» IN
MA
‘m¥ A

New results on fourth-order Hankel determinants for
convex functions related to the sine function

Bassim Kareem Mihsin?, Waggas Galib Atshan®* Shatha S. Alhily?

@Department of Mathematics, College of Science, Mustansiriyah University, Baghdad, Iraq
bDepartment of Mathematics, College of Science, University of Al-Qadisiyah, Diwaniyah, Iraq

(Communicated by Ehsan Kozegar)

Abstract

In this paper, we give an upper bound for the fourth Hankel determinant Hy(1) for a new class Sf
associated with the sine function.
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1. Introduction

Assume the class of the functions f be analytic say A, in the open unitd disk V = {z € C : |z] < 1},
represented by:

f(2)=z2z4a2® +as®+ ..., z€V (1.1)

Assume C be subclass of A consist of univalent function, let F be a class of analytic functions L
normalized by:

L(z) = 1 +v1z + v22° + v32° + .., (1.2)

and satisfy the inequality below
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Re(L(2)) >0, z € V.

Now, let the two analytic function in V say f and g.

Thus, the function g be subordinate to the function f, and represented by f(z) < g(2), z
V. if the Schwarz function W(z) exists, with [W(z)| < 1 and W(0) = 0 [see more [2I]], ¢(2)
fOWV(2)), z € V.

Cho et al. [9] introduced the following function class S, in 2018:

I m

S: = {zf(z) <1l+sinz, feA, ZGV},
f(2)
zf'(2)

The quantity o) lies in an eight-shaped region in the right-half plane.
We introduced the new class.

Definition 1.1. Assume the function f € A which given by (1.1)) is said to be convex function class
S¥:

/!
Sf:{1+z"c/ (Z)-<1+sinz, feA, zev} (1.3)
f'(z)
implies that the quantity 1 + Z}{,/;S) lies in an eight-shaped region in the right- half plane.

In 1976 Noonan and Thomas [23] stated the q'" Hankel determinant forq>1andn > 1 of
functions f as follows:

Qn Apy1 0 Aptqg-1
Ap+1 Apyo -0 Apiq
Hq(n) = . . . . , a1 = 1.
Untg—1 Qniq " Ont29-2

In particular, we have

Forq=2, n=1and ay = 1, Hy(1) = a3 — a3 is the well-known Fekete-Szeqo functional. The
second Hankel Ho(2) defined as Hy(2) = asay — a3 for g = 2, n = 2 was studied for the classes
of bi-starlike and bi-convez functions (see [1, (2, [, 15, (10, (12, (15, [16, (25, [31]). The third Hankel
determinant is given as:

ap Qg as
H3(]-) = (G2 a3 a4(, 1 = 37 n= ]-7
az G4 0as

H3(1) whose elements are various classes of analytic functions, it is worth mentioning that [0, 7,
8, (12,113, 17, [18, (20, (27, (28, 129, (30, 132, (34]. For instance, Murugusundaramoorthy and Bulboacd
[22] defined the subclass of analytic functions ML\, ¢) and have upper bounds for the Fekete-Szegd
functional, addition and the Hankel determinant of order two for f € ML\, ¢). Islam et. al
[11] introduced the g — analog of starlike function linked with a trigonometric sine function and
debate some geometric properties, where the well-known problems of Fekete-Szego, the sufficient and
necessary condition, the distortion and growth bound, closure theorem and convolution results with
partial sums for this class. Zaprawa et al. [33] introduced the bound of the third Hankel determinant
for the univalent starlike functions. Arif et al. [3] study the fourth Hankel determinant Hy(1).
Khan et al. [T])] introduced and discussed many classes of functions with bounded turning which are
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connected to the sine functions and obtained upper bounds for the third-and fourth —order Hankel
determinants related to such classes.
Now, since f € C, ay =1 thus

Hy(1) = {(asay — a3)as — (ay — asas)as + (a3 — a3)as}ar — {(asas — asas)as — (a5 — azaq)ay
+(as — a3)ag } ag + {(azas — aj)az — (a5 — asas)as + as — azaztag + {(azas — aj)as
—(as — agag)as + (ag — asas)ag} as — {(asas — a3)ay — (azas — asay)as + (ay — azas)ag }ay.
(1.4)

The first original result is the definition of the new concept on fourth Hankel determinant.

