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Abstract

In this paper, we propose a new monotone hybrid method for getting a common fixed point of a family of generalized
nonexpansive mappings and prove a strong convergence theorem for this family in the framework of Banach spaces.
Using this theorem, we obtain some new results for the class of generalized nonexpansive mappings and finitely many
generalized nonexpansive mappings. Using the FMINCON optimization toolbox in MATLAB, we give a numerical
example to illustrate the usability of our results.
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1 Introduction

It is well known that many of the most important nonlinear problems of mathematics reduce to finding the fixed
points of a certain operator which contractive type conditions naturally arise for many of these problems. Therefore,
the methods for finding the fixed points of such mappings are fundamental subject in mathematics and so are interested
by many mathematicians. Thus, many algorithms have been introduced by researchers such as Mann iteration process
and Ishikawa iteration process [17, [I0]. To reach the convergence in these methods, underlying space must be satisfied
in suitable properties [22]. Moreover, it is well known that we can prove only weak convergence of generated sequences
by the Mann iteration process even in Hilbert spaces [6]. Also, in Hilbert spaces, Ishikawa iteration process for a
Lipschitz pseudocontractive mapping is convergent while the Mann process is not convergent. However, researchers
use Mann process, since its formulation is simpler than the Ishikawa process.

Recently, to gain the weak or strong convergence, authors have used various iteration processes in the framework
of Hilbert spaces and Banach spaces, see, [2] 3 4} 111, 12, 13| 19} 23] 25]. Moreover, to get strong convergence, many
researchers have been extensively used modified processes.
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Assume that F is a real Banach space with the dual space E* and C is a nonempty closed convex subset of E. A
self-mapping T of C is called nonexpansive if

[Tz =Tyl < [lz —yll, (z,y€C).
The fixed points set of T is denoted by F(T).
For a nonexpansive self-mapping T of a nonempty, closed convex subset C' in a Hilbert space H, Nakajo and
Takahashi [19] proposed the following modification of the Mann’s iteration :
zo € C' chosen arbitrarily,
Yn = Ty + (1 — ap) Tz,
Cn={ueC :llyn —ul < llon —ul}, (1.1)
Qn={ueC :{x, —ux0—12,) >0}
Tnt1 = Po,ng, To,

where Pk denotes the metric projection from H onto a closed convex subset K of H. Assuming bounded above from
one for {a, }, they proved that the generated sequence {x,} is strongly convergent.

In 2006, the following modified Ishikawa iteration scheme has been introduced by Martinez-Yanes and Xu [18], for
a nonexpansive self-mapping 7' of a nonempty, closed convex subset C' with F(T') # 0 in a Hilbert space H:

zo € E chosen arbitrarily,
Zn = Pn&n + (1 — Bpn) Ty,
Yn = anZn + (1 — an)Tzy,
Cp={u€C :|lyn —ull® < [[zn — ul?
+(1 = an)(2nll? = llzall® + 2(zn — 20, u) > 0)},
Qn={ueC :{x, —ux9—12,) >0}

Tnt+1 = Po,ng., %o,

assuming bounded above from one for {«,, } and nl;rréo Bn = 1, they proved that the generated sequence {x,,} is strongly
convergent to Pr(r)Zo-
In 2008, using the monotone hybrid method, Qin and Su [2I] presented the following modification of iteration
, for a nonexpansive mapping 7T in a Hilbert space H:
rp=x€C, Cy=0Qy=C,
Up = nZp + (1 — )Ty,
Cpn={u€Ch1NQn-1 :u—un| <llu—mzl},
Qn = {U €Cho1NQpoa <xn —-—u,r _xn> > 0}7
Tnt+1 = Po,ng. %o,
for all n € N. Assuming suitable conditions on the sequence {c,}, they proved a strong convergence theorem.
Recently, Klin-eam, Suantai and Takahashi [I5] presented a new monotone hybrid iterative method for a family of
generalized nonexpansive mappings in a Banach space E:
rr=x€C, Cy=Qq=C,
Un = Ty + (1 — ) Ty,
Cpn={ue€Cr1NQp_1:Ptn,u) < d(xn,u)l}, (1.2)
Qn={ueCr1NQn-1:{x—x, Jr, —Ju) >0},
Tn4+1 = chan%
for all n € N, where J is the duality mapping on E and {«,} is a sequence in [0, 1] such that nlirgo(l —ay) > 0. They

proved that strong convergence of the sequence {z,} generated by (1.2) under the condition that the family {7, }52,
satisfies N.ST-condition.

