N
A

Global attractivity results for a class of matrix difference
equations

Sourav Shil?, Hemant Kumar Nashine®*
2Department of Mathematics, School of Advanced Sciences, Vellore Institute of Technology, Vellore-632014, TN, India

(Communicated by Reena Jain)

Abstract

In this chapter, we investigate the global attractivity of the recursive sequence {U,,} C P(N) defined by
=
Unir = Q+ - ZOA*z/J(UnH)A,n =1,2,3...,
j=

where P(N) is the set of N x N Hermitian positive definite matrices, k is a positive integer, Q is an N x N Hermitian
positive semidefinite matrix, A is an N X N nonsingular matrix, A* is the conjugate transpose of A and ¢ : P(N) —
P(N) is a continuous. For this, we first introduce FG-Presi¢ contraction condition for f : X* — X in metric spaces
and study the convergence of the sequence {x,} defined by

Tntk = f(x'na Tn+ly--- 7xn+k71)7n = ]-7 27 ce

with the initial values x1,...,2x € X. We furnish our results with some examples throughout the chapter. Finally,
we apply these results to obtain matrix difference equations followed by numerical experiments.

Keywords: fixed point approximation, iterative method, matrix difference equation, equilibrium point, global
attractivity.
2020 MSC: Primary 47H10; Secondary 54H25, 65Q10, 65Q30

1 Introduction and preliminaries

Consider the k-th order nonlinear difference equation:

.’L’n+k :f(l‘n7$n+1,...7xn+k,1),n: 1,27... (11)

with the initial values z1,...,x, € X, where x,, is the value of x in generation n and where the recursion function f
depends on nonlinear combinations of its arguments (f may involve quadratics, exponentials, reciprocals, or powers
of the z,,’s, and so forth). A solution is again a general formula relating x,, to the generation n and to some initially
specified values, e.g., xg, 1, and so on.
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The study of nonlinear difference equations, which has a significant role in the modelling of various problems that
emerge in genetics, psychology, sociology, probability theory, economics, biology, and ecology, amongst other fields of
knowledge. The study of difference equations of order greater than one is a topic of significant interest, and numerous
writers have contributed to the field via their research. For detail, one can refer [§, 10 13} 14, [15] and the references
that are cited within.

The following are some well-known difference equations that may be found in citations [21] 26], as well as their
references.
e the generalized Beddington-Holt stock recruitment model:
bxnfl
1+ cxp_q +dx,
where a € (0,1), b € R} and ¢,d € Ry with ¢+ d > 0;

Tpt1 = ATy + iTo,x1 > 0,n €N;

e the delay model of a perennial grass:
Tpy1 = ap + (b+cxp_1)e*,n €N;
where a,c € (0,1) and b € Ry;
e the our beetle population model:
Trss = anys + bne Tt o N
where a,b,c,d > 0 and ¢+ d > 0.

In the context of difference equations, a steady-state solution x is defined to be the value that satisfies the relations
Tpy1 = T, = &, so that no change occurs from generation n to generation n + 1.

Equation (1.1)) can be studied by means of fixed point theory in view of the fact that « in X’ is a solution of (1.1
if and only if z is a fixed point of mapping 7 : X — X given by

T(x) = f(z,z,...,z) for all z € X.

An interesting and important result as a generalization of Banach fixed point theorem [2] Theorem 1], in this direction,
is due to Presi¢ [19], which can be stated as :

Theorem 1.1. [I9] Let (X, d) be a complete metric space, k a positive integer. If a mapping f : X¥ — X satisfies
the following contractive condition :

k
d(f (w1, @, xx), [ (@2, wp, wh11)) < Y qid(@i, wign),
i=1

for every z1,...xx41 € X, where q1,q2, . .. qr are non-negative constants such that ¢; +¢2 + ...+ gx < 1. Then there
exists a unique point v* € X such that f(v*,...v*) = v*. Moreover, for any arbitrary points x;...,x, € X, the

sequence (|1.1]) converges to v*.

