=1n=1

Oz (T, y,t Z Z X cos a sin Bye’? (7.2)

oy(z,y,t) = Z Z Yy sin oz cos Bye’? (7.3)
m=1n=1

The force is calculated as follows:
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= Z Z mn SID oz sin Bye’?t (7.4)
n=1
4 a b
Qmn =— / q(z, y) sin ax sin fydzdy (7.5)
ab Jo Jo
Qo for a sinusoidal force
1690 .
Q - for a uniform force (7.6)
m,n TéLﬂ-Q .
Tbo for a point force at the center of the plate
where
a="" 5:%”, i=+/—1 (7.7)
a

The simply supported boundary conditions are satisfied by the Navier method according to the following equations:

r=0 w(0,y) =w(a,y) = > Wnpsin Zrrsin %y =0

) (7.8)

r=a ¢y(0,y) =pyla,y) =323 Ymnsin ZFacos Ty =0

y=0 w(z,0)=w(z,b) =3 > wnysin “rxsin Ty =0

, (7.9)

y=>b @u(2,0) = e(x,b) =3 > Xynpncos 2rrsin 2y =0

8 Equation matrix of the n** order plate:
After solution using the Navier method and naming the coefficients of the equation variables as follows:

M1 = Bla252 + B20l4 + Bgﬂ4 - B3OZ2 - Bdﬂ2 (81)
M2 = M4 = B40{3 + B40452 - BgO{ (82)
Ms = M7 = By + Bso?8 — B3f3 (8.3)
Ms = —B;8* — B7a?pB? — Bg3? — Bsa® — Bs (8.4)
Mg = Braf3® + Bro® — Bsaf3 (8.5)
Mg = —Bra®B — BraB® — Boaf (8.6)
My = Bra®* + Bra** — Bipo® — Bgf3> — Bs (8.7)
N; = —Bj10”* — By18% — ph (8.8)

N2 = N4 = B120¢ (89)
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Table 1: Comparison between the frequencies of the first mode for different length-to-thickness ratios and length-scale-parameter-to-
thickness ratios for an nth order nanoplate (MHZ)(a/b = 1).

a/h
5 10 20 30 40 50
0 444.5855 121.6342 31.2161 13.9441 7.8576 5.0330
0.5 653.6982 173.8911  44.2699 19.7447 11.1202 7.1210
1 1055.3211 276.5826  70.1049 31.2407 17.5894 11.2621
2 1963.4588 511.3107 129.3539 57.6223 32.4387 20.7686

N3 = N7 = Bi2f (8.10)
N5 = Ng = —Bis (8.11)
N5 = Ng = —Bi3 (8.12)

The general matrix of the equations of an n*" order plate and the auxiliary equations will be obtained as follows:

M, M, M;3 Ny Ny N3 Wnn Qmn
M4 M5 Mﬁ - UJ2 N4 N5 NG an = 0 (813)
M, Mg My N7 Ng Ny Ymn 0

The plate is considered to be made of various materials, including epoxy, graphene, copper, etc. In this paper, the
plate material is considered to be graphene. A thin single-layer graphene plate has the following properties [I:

FE=106TPa, v=025 h=034nm, p= 2250kg/m3.

Moreover, the relationship between E and p and v can be written as follows:

vk - E
T A )

(8.14)

Where F is Young’s modulus, and g and A are Lamé parameters [5]. Also, the force has been considered to be
q=1N/m? .

9 Results and discussion:

The computational program was has been written in MATLAB software, and the results have been obtained from
this software. All the boundary conditions have been considered to be simply supported.

Tables to indicate that the frequencies of the different modes (w11 — w12 —wa1 — we2) of the nth order nanoplate
decrease with an increase in the length-to-diameter ratio. Furthermore, the frequency is the smallest when the effect of
the size parameter is not considered (classical theory), and it increases with an increase in the size effect. In addition,
the frequency is smallest for the first mode and increases for the subsequent modes.