In this paper, employing the idea of Klin-eam, Suantai and Takahashi [15], we present a new hybrid algorithm.
The ultimate goals of the paper are getting a common fixed point of a countable family of generalized nonexpansive
mappings and proving a strong convergence theorem in a Banach space. We obtain some new results for a generalized
nonexpansive mapping and finitely manay generalized nonexpansive mappings.
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2 Preliminaries
Suppose that E* is the dual of a real Banach space E. The strong convergence and the weak convergence of a
sequence {zx} to z in E will be denoted by z, — x and xp — z, respectively.

A Banach space E is strictly convex if ||Z£2|| < 1, whenever 2,y € S(E), z # y and S(E) is the unite sphere
centered at the origin of . The modulus of convexity of F is defined by

, 1
dp(e) = mf{l - Sl + )l Nl Iyl <1, lle —yll = €}

for all e € [0,2]. Also, E is said to be uniformly convex if §5(0) = 0 and dg(e) > 0 for all 0 < € < 2. The Banach
space F is called smooth if
-ty — o]

tig 1L (2.1)

exists for all z,y € S(F). The modulus of smoothness of E is defined by

pu(t) = SHP{%(HOC +yll+lz—yl) =1 : =€ SE), |yl <t}

If 228 5 0 ast — 0, then E is called uniformly smooth. Also if for every sequence {x,} in E that z,, — x and

lxnl| — |lz|| eventuate x, — x, then E satisfies in the Kadec—Klee property. It is worth noting that uniformly
convexity of E implies that it satisfies in the Kadec—Klee property. Also, uniformly convexity of F implies that E* is
uniformly smooth and vise versa [11 [24].

The mapping J from E to 2 defined by
J(x) ={a" € E*: (z,2") = [[=]l[|2"], [l=*]| = |lz|[} VazeE.
is called the normalized duality mapping. If E is uniformly convex and uniformly smooth, then J is uniformly

norm-to-norm continuous on bounded sets of E. Many properties of J have been given in [T} 24].

Assume that F is a smooth Banach space, we define the function ¢ : E x E — R by

$(a,y) = ||z]|* = 2(z, Ty) + lyl,
for all z,y € E. Observe that, in a framework of Hilbert spaces, ¢(z,y) = ||z — y||?. It is clear that for all z,y,z € E,

(AD) (Iyll = llz1)* < ¢z, y) < (lyll + [l=I)?,
(A2) o(z,y) = o(z,2) + ¢(2,y) + 2(x — 2, T2 = Jy),
(A3) o(z,y) = (x, Jx = Jy) + (z —y, Jy) < [lz[|[|[Jz = Tyl + ly — =[l[ly].-

A mapping T : C — F is called generalized nonexpansive whenever F(T) # () and ¢(Tz,p) < ¢(z,p) for all z € C
and p € F(T), where C is a closed subset of a Banach space E. Also a mapping T in E is called closed if x,, — = and
Tz, — vy, then Tx = y.

Assume that D is a nonempty subset of a Banach space E. A mapping R : E — D is called sunny [9] if
R(Rx + t(x — Rx)) = Rz,

for all z € E and all t > 0. It is also called a retraction if Rx = z for all x € D. The retraction R is called a
sunny nonexpansive retraction from E onto D if it is a retraction which is also sunny and nonexpansive. Let D be a
nonempty subset of a smooth Banach space E. If there exists a sunny generalized nonexpansive retraction R from F
onto D, then D is said to be a sunny generalized nonexpansive retract of E. More information on these retractions
can be found in [7].

3 NST-CONDITION
Assume that FE is a real Banach space and C' is a closed subset of E. Suppose that {T,,} and F are two families
of the generalized nonexpansive mappings of C' into F such that [\ F(T,) = F(F) # 0, where F(F) is the set of all
n=1

common fixed points of F.
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The sequence {T},} satisfies in NST-condition [20] with F if

lim ||, — Thaz,|| =0= hm |xn — Tzn| =0

n—

for all T € F and all bounded sequence {x,,} in C.