Definition 1.2. The fourth Hankel determinant of a function f of the form (1.1) is defined by:

1 o a3z Qg
Gz a3 a4 as

Hy(1) = a = 0107 + d2a6 + 03a5 + 404,
3 Q4 G5 g

ay, as Qg arg

such that
101] = |agas — a3||as| + |as — asas|lad] + |as — a3]]as).
62| = |agas — asayl|as| + |as — azasl|as| + |as — a3]|ag|.
03] = |azas — aj||as| + a5 — asasllas| + |as — azas||as).
|54| = ’CL3G5 — ai||a4| + |CLQCL5 — CL36L4||CL5| + |a4 — CLQCL3H6L6|.

2. Preliminaries

To give argument to our main results, following lemmas are needed.

Lemma 2.1. [19] If L(z) € A, then exists some x,z with |z| <1, |z| <1, where
20y = 0] + (4 — v}).
4vz = v} + 2v12(4 — v}) — (4 — v va® + 2(4 — v?)(1 — |z])2.

Lemma 2.2. [26] Assume L(z) € A. Then
[} + 02 + 20103 — 3vivy — vy| < 2,
[v? + 3v1v3 + 3vivg — 4vdvy — 20104 — 2v9v3 + V5] < 2,
|08 + 6viv2 + 4vdvz + 20105 + 20904 + v — V5 — Svivy — Jvivy — 6V VVs — vg| < 2,
on] <2, n=1,2,3, ... .

Lemma 2.3. [2]] Assume L(z) € A, then we have

2 2
v v
‘/U2_71‘ §2_ 2

[Vnik — popvr] <2, 0< p <1,
|Un+2k - pvnvl%| < 2(1 + 2/0)'
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3. Main Results

We give now the state and prove our theorems, represent the main results of this paper.

Theorem 3.1. Assume the function [ € Sf and represented by (1.1), then

3 191

234
|a5\_40 ‘6|_4320 0.2346

1
las| < =, |as] < —, las] < 0.0886, laz| <
Proof .

function W(z) with |[W(z)| < 1 and W(0) = 0, satisfying Zf( )

2f"(2)
f'(2)

1+

—16a§) a* + (30ag — 2a3 — 50asas + 80asay — 50azay + 90aza3 —
—+ (42&7

Mihsin, Atshan, Alhily

Because f € Sf , according to subordination relation, therefore, there exists a Schwarz
) — 1 4 sin(W(z)), such that,

=1+ 2asz + (6az — 4a3)2* + (12as — 18asas + 8a3)z" + (20a5 — 18a3 — 32aza4 + 48a3as

120a3 + 32a5)a’
T2a9a¢ — 30asas + 120a2a5 — 48a4 + 192asa3a4 — 192a2a4 — 180a2a3

+240a3a;3 — 64a3) a® + ... (3.1)
Assume that
p(z) = }f%gi; =14 vz + w2 +v32° + ..,
it is clear to see that p(z) € F and
_ p-1 _ v1z+vaz2+uzz3+...
W(Z) T 1+p(2) '_ 2+1:-v1zi—v2z2i-v3z3+...'
On the other side,
_ 1 ve v\ 50 vy —wvvg  Svive v ol
1 W(z)) = 1 4 ke Y
+sin(W(z)) = +201z+(2 4)z+ 48+ 5 16 1 %
(v vvs = vavs 5v2v3 + v1v3 Vi, v? 5y (Vo= vits — vavs
— z
2 16 8 3840 2
buiwgug  Buy vy 5vp  vjvy  3vfuy  Svfus vjvs o (3.2)
8 48 4 512 768 16 16 8