It is noted that, for £k = 1, Theorem reduces to the Banach contraction principle[2]. Theorem is generalized by
Ciri¢ and Presié¢ [7] as follows:

Theorem 1.2. [7] Let (X,d) be a complete metric space, and k a positive integer. If f : X% — X satisfies the
following contractive condition:

d(f (w1, 22, ... 2k), f(T2, ..., Tk, Thy1)) < gmax{d(wi, zit1), 1 < i <k, (1.2)
for any x1,22,... 2541 € X, where 0 < ¢ < 1.Then there exists v* € X such that f(v*,...,v*) = v*. Moreover, for
any arbitrary points x1, ...,z € X, the sequence (|1.1) is convergent and

lim x, = f( lim z,,..., lim z,).
n—00 n—00 n—00

If in addition,
d(f(o", ..., 0%), f(v*,...,v")) <d(¥",v7)
holds for all 9*,v* € X, with ¥* # v*, then v* is the unique point in X with f(v*,...,v*) =v*



Global attractivity results for a class of matrix difference equations 3

Chen (2009) published a work in which he employed the above conclusions to solve the global asymptotic stability of
the equilibrium of a nonlinear difference equation, which can be found at [6].

The following are the convergence findings for Presié-Kannan operators that were obtained by Pacurar [I§]:

Theorem 1.3. [I8] Let (X,d) be a complete metric space, k a positive integer and f : X* — X a given mapping.
Suppose that there exists a constant a € R with 0 < ak(k + 1) < 1 such that

k+1

A(f (1, mk), [, k) < @ d(@s, [, ... w), (1.3)

i=1
holds for all (z1,...,2p41) € XFHL. Then,

1. f has a unique fixed point v* € X;
2. for any arbitrary points z1,...,z, € X, the sequence {z,,} defined by (1.1) converges to v*.

In the work [I], Abbas et al. extended the previous conclusions using the following idea given by Wardowski [28].

Let § be the collection of all mappings F : RT — R that satisfy the following conditions:

(F) F is strictly increasing,that is, for all o, 8 € RT such that o < 8 implies that F(a) < F(3).

(Fy) For every sequence «,, of positive real numbers, lim «,, =0 and lim F(«,) = —oco are equivalent.
n—oo n—oo

(F3) There exists h € (0,1) such that lim o"F(a) = 0.

a—0t

Definition 1.4. [I] Let (X,d) be a metric space and F € §. A mapping f : X* — X is said to be a Presié type
F—contraction if there exists 7 > 0 such that

d(f(z1,. . xk), f(2, .., 2p11) >0

implies that
T+ Fd(f(z1,. .. zk), f(z2, .. xp41))) < F(max{d(z;, zit1) : 1 <i < k}) (1.4)

for all (z1,...,75y1) € XFHL

Note that, for F(a) = In «, Presi¢ type F-contraction condition becomes
d(f(z1, ..., xk), f(ze, ..., 2541)) < e T max{d(x;, x;41) : 1 < i<k} (1.5)

for all (z1,...,2541) € X*FL flzy, .., 2k) # f(22y ..o Thtr)-
Furthermore, for (x1,..., 251 1) € X*+1 such that f(z1,...,21) = f(z2,...,2ry1), the inequality (1.5 also holds, that
is, f is a Ciri¢-Presi¢ contraction.

Theorem 1.5. [I] Let (X,d) be a complete metric space, and f : X* — X a Presi¢ type F-contraction, where k is a
positive integer. Then for any arbitrary points z1, ..., 2 € X, the sequence {z,,} defined by (1.1)) converges to v* € X
and v* is a fixed point of f. In addition, if

d(f*,....0%), f(v*,...,v")) >0

implies that
T+ FAfO*...,0%, fw*,...7) < FAW*,vY))

for all v*,¥* € X with v* # 9*, then f has a unique fixed point.