If F possess one element, i.e., F = {T'}, then {T,,} satisfies the N ST-condition with {T'}. If we put T;, = T for all
N, then {T,,} satisfies the N.ST-condition with {T'}.

Recently, Klin- eam et al. [15] introduced two countable families of generalized nonexpansive mappings satisfying
the NST condition (see Lemmas 3.1 and 3.2 of [I5]).

Now, we introduce a new countable family of generalized nonexpansive mappings which satisfies in NST condition.

Lemma 3.1. Assume that E is a uniformly smooth and uniformly convex Banach space C is a subset of E and
S1,59,--+, SN are generalized nonexpansive mappings of C into E such that ﬂ F(S;) # 0. Assume that

k=1
{Mn} {A2n}, - {Xan} are sequences in [0, 1] satisfying:

N
(i) D> Mgn=1foralln eN;
k=1
(i) Timinf A Ay > 0, for all i, j € {1,2,-++, N} with i < j.

Suppose that for each n € N, the mapping 7T,, : C' — FE is defined by

N
T,x = Z MenSrz, Vr e C.
k=1

Then, the countable family of generalized nonexpansive mappings {7,} satisfies NST-condition with
]::{517527"' 7SN}

Proof . At first, we show that (| F(T},) = F(F) and T,, are generalized nonexpansive mappings for all n € N. We
n=1

know that

N o)
= F(Se) C () F(Tn)
k=1 n=1

N
Put p € (| F(Sk). Applying Lemma 2.5 of [16] (or Proposition 4.2 of [§]), we get
k=1

&(Tp, p) (Z/\zmsklf p)
= H Z)\anka2 — 2< iAankv Jp> + ||p||2

N
< Menl|Szl|* — QZx\kn (Sk, Jp) + [pl?
k=1

= k=1

E

- Z nk¢(Skxap)

n=1

Mz

nkd’(xap)

Il
—

I
© 3
—
8

,D)-
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So, for all ¢ € F(T,) we obtain

N
k=1

N 2 N
= |32 Aen S| =20 D" AuaSi, Ip) + I
k=1 k=1

N N

<3 NenllSkall? = 2> Men(Sea, Tp) + Il
k=1 k=1
N

1

3
I

NE

n=1
= (¢, p),
that is,
N N
k=1 n=1
N
Using Lemma 3.1 of [9], we get ¢ = Tp,q = S19 = S2¢ = --- = Snq. Then F(T,,) C [\ F(Sk) for all n € N. Therefore
k=1

61 F(T,) = F(F).

Now, we prove that {7}, } satisfies in NST-condition with {S7,Ss, - ,Sx}. For this purpose, presume that {x,,}
is an arbitrary bounded sequence in C such that lim ||x, — T,,2,| = 0. It follows from Lemma 2.5 of [I6] that there
n—oo

exists a continuous, strictly increasing and convex function g : [0,2r) — [0, 00) such that g(0) = 0 and

O(Ln, p) = ¢(ZNj Nen Sk p)
k=1

N ) N
= [ MwnSicn|| = 2( " MenSkn, Ip) + o)1
k=1 k=1
N N
k=1 k=1

= Ninjug (|1 i — Sy )

N

3
—

] =

< )\nk(b(xnvp) - )‘zn)\]ng<||szmn - SjmnH)
n=1
= ¢($n7p) - )\in)\jng(HSixn - ijnH)a
for all p € (| F(Ty,). Therefore
n=1
/\zn)\]ng(”‘g’txn - ijnH) S ¢(In,p) - ¢(T7L$nap)- (31)

Assume that {||S12n, — S2xy, ||} is an arbitrary subsequence of {||S1z,, — Sex,,||}. Boundedness of {z,, } implies that
there exists a subsequence {z,+} of {xy, } such that
J

lim ¢(z,,p) = limsup $(,,.p) = a.
J

J—00 k—o00
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Using properties (A2) and (A3) of ¢, we conclude that

¢z, p) = ¢, T )+ O(Tw,,p) + 20, =T w,  JT 2, —Jp)

J J

j
Ty, =2y Ny 2 I+ 202y =Tz 1T, 2, = Jpl)-
Utilizing the uniformly norm to norm continuity of J on bounded sets, we can derive from lim ||z, — T,xz,| = 0 that
n—oo
lim ||Jz, — JT,z,| = 0. Taking the limit inferier on both sides of 1) we obtain
n— oo
a = liminf ¢(x,/,p) < liminf (T x, /,p).
J—00 J J—00 J J
Moreover, for all n € N, T,, is generalized nonexpansive, thus

limsup (T, ,p) < limsup ¢(x,/,p) = a.