Comparing the coefficients of z, 22,

1
2&2 = 51)1,
vy V] U1\ 2
B
BT5 7Y 1
5v3 w v2 v
76 24 24 96
200, — 447 0103 Sajay a3  af
2 16 4 32

(1 4
16 (—) ,
* 4

, 2% between equations (3.1]) and (3.2)), we have
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Us — U1U4 — UgU3  DUvsg 4+ 0107 vdw v° Vg \ 2 vy /v V1V v
30%:5 1Y4 203 o013 1V U1z 1+2<é>+50[1<4 1V3 1

2 16 8 3840
2 2 9 3 3
V1 V2 V5 (Ul ) Vs V1V vy Vo V3 V1V (%
2 2 g () (22 L) 502 (22 L
960 160>] { 1 <24 96 576)] N {12 (24 96 576>]

V1 [ Ug\2 V1\3 Uy U1\ °
wfs (@] w (23] )]
0|5 () ]+ (5) 5] 22| (5
Vg — U1Us — Uy Huveug  Hus v 5od wtvy  3vdvd Buiuy  viug vy [ Us
42a; = e - - 72 [— (—
a 2 + 8 + 48 4 +512+ 768 16 * 16 8 + 4 \60
4Tvguy  49vv5  109v3vy 3807 37v3 )] +3 |:1)2 (v4 V103 N v} Vi,

12\40 120 ' 1152 960

4

40 120 1152

V104

160 4320 17280 51840 57600 17280
2 2 4 2 2 372
Uy (%] (W) V1V3 (% V1V2 Uy V3 V1V (%
——2 )| —120 (—) - - 2 2 L2 L
160)} { 1 (40 120 " 1152~ 960 160)} * {24 96 576}
3 3 3 6
V1V Vs V1V U1 <U1 ) V3 V1V (% <U1 )
ST ety (e A e . 192 (=) (2 - 22— L 64 (—
{ 48 (24 96 576)] * { 1 (24 96 576>] 007

w02 Ga)] 2w ()" ()]

and we obtain

1
a9 — Zvl

1
ag = E'UQ

5v3 U3 v vy
W= st T4 T2 o6

4 2 2

D L N (3.3)

T 40 120 1152 960 32

b TV 4Tvgvg 3809 B 49v3v;  109v3v, B 37v2 N Vs (3.4)
6 160 4320 57600 17280 51840 17280 60’ .

va4 1777v1v9v3 103791)§5 50711}%1}% 13140291)%?}2 VU5 (U4 17v§’ Vg

977 3360 241920 14515200 967680 1255274496 210 672 = 8064 = 84
v3 111vy0v3 v} _51)?1)3 (3.5)

504 120960 24192 3024
Applying Lemma 2.2 we obtain

1
|a2\§§
1
|a3|§6

Vg V19 V3 1[ 111112] U1 2

< |22 2 - | _ e = _ 1

laal <150~ 96~ 576 ‘24 T3 T s [T
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Assume v; = v, v € [0,2], by applying Lemma [2.3] we have

1 V1V o v?
< |y A2y B, O e N 2
jaa] < [”3 ] - [”2 2|52 w8

24 3 288

as well, assume

clearly, to obtain
1 v?
/ —_— ,—_———..—
w0 =70~ 10

h-tik? p'(v) =0, we have v = \%, and so, p(v) has a maximum value satisfied at v = \%, as well
which is

) 1 1
asl <pl—=)=-+—— =0.0886.
|4|—”(\/§> 2 108v3
P[P R N N Ty ) P P
T=140 0 120 T 1152 960 160 40 LY 3 576 | 2 2 160 | 2 2 576

Assume that v; = v, v € [0, 2], by Lemma to get

’U2
Hv? (2_7> 1 < v2> Tv?
B L /A (5 DG I

las| < — +

20 576 80 2 288
We have
ot (2-8) v\ T?
Hw) = 25+ — 57 *@(2‘5) 758"
we obtain

/() = 511} 5v3
HAY) = 250" 7 288"

Thus, p(v) at a point v = 0 has a maximum value, therefore,

3

< O _ —
os] < u0) = =
vivy  ATvyvs 38v?  49viv? 3Tv?

