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Abstract

In this paper, the best proximity pair problem is considered with a cone metric. the conditions for the existence and
uniqueness of the best proximity pair problem is discussed by using interesting relationships in Riesz spaces. This
problem is studied for T-absolutely direct sets. Also, given the conditions considered for this problem, it is shown for
the cone cyclic contraction maps, the best proximity pair problem is uniquely solvable.
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1 Introduction

The problem of the best proximity pair is one of the significant issues that has called a lot of attention in recent years.
In all relevant papers, the research done on metric space (E,d) has made use of metric function d : E x E — R. As
examples, Eldred and Veeramani [5] discussed the best proximity pair problem for cyclic contraction maps on uniformly
convex Banach spaces. This problem was examined for relatively nonexpansive maps [I3] and pointwise contraction
maps in [2]. The best approximation problem in Banach lattices is connected to monotonicity in [4, [6l [7, [9] 10} [11].
Afterwards, we will review some basic definitions in Riesz space E. If E is a partially ordered vector space, then F
is called a Riesz space (or a vector lattice space) if  V y = sup{z,y}, and = Ay = inf{x,y}, both exist in E, for
any x,y € E. For any vector x in Riesz space F, define x7 = zV 0, 27 = (—z) V0 and |z| = z V (—z). The set
Et ={z € F: 2 > 0} is called the positive cone of E. Riesz space F is called Dedekind complete whenever every
nonempty bounded above subset has a supremum (or equivalently, whenever every nonempty bounded below subset
has an infimum). Also F is said Archimedean if 2 = 0 holds whenever, 0 < nx <y € ET for all n € N. More details
about Riesz spaces could be find in [T} [3| 12}, [14].

2 Preliminaries

Definition 2.1. The mapping d: £ x E — ET is said to be a cone metric on F if it satisfies:
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d(z,y) =0 if and only if z = y.
(b) d(z,y) = d(y,z) for all z,y € E.
d(z,y) < d(z,z) +d(z,y) for all z,y,z € E.

In this way, we recognize (F,d) as a cone metric Riesz space. We define d(z,y) = |z —y| € ET for any x,y € E, so
(E,|-]) is a cone metric Riesz space. Recall that f,, | f it means the sequence {f,} C F is decreasing and f = inf f,
in E.

In the continuation of the article, it is supposed that A and B are two nonempty subsets of Riesz space E, and
T : A — B is an arbitrary map, and Dist(A,B) = A|A— B| =inf {|x —y| : # € A,y € B} exists in the set |A — B|.
It means, there exist a € A and b € B such that Dist(A, B) = |a — b|. For instance, if E is Dedekind complete and
|A — B| is order closed, then there exist a € A and b € B such that Dist(A, B) = |A — B| (]JA— B| is a bounded below
subset of E). Let x € A. If |[x — TX| = Dist(A, B), we say (x,TX) is a cone best proximity point for T. We show
the set of all such points by P%(A, B), i.e., P5(A,B) ={x € A: |x — Tz| = Dist(A, B)}.

Definition 2.2. Let (E,|-|) be a cone metric Riesz space and w,u, € E (n =1,2,...).

(a) The sequence {u,} is order convergence to u if there exists a sequence f, | 0 such that |u — u,| < f, holds
for any n € N. (In symbols u, > u). Also the subset A C E is order closed whenever for the all sequences
{x,} C A such that z,, % x, imply x € A.

(b) The sequence {u,} is order Cauchy if there exists a sequence f, | 0 which |u, — u,,| < f, for all n > m > 1.
Clearly, order convergence sequences are order Cauchy.

(¢) The cone metric Riesz space (E, |- |) is order complete if any order Cauchy sequence is order convergence.

(d) The mapping T: AUB — AU B is a cone cyclic contraction map if T is cyclic (T(A) C B and T(B) C A) and
also |Tx — Ty| < klz — y| + (1 — k)Dist(A, B) for some k € (0,1) and any (z,y) € A X B.

It should be mentioned that the order convergence in a Riesz space E does not necessarily correspond to a topology
on E.