Jj—o0 J Jj—o0

Thus, we can obtain from (3.1 that
lim g(Si,e — Sa,y ) =0,

since liminf A1, A2, > 0. Therefore, lim |Syz,» — Sz, || = 0 and hence lim |Syx, — Sox, | = 0. Using the similar
n— o0 n—00 J J T —> 00
method, we can prove that lim ||Siz, — Sjz,| =0 for all j =3,4,--- ,N. Since
n—o0

||xn - Slmn” < ||xn - Tnxn” + HTnl‘n - Slan
N

k=2
we yield that lim ||z, — Sz, | = 0. Similarly, we have lim ||z, — Sjz,|| =0 forall j =2,3,--- ,N. O
n— o0 n—o00

4 Main Results

Now, using monotone hybrid method, we establish a strong convergence theorem for a family of non-self generalized
nonexpansive mappings in Banach spaces.

Throughout this section, we assume that E is a uniformly smooth and uniformly convex Banach space, C is a
nonempty closed convex subset of £ and JC is closed convex. Also, we suppose that for each n € N, the mapping
T, : C — E is generalized nonexpansive and {7} is a countable family of such mappings. Also we suppose that F is

oo
a family of closed generalized nonexpansive mappings from C into E such that (| F(T,) = F(F) # (. Furthermore,
n=1

we assume that {7} satisfies in NST-condition with F. Moreover, sunny generalized nonexpansive retraction from
FE onto D will be denoted by Rp, where D is a nonempty subset of F.

Theorem 4.1. Suppose that for each n € N, x,, is generated as follows:

1‘1:.%'60, C():QOZC,

Up = OnTpn + (1 — 0,)Thxy,

Yn = Bnln + (1 - Bn)Tnzna
Cn={u€Cr1NQn-1:6Yn,u) < d(zy,u)},
Qn={u€Ch_1NQn_1:{x—x,,Ju, — Ju) >0},

Tnt1 = Re,n@, @,

where the sequences {6, } and {8, } are in [0, 1] such that lim inf(1 —#6,,) > 0 and ILm Brn = 1. Then, {x,} is strongly

n—oo
convergent to Rp(r)®.
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Proof . At first, we prove that for each n € N, JC,, and J@Q,, are closed convex. Using the definition of C,, and @,,
we can easily obtain the closedness of JC), and the closedness and convexity of J@, for all n € N. The condition of
C,, implies that

2zl = lynll® = 2(zn — yn, Ju) > 0,

for all u € JCp, so u € JC,, is convex. Let p € F(F). Since {T,,} are generalized nonexpansive mappings for all
n € N, we obtain

¢(un,p) = ¢(Onzn + (1 = 0,)T2n, p)
< Onllzn]|® + (1 = 00) | Tuwn | = 205 (2, Jp) = 2(1 = 6,)(Tnp, Ip) + ||p|?
< Ond(Tn,p) + (1 = 0,)0(2n,p)
= ¢(n,p)

and therefore

¢(Yn:p) = ¢(Bntun + (1 — Bn)Tnxn, p)
= [1Bntn + (1 = Bu)Tnn||* = 2(Bpun + (1 = Bn)Tnn, Jp) + ||
< Bullual + (1= ) T = 28, (s Jp) = 200 = ,) (T Jp) + [ )
= Bnd(tn,p) + (1 = Br)p(TnTn, p)
< Bnd(xn,p) + (1 = Bn)d(zn, p)
= ¢(xn,p),

thus p € C,, for all n € N. Hence,
F(F) c Cy.

Now, we will prove that F(F) C C,NQ, for all n € N. For eachn € N, J(C,NQ,) = JC,NJQ,, is closed convex,
since J is one-to-one . Using Lemma 2.10 of [26], we can conclude that C,, N @, is a sunny generalized nonexpansive
retract of F.