160 4320 ' 57600 51840 17280
{% B 91}1114] N 47 38v3 { v%} 49010y [ v%] |

lag| = ]—

10 1320% ~ sl e 1 T 5l T B0 (2

Assume v; = v, v € [0,2], by applying Lemma 2.3} to obtain
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'U2 'U2
< Ly A +38“3[2—7] 98@[2—7]+ 2 [, ], 6487
%1 =75 7 5160 28800 51840 17280 2 | " 120600°
Hence
1 47 1)3 [2 — %] 491) [2 — %] 37 [2 — v_;] 324,03
< — _
sl < 5+ 5150t 800 95020 | 8640 | 648007
mean
1oar v2eg] awf2-g] sty
< —_—a - - .
6l < 75+ 5760 T 800 55920 8640 200
Assume
1oar l2ey] awf2-g] wrl2-g]
M) =t oot "0 T o207 sed0 200
we get

() = 1904430 87v*  1073v L1207
HA = 7516800 9280 125280 ' 375840°

Therefore, v = 0 be the root of function x/(v) = 0 and p”(0) < 0, it is clear that the function
p(v) has a maximum value at v = 0,

191
< —
vivy  1T77vivovy 1037908 B 5071viv3 B 131402907 v, _ 0w Topuy 17v3 v 03

3360 241920 14515200 967680 1255274496 210 672 8064 * 84 540

laz| =

111vyv3 v} B 5vivs| o8 B 50710203 Uiy vilvg — 03] 1777[vz — vyvg
120960 24192 3024 | 14515200 967680 210 3360 241920
vt i
5v3[vg — v109] 1314029v} [UQ - 7} N 1703 [UQ - 7} [ — 2vav4]  Twpfvy — 03]
3024 1255274496 8064 84 672
'U% |:'U2 — §i| 1111}2 [UQ — %]
+ — : (3.7)
24192 120960

Assume v; = v, v € [0,2], by using Lemma [2.3| we obtain

02
PR 1 U BN (L 13140290* [2— 7} -]
1= 14515200 © 241920 ' 105 ' 1680 ' 60480 ' 1512 1255274496 2016 168
-5 11—y
ot o2 T 60480

Putting
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o 50710 v o 1777w mud | 131402907 [2 - 7} 17022 1
p(v) = +-—+ + - - + -
14515200 ' 241920 ' 105 ' 1680 = 60480 ' 1512 1255274496 2016 168
o= 2] 11 e - 3]
T o T 6oaso
We have
W (v) > 0.

Therefore, p(v) has a maximum value at v = 2, and we obtain

la7| < p(2) = 0.2346. (3.8)
Therefore, we get the result. [J

Theorem 3.2. If f is a function represented by the form (1.1) and f € Sf, then, we have

(3.9)

|~

|ag — a3 <
Proof . By using the equation (3.5)), we obtain

vy VP

1216

|a3 - a§| =

Thus, by using Lemma [2.1] to obtain

r(4—v?) 0P

24 32

Assume that v; = v, v € [0,2], x = tand t € [0,1]. Then by applying the triangle inequality, to
get

laz — @31 =

td—v) o

. 2 —
a5 — 3] 24 32°
Assume
t(4 —vi) 0?
=1
/’L</07 ) 24 327
Thus for all v € (0,2) and t € (0, 1), we obtain
on  4—?
— = >0
ot 24 ’

therefore p(v,t) is an increasing function on the interval [0,1] about t.
Thus, p(v,t) have the maximum value at t = 1, hence

4—v? 0?44 -0+ 32 16 —0v?
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Define 7(v) = 16§6”2,

Clearly that 7(v) has a maximum value at v = 0, thus

1
jas — a5 < 7(v) = 2.
The proof is complete. [

Theorem 3.3. If f is a function represented by the form (1.1) and f € Sf, then, we obtain

1
— < — 3.10
lasas — ay| < 12 ( )

Proof . By equation ({3.5)), we obtain

Vivy | Uivy U3 v3

48 96 24 576

By using Lemma [2.1], we obtain

3
3v1V9 V3 vy

96 24 576

\020«3 - CL4| =

Tof (A —vf)atn (-1 - JaP)z

o276 384 48

Assume that v; = v, v € [0,2], x = tand t € [0,1]. Then by applying the triangle inequality, to
get

|a2a3 - a4| =

< v} N (4 — v}t (- v?)(1 — £?)