In this regard, researchers have worked for a map or a pair of maps using various forms of Presi¢ contraction type
mappings. Some of these works are referred to in [3| [4, 2] 177, 22, 24] 23], 25] and the sources listed therein. In this
paper, we use a slightly modified family of functions (than to §) by Parvaneh et al. [20] to define a new concept called
FG-Presi¢ contractive mapping and prove basic fixed point results. We illustrate our work with illustrative examples
and show the superiority of FG-Presi¢ contractive mapping over Ciric-Presi¢ and Presi¢-Kannan mapping.
In addition, we use this result to construct global attractivity results for a class of matrix difference equations, and
we explore its convergence behaviour with regard to three alternative initializations with graphical representations in
MATLAB.
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2 FG-Presi¢ contractive mapping and based results

We begin with the idea attributed to Parvaneh et al. [20].
Definition 2.1. [20] The collection of all functions F : Ry — R satisfying:

(F1) F is continuous and strictly increasing;

(Fy) for each {&,} C Ry, lim &, =0iff lim F(§,) = —oo,
n—oo n—oo

will be denoted by F.
The collection of all pairs of mappings (G, 5), where G : Ry — R, §: Ry — [0, 1), satisfying:

(F3) for each {£,} C Ry, limsupG(&,) > 0 iff limsup&,, > 1;
n—oo

(Fy4) for each {&,} € Ry, limsup 8(&,) = 1 implies li_>m €n =0;
(F5) for each {&,} C R4, Y07 G(B(&n)) = —o0,

will be denoted by Gg.

Definition 2.2. Let f: X* — X, where k > 1 is a positive integer. A point 2* € X is called a fixed point of f if
x* = flz,...,x%).

Now, we introduce a notion of FG-Presi¢ contraction for a map in metric space.

Definition 2.3. Let (X,d) be a metric space. A mapping f : X* — X is said to be a FG-Pregi¢ contraction if there
exist F € F and (G, 8) € Gg such that

d(f(z1,...,zk), f(z2,...,Tks1) >0
implies that
Fd(f(z1,. . an), fl@a, ..., 2641))) < F(max{d(z;, zi11) : 1 <i < k})
+ G(B(max{d(w;, viy1) : 1 <i < k})) (2.1)
for all (z1,...,75y1) € XFFL
Theorem 2.4. Let (X,d) be a complete metric space, and f : X* — X a FG-Presié-contraction and continuous,

where k is a positive integer. Then, for any arbitrary points xi,...,z; € X, the sequence {z,} defined by (1.1
converges to v* € X and v* is a fixed point of f. In addition, if

d(f(or,...,0%), f(v*,...,v")) > 0 implies that

FA(f, ..., 0%), f(v", ... v7))) S F(A™, 7)) + G(B(d(9", V7))
for all ¥*,v* € X with 9* # v*, then f has a unique fixed point.

Proof . Begin by assuming that x1,..., 2 is a random k element in X. Define the sequence {z,} in X by
Ttk = f(@n, Tpaty oy Tpap—1),n=1,2,...

If for some ng € {1,2,3,...,k}, we have &, = Tpg41 = Tngt2 = ... = Tny+k = V¥, then we have

Tng+k = f(xngaxng-‘rh e axno-‘y—k—l) - f(l/*, V*v sy V*) = V*a
that is, v* is a fixed point of f and the proof is completed. Therefore, we assume that z1, xs,. .., T, Tx4+1 are not all
equal. So let, T,y # Tntk+1 for all n € N. Denote vy = d(Tp4k, Tnyr+1) for n=1,2,... and
0 = max{d(z1,x2),d(z2,23),...,d(Tk, Tr+1)}, then we have v, > 0 for all n € N and 6 > 0.
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Now for n < k, we have the following inequalities:

F(Ve1) = Fd(hs1, wrg2)) = F(d(f (21,22, . 70), f22, 23, . Tpq1)))
< Flmax{d(z;,xiy1) 1 1 <i < k}) + G(B(max{d(z;,xi41) : 1 <i < k}))
= F(0) +G(B(6))

F(Vkt2) = F(d(Tpt2, Tht3)) = F(d(f (@2, 23, ..., p41), [(T3,Ta5 - - - Thet2)))
< F(max{d(z;,x;iy1) : 2 <i < k+1}) + G(B(max{d(x;, i41) : 2 < i < k+1}))
= F(0) +2G(5(H)).