It is easy to see that F(F) C C = Co N Qp. Assume that F(F) C Cph_1 N Qp_1 for some n € N. Since
zn = Rc, ,nQ,_,, utilizing Proposition 4.2 of [§], we get

(¥ — @y, Jay — Ju) >0, (4.3)

for all u € C,,—1 N Qy—1. Using the induction assumption, we can derive that for all u € C,,_1 N @, _1 the inequality
(4.3)) is satisfied. Furthermore, the definition of @,, implies that F(F) C @,,. Therefore, F(F) C C,, N Q. So {x,} is
well-defined.

On the other hand, by the definition of @, we can conclude that z, = Rg,x. Using Proposition 4.2 of [§], we
obtain

¢(z,2n) = ¢(z, R, x) < ¢(x,u) — ¢(Ro, v, u) < ¢z, u), (4.4)
for all u € F(F) C Qn, ie., {¢(z,x,)} is bounded. Thus {x,}, {u,} and {T,x,} are also bounded.

Using the definition of Rg, , we get
¢(Iaxn) < ¢($,In+1), (4'5)
for all n € N, because of x,11 = Re,ng,z € Cr, N Qn C @, and z, = Rg,z. So, li_>m {éd(x,zp)} exists. Using

Proposition 4.2 of [§] and z,, = Rq, =, we derive that for every positive integer k and for each n € N,

¢($n, x7z+1) = ¢(Ran7 xn-‘rk)

< Qj)(xa xn+k) - qj)(x? Ran) (4'6)
= ¢(x, xn+k) - ¢($7 xn)a
thus
nh_{go ¢(Tp, Tpgr) = 0. (4.7)

Utilizing Corollary 4.19 of [5], there exists a strictly increasing, convex and continuous function g : [0,00) — [0, c0)
with ¢(0) =0 and for m,n € N with m > n,

gllzn = zml) < S0, 2m) < (2, 2m) — (T, T0).



2354 Alizadeh, Moradlou

The properties of g implies that {z,} is a Cauchy sequence. Hence there exists v € C so that z, — v. Due to
Tn+1 = Re,ng, T € C), and the definition of C),, we obtain

(b(xnvxn-i-l) - ¢(yn7 xn-‘rl) >0, Vn € N’ (48)
Using (4.7)) and (4.8]), we conclude that

nlggo A(Yns Tng1) = O(Tn, Tng1) = 0. (4.9)
Utilizing uniformly convexity and smoothness of E the equality, (4.9) and Proposition 2 of [14], we have

nlingo [0 = Tn1ll = nlggo [yn — Tnt1 = 0. (4.10)

So, we obtain
lim ||z, — yn| = 0.
n—oo

Since {u,} and {T),z,} are bounded and f,, — 1, we deduce that

|tn = ynll = (1 = Bn)l|tn — Tnznl — 0

and hence
[tn = Zniall < llun = ynll + llyn — Zniall = 0.
Moreover,
[Znt1 = unll = |Znt1 = Onun — (1 = 6n) Tny|
= (1 = 0n)(@n+1 — Tnn) = On(2n — Tnt1)|| (4.11)

= (1= On)lznt1 — Taznll — Onllen — niall-
This yields that

1
[Zn+1 — Tozn| < 1-0 (1znt1 = unll + Onllzn — znta ) (4.12)
Due to hnrr_1)1oréf(1 —0,,) > 0, we can conclude from 1) 1} and 1) that
lim ||2p4+1 — Than| = 0. (4.13)
n—oo

From
|z — Thanll < |l2n — Tngall + [[Bnt1 — Tzl

and (4.10) and (4.13)), we obtain

lim ||z, — Tha.|| = 0.
n—oo
So
lim ||z, — Tz,|| =0, VT €F,

n— oo

because {T),} satisfies the NST-condition with F. Moreover, x,, — v and T is closed, so we can deduce that v is a
fixed point of T'. Utilizing Proposition 4.2 of [§], we get

¢(z, RpFryz) < d(z, Rp(r)z) + ¢(Rpryw,v) < é(z,0).
Using Proposition 4.2 of [§], x,,4+1 = Rc,ng,« and v € F(F) C C, N Q,,, we can derive that
¢(SC, xn+1) < (b(xv xn+1) + ¢(xn+1a RF(]—")I) < (b(xa RF(]—")I)