205 — s < == 384 A8

Suppose

i (4—vHttv (4—0?)(1 - )
o= i 1 _ i
#Y) = 576 T 3 18

Thus, for all v € (0,2) and t € (0, 1), to obtain

o (4—v*)(v—28)t
ot 192 <0,

that is, (v, t) is an decreasing function on the interval [0,1] about t.
Hence, the function p(v,t) have a maximum value at t = 0, which is

Tv3 4 —?
maxu(v,t) = M(U,O) = % + ( 48 )
Now, we define
w3 (4 —?)
"W =5t T

the function 7(v) has a maximum value at v = 0, also, we have

— < 7(0) = —.
|agas a4|_77() 12

Hence, the proof is complete. [
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Theorem 3.4. If f is a function represented by the form (1.1)) and f € Sf, then, we obtain

— a3 < —. 3.11
|azay — a3 < 36 ( )
Proof . By equation (3.5) and f € Sf , to obtain
vivs  vivg o} v3

96 384 2304 144

By Lemma [2.1 we have

Suf R4 —0?) 224 —vd)? v (4 —v])(1 - |z)?)2

4608 384 576 192

Assume that v; = v, v € [0,2], x =t and t € [0,1]. Then by applying the triangle inequality, to
get

lasay — a§| =

2024 —0?) (1-1)4—v*)vz N t2(4 — v?)? N 5ut
384 192 276 4608

Put

224 —0?) (1-)4—0v*)vz (4 —-0?)? bl
t) = .
ulo,Y) 384 192 "5 1608
Therefore, for all v € (0,2) and t € (0, 1), to obtain

o (4—=v*)(v* —6v+8)t
ot 576

which implies that the function p(v,t) increases on the interval [0,1] about t. That is, has a
maximum value at t = 1, we have

>0,

24_2 4_22 54
A=) (A= 5

max (v, t) = u(v, 1) = 384 576 + 4608

Setting

v3(4 —v?) N (4 —v%)? N 5ut
384 o976 4608’

thus, we obtain

204 —v?) +0v3(=2v)  2(4—0v¥)(—20v) 200 wd -0} v w(d-—0?) 5

384 576 T 1608~ 106 196 a4 1152

7' (v) =

If 7'(v) = 0, thus the root is v = 0, furthermore, since 7”(0) = %,

Also the function 7(v) have the maximum value at v = 0, we obtain

lasay — a3 < w(0) = %

Hence, the proof is complete. [
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Theorem 3.5. If f is a function represented by the form (1.1)) and f € Sf, then we obtain

19
’CLQCL5 — CL3(1,4’ S —.
360

Proof . Assume f € Sf , then by using (3.5)), to obtain

vy vy V103 v} vivy vl v (V3 vy U
azas — | = Z(E_ 120 T 1152 960 _ﬁ> - {ﬁ <ﬂ_W_%)H

o vivg v? B V3V, B v1v3 _ UaU3 v V3 N vy

160 480 4608 3840 640 288 1152 6912
| f L i vivs  vivg Vv wous

4608 160 1440 480 34560 288

2 2

_ ot [/UQ B %} U3 [UZ B %} vifug —vivs] | 0p v [vg = 3]
T Tame0 T w8 240 52~ 4320

Assume that v; = v, v € [0,2], by applying Lemma [2.3] to get

22 (2-%) (2-%) 72
< —.
sl < o5t 5t TR0 g

Assume

'U2 'U2
( )_U?’[?—?] . [2—?] v VP
H) = 34560 144 80 ' 1152

Thus, for all v € (0,2), to obtain

0 P R
) = 5760 " 13824 144 ' 80 ~

Hence, the function u(v) increases on [0,2] about v.
Clearly, the maximum value of p(v) at v = 2, also we have