Continuing this process, we get

]:(’yk+n) = ‘F(d(anrk) mn+k:+1)) = ]:(d(f(xn7xn+17 ceey mn+k71)7 f(‘r’ﬂr‘rl; Tp42y-- axn+k)))
< F(max{d(z;,xiy1) :n <i<n+k—1})+ G(F(max{d(x;, zit1) :n < i <n+k—1}))

= F(0) + Z g(8(9))- (2.2)

Owing to the properties of (G, 8) € Gg and from (2.2), we get F(Vx4n) — —00 as n — oo. Thus, from the property
(F2), we have lim,, o0 Yi4n = 0, that is,
lim d(xn+k7 $n+k+1) =0. (23)

n— oo

Next, we must demonstrate that the sequence {x,} is a Cauchy sequence in (X, d). Assume the opposite; then there
is € > 0 and two subsequences {x,,} and {z,,} of {z,} such that m; is the smallest index for which m; > n; > i and

d(mmi+k»xni+k) 2 g. (24)

This means that m; > n; > i and
ATy —14ks Tyrk) < E. (2.5)

On the other hand for 1 < j <k — 1, we get

€ S d(@mtj Tnits) < ATty Tmi—145) + AT, —1455 Tni 1))
S d(Tmi+js Tmi—14j) + €.
Taking ¢ — oo and using , we get
lim d(wm 4, nig) = € (2.6)
and hence
Jm d(zm, 41, Tnijin) = € (2.7)

Using (2.1]), we get

.F(lim SUP (T, +k+1, Tnj+k+1))
1— 00

= Fimsup d(f(Tm;+1, -+ » Tms+k)s F (@it 1, Togtk)
1— 00
< F(limsup max{d(Zm,+j, Tn,+j) : 1 < j < k})
i—>00
- lim sup G(B(max{ (i, 5, 2n,45) 1< J < kD). (2.8)
1—00

Making use of (2.3)), (2.6) and (2.7) in , we get

F(e) = F(Umsup d(Tm,+k+1, Tny+k+1))

1— 00
< F(limsup max{d(@m,+j, Tn;+j) : 1 < j < k})
i—>00
+ limsup G(B(max{d(@m,+j, Tn;+;j) : 1 < j < k}))
i—00

= F(e) + limsup G(B(max{d(zm, 4, Tn,+;) : 1 < < k})),

1—> 00
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which implies that lim sup,_, ., G(B(d(@m,;+j, Tn;+;))) > 0 for 1 < j < k, which gives limsup,_, ., B(d(@m;+j, Tn;+j)) >

1, and taking in account that 5(§) < 1 for all £ > 0, we have limsup, ., B(d(@m,;+j, Tn,+;)) = 1. Therefore,
limsup;_, oo d(m,;+j, Tn;+j) = 0, a contradiction. Hence, {z, } is Cauchy sequence in X

Since (X, d) is complete, there exists v* in X' such that

n,}érgw d(xn+j7 merj) - nh~>ngo d(anrj, l/*) =0

Now by the continuity of f, we have

vt = nh—{?go Tnt+k = nll)ngo f(l'n,l‘n+1, s axn-‘rk—l)
= f(lim z,, im 2,41,..., im 2,45-1)
n— oo n—o0 n—oo
= f(v*, v, ..., v%).