Remark 2.3. Let C(K) be the set of all real continuous functions on K by ordering f; < fy if f1(z) < fo(z) for any
e K. Weknow f1V fo = 3(f1 + fa) + 31f1 = fo| € O(K) and fi A fo = 5(fi + f2) — |1 = fo| € C(K) for any
f1, f2 € C(K). Therefore C(K) is a Riesz space. Also, if K is a Hausdorff topological space, compact and extremally
disconnected (i.e., the closure of any open set is open) then C(K) is order complete and Dedekind complete [8].

Definition 2.4. Let (E,|-|) be a cone metric Riesz space.

(a) A sequence {x,} C A is said to be a cone T-minimizing sequence in A whenever |z,, — Tz,,| = Dist(A, B).
(b) The subset A C E is a T-absolutely direct set if for any x,y € A, there exists z € A such that

|z —=Tz|<|z—Tx|Aly—Tx| and |z—Ty| <|z—Ty|AN|y— Ty

Example 2.5. Suppose A C F is a sublattice, it means = V y and x A y both exist in A for any z,y € A, and also
A > B (or B> A). Then A is a T-absolutely direct set.
The notation A > B means that a > b for any a € A and b € B.

Cone best proximity pair problem is T-solvable (T-uniquely solvable) if P%(A, B) # 0 (card P§(A, B) = 1).

3 Main results

In this part, we aim to provide conditions to investigate the existence and uniqueness of cone best proximity pair
problem.

Theorem 3.1. Let (E,|-|) be a cone metric Riesz space and A C E be a convex T-absolutely direct set. Then
card P$(A,B) <1
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Proof . Suppose there exist z,y € A such that |x — Tz| = |y — Ty| = Dist(A, B). Given A is a T-absolutely direct
set, there exists z € A such that

|z =Tz| <|x—Tx|Aly—Tx| and |z—Ty| <|z—Ty|A|y— Tyl

Thus |z — Tz| = |x — Tz| and |z — Ty| = |y — Ty|. Since A is convex, we have 2= € A. Therefore,

-T -T
|x — Tz| < x+ZfTa:§|x o+ 1z x‘:|x—Tm|.
2 2
Notic that every Riesz space E has the following property
lf+gl+1f—gl=2(fIVIg]), (Vf.g€E) (3.1)

which leads to
| —z|=2(Jz = Tz|V |z —Tz|) — |t + 2z —2Tx| =0,

that is z = z. in the same way, we obtain y = z, and as a result, card P$(A,B) < 1. O

Example 3.2. Suppose E = R? with coordinatewise ordering (i.e., (z1,y1) < (z2,y2) if and only if 2; < 2o and
y1 <y2). Pt A={(l,z): 2 € R}, B={(2,2) : 2 € R} and T : A — B defined by

) (@21, reQ
T(l’w){(zﬁ), z¢Q

W can see that Dist(A, B) = (1,0) and A is a convex set, but A is not a T-absolutely direct set. It is easy to see that

PJC;(Av B) = {(17 1)7 (1’ \/é)}

Theorem 3.3. Let (E,|-|) be order complete, A C E be an order closed and a convex T-absolutely direct set. Then
any cone T-minimizing sequence in A, is order convergence.

Proof . Suppose the sequence {y,} C A is a cone T-minimizing sequence in A. Then |y, — Ty,| = Dist(A, B), so
there exists a sequence f,, | 0 such that 0 < |y, — T'y,| — Dist(A, B) < f,. We prove the sequence {y,} is order
Cauchy, it means there exists a sequence g, | 0 such that |y, — yn| < gn (n,k € N). Since A is a T-absolutely direct
set, there exists x,, € A which
[Zr = Tyn| < |Yn — TYn| A yntr — Tynl
and
1Zn = TYntk| < 1Yn = TYntkl A lYnsrk — TYnl-

A is convex so % € A, Therefore

n n n - T n n T n o .
Dist(A, B) < \;y ~ry,| < =Tl =Tl <y, gy, 2 Dista, )
Hence
Ty + Yn . .
0< — Ty,| — Dist(A, B) < |y, — Tyn| — Dist(A,B) < f, 1 0,
SO
Tpn + Yn

— Ty,| % Dist(A, B). (3.2)

By (B) and (FZ), we have
1Yn — Znl = 2(|2n — TYn| V |Yn — Tynl) — |20 + Yn — 2TYn| = 2|yn — Tyn| — [2n + yn — 2Tyn|.