Table [1] indicates that the frequencies of the different modes of the nth order nanoplate increase with an increase
in the ratio of the length scale parameter to the thickness of the nanoplate.

Table [5| compares the different mode frequencies for the nth order nanoplate with different orders. As seen in the
table, the vibrational frequency increases with an increase in the order of the nanoplate.

Tables |§| to |§| display the different mode frequencies (w11 — w12 — wa1 — wag) for different nanoplates. According to
the table, the frequency is the highest for the Kirchhoff nanoplate when the length scale parameter is not considered.
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Table 2: Comparison of the frequency wig for different length-to-thickness ratios and length-scale-parameter-to-thickness-ratios for an nth
order nanoplate (MHZ)(a/b = 1).

I/h
a/h =5 05 1 2
5 969.9190 1491.1907 2460.6235 4620.1898
10 289.9375 420.6563  674.3836  1250.9755
20 77.0069  109.6563  174.0385  321.4395
30 34.6497  49.1546  77.8533  143.6613
40 19.5766  27.7342  43.8041  80.9709
50 12,5548 17.7753  28.1226  51.8696

Table 3: Comparison of the frequency woy for different length-to-thickness ratios and length-scale-parameter-to-thickness-ratios for an nth
order nanoplate (MHZ)(a/b = 1).

I/h
a/h =5 05 T 2
5 960.9190 1491.1907 2460.6235 4620.1898
10 289.9375 420.6563  674.3836  1250.9755
20 77.0069  109.6563  174.0385  321.4395
30 34.6497  49.1546  77.8533  143.6613
40 19.5766 277342 43.8941  80.9709
50 12.5548 177753 28.1226  51.8696

Table 4: Comparison of the frequency was for different length-to-thickness ratios and length-scale-parameter-to-thickness-ratios for an nth
order nanoplate (MHZ)(a/b = 1).

I/h
a/h =5 05 1 D)
5 1400.0932 2231.9203 3742.7704 7073.5822
10 444.5855  653.6982  1055.3211 1963.4588
20  121.6342  173.8911  276.5826  511.3107
30 55.1008  78.3225 1241752  229.2384
40 31.2161  44.2699  70.1049  129.3539
50 20.0437  28.3971  44.9443  82.9090

Table 5: Comparison of the different mode frequencies for the nt* order nanoplate with different orders (MHZ) (a/b = 1,a/h = 5)

n
Mode — 5 7 9 11 13 5
w1 10553211 1058.2515 1063.3141 1067.3951 1070.5480 1073.0140 1074.9821
wia  2460.6235 2471.3233 2491.3787 2507.9604 2520.9555 2531.2138  2530.4538
w1 2460.6235 2471.3233 2491.3787 2507.9604 2520.9555 2531.2138  2530.4538
wey 37427704 3760.0712  3795.5355 3825.2651 3848.6823 3867.2063 3882.0979
wiz 5815671 T601.9951 7668.8776 7724.6763 T767.7158 7801.0760 7827.4309
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Figure 1: Comparison of the different mode frequencies for different length-parameter-to-thickness rations of the nth order nanoplate
(MHZ) (a/b=2,a/h = 30)

Table 6: Comparison of the frequency wq; for different nanoplates (MHZ)(a/b = 1)

a/h
Lh 10 20 30 40 50
Kirchhoff plate
0 124.98838 31.43847  13.98857 7.87172  5.03883
0.5 176.76026 44.46071 19.78283 11.13229 7.12598
1 279.48251 70.29855  31.27940 17.60169 11.26717
2 515.34028 129.62412 57.67637 32.45591 20.77563
Mindlin plate
0 121.5505  31.2102 13.9429  7.8572 5.0329
0.5  249.5297  64.2570 28.7266  16.1924  10.3732
1 436.5378 1154757  51.9052  29.3145  18.7965
2 722.2379  215.5686  99.1252  56.4382  36.3253
Third-order shear deformation plate
0 121.6342  31.2161 13.9441  7.8576 5.0330
0.5 173.8911  44.26997  19.7447  11.1202  7.1210
1 276.5826 70.1049 31.2407 17.5894 11.2621
2 511.3107  129.3539  57.6223  32.4387  20.7686
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Table 7: Comparison of the frequency w2 for different nanoplates (MHZ)(a/b = 1)