Finally, we assert that f has just one fixed point. Indeed, if v*,9* € X such that v* = f(v*,...,v*) and 9* =
F*, .. 0%) with v* # 9*. Thus d(f(v*,...,v*), f(9*,...,9%)) > 0. We therefore have by presumption

Fdw*,9) = Fd(f(v",...,v*), f(9",....07)))
< Fd(v™,07)) + G(Bd(v™,97)))

which gives G(B(d(v*,9*)) > 0 implies S(d(v*,9*) > 1 a contradiction. Therefore v* = ¥*. O

3 Consequences

We may get various classes of FG-Presi¢ contractive conditions in a complete metric space by considering a variety
of concrete functions F € F and (G, 8) € Gg in the condition (2.1)) of Theorems

Corollary 3.1. Let (X, d) be a complete metric space, k positive integer and f : X¥ — X a given continuous mapping.
Suppose that there exist 7 > 0 and F € F such that

T+ Fd(f(z1,. . xr), f(z2, .., 2p41))) < F(max{d(x;, xi41) : 1 < i < k}), (3.1)

for all (z1,...,2p11) € X with f(z1,...,2%) # f(22,...,2%41). Then, for any arbitrary points z1,...,7; € X,
the sequence {z,} defined by (1.1)) converges to v*, and v* is a fixed point of f. Moreover, if

T+ F@(f*,...,0%), fv*,...,v"))) < Fd(I*,v"))

holds for all ¥*, v* € X with J* # v*, then v* is the unique fixed point of f.

Proof . Put G(¢t) = Int (¢t > 0), (t) = A € (0,1) and 7 = —In XA > 0 in the (2.1) of Theorem [2.4] we have
Wardowski-type [28] condition (3.1]), that is, Theoremdue to Abbas et al. [I]. O

Corollary 3.2. Let (X, d) be a complete metric space, k positive integer and f : X¥ — X a given continuous mapping.
Suppose that there exists A € (0, 1) such that

d(f(zy,...,2k), f(xe, ..., 2541))) < AM(max{d(x;, zi41) : 1 < i < k}), (3.2)

for all (21,...,7541) € X with f(z1,...,21) # f(z2,...,2%41). Then, for any arbitrary points z1,...,2, € X,
the sequence {z,} defined by (1.1)) converges to v*, and v* is a fixed point of f. Moreover, if

A(F (0%, ..., 0%), f(*, ..., v*)) < A d(0*,v")

holds for all ¥*,v* € X with ¢* # v*, then v* is the unique fixed point of f.

Proof . Put F(t) = G(t) = Int (t > 0), B(t) = A € (0,1) in the (2.1)) of Theorem 2.4} we have Banach-type contraction
condition 1’ that is, Theorem due to Ciri¢ and Presi¢ [7]. O
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Corollary 3.3. Let (X, d) be a complete metric space, k positive integer and f : X¥ — X a given continuous mapping.
Suppose that there exists (G, 8) € Gg such that

d(f(l‘l, e ,xk), f(xg, ey xk+1)))
< B(max{d(z;,x;y1) : 1 <4 < k}) max{d(x;, z;41) : 1 < i < k}, (3.3)

for all (zy,...,2p41) € XFHL with f(z1,...,2%) # f(22,...,7441). Then, for any arbitrary points zi,...,z; € X,
the sequence {z,} defined by (L.1)) converges to v*, and v* is a fixed point of f. Moreover, if

d(f(*,...;0%), f(v*, ..., v")) < B0, v"))d(9",v")
holds for all ¥*,v* € X with ¥* # v*, then v* is the unique fixed point of f.
Proof . Put F(t) = G(t) =Int (¢t > 0) in the (2.1) of Theorem [2.4] we have Geraghty-type [II], 9] condition (3.3). O
Corollary 3.4. Let (X,d) be a complete metric space, k a positive integer and f : X¥ — X a given continuous

mapping. Suppose that there exists 7 > 0 such that

max{d(x;, x;41): 1 <i <k}

d(f(ivl,...,Ik),f(Iz,---,xk-H)) < (l—i—T\/maX{d(xi,le) 1<i< k‘})27

(3.4)

for all (z1,...,2541) € X* with f(21,...,2%) # f(22,...,2x+1). Then, for any arbitrary points 1, ..., 2, € X, the
sequence {z,} defined by ([1.1)) converges to v*, that is v* = f(v*,...,v*). Moreover, if

d(9*,v*)
(1+ 7+/d(9*, V*))Q’

holds for all ¥*,v* € X with ¢* # v*, then v* is the unique fixed point of f.