Therefore ¢(x,v) < ¢(z, Rp(F)z), due to x, — v. Thus ¢(x,v) = ¢(z, Rpr)z). Hence, since Rpzz is unique, we
conclude that v = Rp(Fyz. U
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Corollary 4.2. Assume that T : C' — F is a closed generalized nonexpansive mapping with F(T') # (). Suppose that
for each n € N, z,, is generated as follows:

rr=x€C, Coy=Qq=C,

Up = Onp + (1 — 0,) T2y,

Yn = Bntin + (1 = Bn) Ty,
Cn={u€Cr1NQn-1:6Yn,u) < d(zn,u)},
Qn={u€Cr_1NQn_1:{x—x,,Ju, — Ju) >0},
Tn+1 = Re,ng. 7,

where the sequences {6, } and {8,} are in [0, 1] such that lirri> inf(1 —#6,,) > 0 and li_>m Brn = 1. Then, {x,} is strongly
convergent to Rp(r).

Proof . By letting T,, = T for all n € N, the result can be obtained from Theorem g

Corollary 4.3. Assume that T : C — E is a closed generalized nonexpansive mapping with F(T) # (. Suppose
that for each n € N, x,, is generated as follows:

r1=x€C, Co=Qg=0C,

Up =0y + (1= 0,) (ynzn + (1 — ) T20),

Yn = Butin + (1 = Bn) (ynzn + (1 — yn)Tz0),

C, = {U €Cn1NQp-1: ¢(ynvu) < ¢>($mu)}7
Qn={ueCr1NQn_1:{x—x, Jr, —Ju) >0},

Tnyl = chan%

where the sequences {6,},{8,} and {v,} are in [0,1] such that liminf(1 — 6,) > 0, lim 8, = 1 and
n— oo

n—oo
liminf v, (1 — ~,) > 0. Then, {z,} is strongly convergent to Rp(r)z.
n—oo

Proof . Defining T,z = v,z + (1 — v,)Tx for all n € N and « € C' and using Lemma 3.1 of [I5], the result can be
obtained from Theorem 1]l [J

Corollary 4.4. Assume that S1,5; : C — E are closed generalized nonexpansive mappings with F'(S1)NF(Ss) # 0.
Suppose that for each n € N; z,, is generated as follows:

xlzxeC, CQZQ():C,

Up = 0p2n + (1 — 0,) (10S120 + AnSoxn),

Yn = Bntn + (1 = Bn) (vnS12n + AnSa2zy),
Cpn={ue€Cr1NQpn_1: d(yn,u) < d(xn,u)},
Qn={u€Ch1NQn_1:{x—x,,Jo, — Ju) >0},
Tnt1 = Re,no. 7,

where the sequences {0,,}, {6n}, {7n} and {A\,} are in [0, 1] and the following conditions hold:
(i) liminf(1 —46,) > 0;
n— oo
(i) lim 6, =1
(iii) Yo+ An =15
(iv) liminf~,\, > 0.
n— oo

Then, {x,} is strongly convergent to Rp(s)nF(S2)T-

Proof . By defining T,z = 7,512 + A\, S22 for all n € N and z € C and utilizing Lemma 3.2 of [15], the desired result
can be obtained from Theorem [£.1l O
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Corollary 4.5. Assume that S;,5;,---,Sy : C — FE are closed generalized nonexpansive mappings with
N

) F(Sk) # 0. Suppose that for each n € N, z,, is generated as follows:
k=1

rn=z€C, Co=Qy=C
N
Uy = Oy + (1 —Gn)( Z )\ankxn)v

Yn = Bntin + (1 - 571)( Z kl'n)

C, = {U eCho1 N Qn—l : ¢(yn7 ) < ¢>($mu)}7
Qn = {U €Ch1NQp: <l’ — Ty, JTpy — JU> > 0},
Tpl = chan%

where the sequences {0, }, {Bn}, {An}: {A2n}, -+, { i~} are in [0,1] and the following conditions hold:
(i) liminf(1 —6,) > 0;
n— oo
(i) lim 5, =1;

N
(iii) Z Aon = 1;
hmlnf)\m/\n>0f0rallzy€1 2,--+ N with ¢ < j.
j

n— oo

Then, {x,} is strongly convergent to RI"IkNﬂ P(50)%

N

Proof . By defining T,x = > A\pnSix for all n € N and € C and using Lemma the result can be obtained
k=1

from Theorem A1l O

Remark 4.6. By letting 5, = 1 for all n € N in Theorem we can deduce Theorem 4.3 of Klin-eam et al. [I5].
This means the main result of Klin-eam et al. [I5] is a special case of our Theorem

The following theorem is a result of our main theorem in the framework of Hilbert spaces.