l/h
ao/h 5 0.5 I 2
Kirchhoff plate
10 308.7461 436.6329 690.3772 1272.9926
20 78.3559  110.8119 175.2090 323.0695
30 34.9237  49.3805  78.0917  143.9940
40 19.6641  27.8093  43.9704  81.0774
50 12.5909  17.8062  28.1540  51.9135
Mindlin plate
10 289.5156 592.8023 988.5087 1223.2879
20 76.9722  158.2169 280.4153 492.9660
30 34.6425  71.3140  128.0217 237.9174
40 19.5743  40.3193  72.7219  137.8488
50 12.5539  25.8663  46.7575  89.4593
Third-order shear deformation plate
10 289.9375 420.6563 674.3836 1250.9755
20 77.0069  109.6563 174.0385 321.4395
30 34.6497  49.1546  77.8533  143.6613
40 19.5766  27.7342  43.8941  80.9709
50 12.5548  17.7753  28.1226  51.8696

Table 8: Comparison of the frequency wa; for different nanoplates (MHZ)(a/b = 1)

l/h
ao/h 5 0.5 I 2
Kirchhoff plate
10 308.7461 436.6329 690.3772 1272.9926
20 78.3559  110.8119 175.2090 323.0695
30 34.9237  49.3895  78.0917  143.9940
40 19.6641  27.8093  43.9704  81.0774
50 12.5909  17.8062  28.1540  51.9135
Mindlin plate
10 289.5156  592.8023 988.5087 1223.2879
20 76.9722  158.2169 280.4153 492.9660
30 34.6425  71.3140  128.0217 237.9174
40 19.5743  40.3193  72.7219  137.8488
50 12.5539  25.8663  46.7575  89.4593
Third-order shear deformation plate
10 289.9375 420.6563 674.3836 1250.9755
20 77.0069  109.6563 174.0385 321.4395
30 34.6497  49.1546  77.8533  143.6613
40 19.5766  27.7342  43.8941  80.9709
50 12.5548  17.7753  28.1226  51.8696
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Table 9: Comparison of the frequency wog for different nanoplates (MHZ)(a/b = 1)

I/h
o/h =5 05 I 2
Kirchhoff plate

10 488.2420 690.4785 1091.7424 2013.0735
20 124.9884 176.7603 279.4825  515.3403
30 55.8018  78.9157  124.7766  230.0767
40 31.4385  44.4607  70.2985 129.6241
50 20.1355  28.4759  45.0243 83.0207
Mindlin plate
10 443.6884 908.3644 1444.5250 1088.1654
20 121.5505 249.5297 436.5378  722.2379
30 55.0018  113.3246 202.1703  365.8010
40 31.2102  64.2570  115.4757  215.5686
50 20.0412  41.2804  74.4444 141.0270
Third-order shear deformation plate
10 444.5855 653.6982 1055.3211 1963.4588
20 121.6342 173.8911 276.5826  511.3107
30 55.1098  78.3225  124.1752  229.2384
40 31.2161  44.2699  70.1049 129.3539
50 20.0437  28.3971  44.9443 82.9090

10 Conclusion

This paper addressed the vibrations of an n!” order nanoplate using the modified couple stress theory. As observed

in the tables and figures, the frequencies of the different modes of the n'” order nanoplate decrease with an increase
in the length-to-thickness ratio of the nanoplate. Moreover, the frequency is the smallest when the effect of the size
parameter is not considered (classical theory), and it increases with an increase in the size effect. Also, the frequency
is smallest for the first mode and increases for the subsequent modes. Finally, the vibrational frequency increases with
an increase in the order of the nanoplate.
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