19
|(IQCL5 — a3a4| S ,LL(Q) = %

Hence, the proof is complete. [

Theorem 3.6. If f is a function represented by the form (1.1) and f € Sf, then we obtain

21

_ <=
5 — aaa] < o0

(3.12)

Proof . Suppose f € Sf and by form ({3.5]), to get
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| (o V1U3 Uil U%’Ug Uy U1 V3 V1Va (%1

as — Q04| = |— — - —— ==\ = — ==

om0 120 T 1152 960 160 4 \24 96 576
2 2

vy Bvvs v vy 02

40 160 768 640 160

2 v1
v} + 02 + 20103 — 3vivy — 1y vy [U2 - 7] 3 [vg — %vlvg}
160 640 160

Now, by using Lemma [2.3], we obtain

2507 |2 - % |
_ <« 4t “J
a5 = axaa] < 55+ —75

Assume

250 |2- g
i) = =+ — 7
20 640

therefore, we have

5v bl
/ _ 2V _ v
W) =5~ 51

Assume /'(v) = 0 to get v = /2 or v = 0 and p/(v/2) < 0, clearly that the maximum value of

w(v) at v = /2, also we get

21

— < 2) = —.
|as a2a4|_,u(\/_) 320

Hence, the proof is complete. [

Theorem 3.7. If f is a function represented by the form (1.1) and f € Sf, then we obtain

1961

2
— <
lasas — ail < 52005

Proof . Suppose f € Sf and by the form (3.5)), we get

V2Uy i V1U2V3 U%Ug _ V1 Uy _ Uy _ ’U?Q) 4 U%Ug _ (%1
480 2760 27648 5120 1920 576 6912 331776
i

2.2 3 6
|a5a3—ai| = '

2

V1V, v1v2 v2 v -4 v2uy |V -4 3
v fon— 2] wyfos -] 0| fos [0 = 5]t o

4 6
25073 U]

13824 331776

Now, by using Lemma [2.3], we get

480 576 1920 2880 6912
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02 02
|CLCL —a2| < 1 + 1 + [2_7} +U2 [2_7] n v? +25U4 n v
543 = Al = 150 T T 480 1440 3456 6912 331776

Assume

02 2 v2
(v) 1 N 1 +[2_?]+U [2_?}+ v3 +25U4+ v
V) =—+ — :
a 120 144 480 1440 3456 6912 331776

Therefore, for all v € (0,2), we have y/(v) > 0, it means that the maximum value of u(v) at t = 2,
also we have

1961
—a? < u2)= ——.
lasas — az] < pu(2) 95920

Hence, the proof is complete. [
Theorem 3.8. If f is a function represented by the form (1.1) and f € Sf, then we obtain
|Hy4(1)] < 0.0103468. (3.14)

Proof . Since

Hy(1) = {(asay — a3)as — (ay — asas)as + (a3 — a3)as}ar — {(azas — azas)as — (a5 — axay)ay
+ (a3 — a3)ag yag — {(azas — a3)az — (a5 — azaqs)as + as — agaztag + {(azas — a3)as
(

— (a5 — agaq)as + (ag — asaz)agyas — {(azas — a2)ay — (agas — agaq)as + (ag — azaz)ag fay.

Thus, by using the triangle inequality and by Definition [I.2] we obtain

Hy(1) = |agay — a3||asl|az| + |as — azas||as||az| + |as — a3||as||az| + |azas — azas|as||ael
+ |as — azaa|aslas| + |as — a3l|as|” + lazas — ai|las||as| + |as — asaslas|* + |as — azas||ag]|as)

+ |azas — ajllas|® + |asas — azaa||as||as] + Jas — azas||ag||aal.

Now, replace the equation (3.1)) and (3.9)), (3.10), (3.11)), (3.12), (3.13) into (3.14]), we readily to
get the result. [J
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