Thus |y, — z,| = 0. (It is easy to see that if a,, = a and b,, = b then aa,, + Bb, = aa + Bb for each a, 3 € R).

Similarly, it can be concluded that |y, — | 2 0. Therefore there exist the sequences p, | 0 and ¢, | 0 such
that |yn — 2n| < pp and |Ynir — Tn| < Gn, and as a result |Ypik — Yn| < Pn + qn 4 0. O Tt is necessary to mention that
f: A — Bis a o-order continuse map if f(x,) 2 f(x) for all sequences {z,,} C A such that x, > z.
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Corollary 3.4. Let (E,|-|) be order complete and T': A — B be a o-order continuous map. Let A be order closed,
and a convex T-absolutely direct set. If A has a cone T-minimizing sequence then cone best proximity pair problem
is T-uniquely solvable.

Proof . Suppose that {z,} C A is a cone T-minimizing sequence, by theorem x, > x for some x € A. Therefore
Tz, > T, s0 |z, — Tan| 2 |2 — Tx|. Since order limits are uniquely determined, so |z — Tx| = Dist(A, B). Also by
theorem [3.1] card P§(A, B) < 1. Thus card P§(A,B) =1. O

Theorem 3.5. Let (E,|-|) be an Archimedean cone metric Riesz space and T': AU B — AU B be a cone cyclic
contraction map. If 1o € A and z,,41 = T2, = T" 2 (n = 0,1,2,...), then the sequence {r5,} C A is a cone
T-minimizing sequence in A.

Proof . We can see that |z,11 — 2| = T2, — Tap_1| < klzm —2p_1| + (1 — k)Dist(A, B) < k?|z,_1 — 2o + (1 —
k?)Dist(A, B). By induction, we obtain

|Tnt1 — Tn| < k™1 — x| + (1 — k™) Dist(A, B).

Since E has Archimedean property, we have |2,,+1 —2,| — Dist(A, B) < k"u | 0 which u = |21 —zo|— Dist(A, B) € E*.
Thus |Tx, — x,| 2 Dist(A, B). As a result, {22, } C A is a cone T-minimizing sequence in A. [J

Theorem 3.6. Let (F,|-|) be Archimedean and order complete. Let A C E be an order closed sublattice and A > B
(or B> A). IfT: AUB — AU B is a cone cyclic contraction map then cone best proximity pair problem is uniquely
solvable.

Proof . Assume A > B (the proof is similar to the other), and x — Ta = y — Ty = Dist(A, B) for some z,y € A.
Since A is a sublattice, t Ay € A, s00 <z —-Tr<zAy—Trand 0<y—Ty<zAy—Ty. Thusz <x Ay and
y <z Ay, it means x =y and card PZ(A,B) < 1.

Suppose zy € A and define z,11 = Tx,, n = 0,1,2,.... By theorem the sequence {z2,} C A is a cone
T-minimizing sequence in A. So based on theorem there exists € A that zg, — 2. In other words, there
exist the sequences f, | 0 and g, | 0 such that |z, — 2| < f, and |za, — Ta2,| — Dist(4,B) < g,. Now,
0 < |x—Twxo,|—Dist(A, B) < |x—xap|+|x2n—Txon|— Dist(A, B) < fr+gn 4 0. Also 0 < |z9p40—Tx|—Dist(A, B) =
|Txont1 — Tx| — Dist(A, B) < |xan+1 — x| — Dist(A, B) = |Txa, — x| — Dist(A,B) < fn + gn 1 0.

Finally, 0 < |x — Tz| — Dist(A, B) < |z — x2,| + |x2n — Tx| — Dist(A, B) < 2f, + gn 0. Therefore |z — Tz| =
Dist(A, B), that complete the proof. O
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