Theorem 4.7. Assume that C' is a nonempty, closed and convex subset of a Hilbert space H. Suppose that {T,,} and
F are a family of nonexpansive mappings of C into H such that ﬂ F(T,) = F(F) # 0. Assume that N ST-condition
with F holds for {T},}. Suppose that for each n € N, z,, is generated as follows:

rn=xz€C, Ch=0Qyg=C

Up = Opzy + (1 —0,)Thxy,

Yn = Butin + (1 = Bn)TnTn,

Cn = {u €Ch-1NQp-1: Hyn - UH < Hxn - uH}v
Qn={u€Cr1NQn_1:(T—xn,7, —u) >0},
Tnt1 = Po,nQ, 7,

where the sequences {6, } and {8,} are in [0,1] such that liminf(1 —#6,) > 0 and lim 3, = 1. Then, {z,} is strongly
n—oo n— oo
convergent to Pp(r)r, where Pp(r) is the metric projection from C onto F(F).

Proof . Since, in a Hilbert space, ¢(z,y) = ||z —y||? for all 2,y € H and J is the identity mapping and a nonexpansive

mapping T : C — H with a fixed point is also a generalized nonexpansive mapping, Theorem gives the desired
result. O

5 Numerical example

Now, to illustrate our algorithm which is given in Theorem 4.1, we give a numerical example.
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Example 5.1. Assume that £ = R and C = [-2,2]. Define S1,53 : C — E by Siz = éx,ng = %x for all z € C,
then F(S7) = F(S3) = {0} and

2

< |z|* = ¢(0, ),

#(0,S12) = ¢ (0, 21690> = ’O — %x

for all z € C'. So, 57 is closed generalized nonexpansive mapping. It is readily seen that S, is also a closed generalized

nonexpansive mapping. Define 6, = 1 + -, 8, =1— ﬁ, Tn=2- SJ%H and A, = % + ?,J%n, hence {0,,}, {6n}, {Vn}

and {\,} satisfy the conditions Theorem Define T,z = v,S17 + A\ Sax for all n € N and z € C. By Lemma 3.2

2r %
1
3
L ]
Tl 1
%
LY
1
A
1k
LY
= LY
» %
‘\
0.6 N
~
i By
b 5 — n

onF W e oy o o

05 . . . . . . . . . |
1] 2 4 5] 8 10 12 14 16 18 20
n
Figure 1: The convergence behavior of the generated sequence {zy} with our algorithm for starting points 1 = 2 and z; = —0.5.

of [I5], {T,,} satisfies the N.ST-condition with F = {5, S2}. Therefore, under the above hypotheses in Theorem
for each n € N, z,, is generated by the following algorithm:

r1=x€C, Co=Qo=C,

Up = Opy, + (1 — 0,)Thxn,

Yn = Bntn + (1 = Bn)Tnn,

Crn={u€Cro1 NQn1: |un —u| < |ay —ul},
Qn={ueCr1NQn_1:(xr—2,)(Tn —u) >0},

Tnt1 = Po,ng, & oT |Tpi1 — x| = ze%‘li%Q |z — x|
W NQn

Obtained results for the above algorithm show that the sequence {z,,} converges strongly to 0, see Figure 1. Moreover,
Tablel is a numerical result for the sequence {z,} with different starting points ;7 = 2 and z; = —0.5 to satisfy
condition |Tp11 — xn| < 107, For x; = 2, we obtain the approximate solution after 22 iterations with CPU time
1.665 s and for ;1 = —0.5, we obtain the approximate solution after 20 iterations with CPU time 1.366 s. We
have solved the optimization subproblems in this example with the solver FMINCON from optimization toolbox in
MATLAB software.
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Tablel Numerical Results for z,,
n r=2 xr=—0.5
1 2 —0.5
2 1.3269 —0.3317
3 0.8638 —0.2159
4 0.5545 —0.1386
5 0.3522 —0.0881
6 0.2219 —0.0555
7 0.1388 —0.0347
Stop 22 20
CPU time 1.665 1.366
Table 1: Numerical results for the generated sequence {z,} with our algorithm for starting points 1 = 2 and z1 = —0.5.
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