d(f(*,...;9%), fv*,...,v")) <

Proof . Put F(t) = —%, G(t) =1Int (t > 0) and B(t) = X € (0,1), 7= —InA > 0 in the || of Theorem we
have new Presié rational type contraction condition (3.4)). O

Corollary 3.5. Let (X,d) be a complete metric space, k a positive integer and f : X* — X a given continuous
mapping. Suppose that there exist 7 > 0 and (G, 8) € Gg such that

d(f(z1,...,zk), f(z2,. .., Tkt1))
max{d(z;,x;y1) : 1 <i < k}

< , 3.5
L= ry/max{d(z;, xi1) 1 1 < i < kHn(Bmax{d(z;, 1) 1 1 < i < k})))2 (8:5)
for all (z1,...,7551) € XL with f(z1,...,2) # f(x2,...,7k41). Then, for any arbitrary points @1, ..., 7 € X, the
sequence {z,} defined by converges to v*, that is v* = f(v*,...,v*). Moreover, if
d(v*, v*)
d(f(*,...,0%), f(v*,...,v*) < ’ ,
(1 = 7/d (%, v*)In(B(d(9*,v*))))?
holds for all ¥*,v* € X with ¥* # v*, where A € [0, 1), then v* is the unique fixed point of f.
Proof . Put F(t) = —-L, G(t) = Int (¢ > 0) in the of Theorem we have another Presi¢ rational type

t
contraction condition (3.5)). OJ

Remark 3.6. 1. Theorem extends and generalizes [I, Theorem 2.1], [, Theorem 2.1] and [19, Theorem 1.1].
2. If k =1, Corollary reduces to [28, Theorem 2.1].
3. If k =1, Corollary 3.2 reduces to [2, Theorem 1].
4. If k =1, Corollaries reduces to the theorem of Boyd and Wong [5].
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4 Tllustrations

Example 4.1. (Inspired by Abbas et al. [I].) Let X = {xn = % 'n € N} with the usual metric, k¥ = 2. Then
(X,d) is a complete metric space. Define the mapping f : X2 — X by

Tn—1+Ym—1 _ —
flx,y) = ==t i o = 2,y = Y for n,m > 1,
’ mev otherwise.

Moreover, take F(t) = —%, G(t) =Int (t > 0) and S(t) =X € (0,1), 7= —In A > 0 (Corollary . Then it is easy
to see that all the conditions of Theorem are fulfilled—just the condition (2.1]).

For f(zi,xiy1) # f(@iy1,Tiva), i = 1,2,..., we consider two cases:

(i) If & = 21, y = 2, then

max{d(z1,z2),d(x2,3)}

d(f(x1,22), f(xa,x3)) < ) 4.1
(flor, 22), f (@2, 23)) (1+T\/max{d(acl,x2)7d(:c2,x3)})2 (4.1)
for all (xq, 10, 23) € X3,
Then (4.1]) becomes
3
1<
= 1+ v3)
true for 7 > 0.
(ii) If x =z, y = Tp+1 with n > 1, we have
d n»y n 7d n b) n
AF (s Tnir)s Flnn tnga)) < —— D@ Tn), A1, Tnr2)} (1)

(1+ T\/max{d(xm Tni1), d(Tng1, xn+2)})2 7

for all (2, Tpi1, Tnie) € X3.

Now
d(f(fl?n, xn,+1)7 f(xn—&-la In_;’_g)
1 (n—l)n+n(n+l) ~ (n(n+1) n (n+1)(n+2)
2 2 2 2 2
_ n72_ 2n2 + 4n + 2 o 1
]2 4 2
and
max{d(n, Tnt1), d(Tnt1, Tni2)}
nn+1) M+Dn+2)] |[n+1)n+2) @n+2)(n+3)
= max - , -
2 2 2 2
= max{n+1, n+2} =n+2.
Then (4.2]) becomes
1 n+2
to < —,
TS Ut rvnt2)2

true for 7 > 0.

Thus f is the FG-Presi¢ contraction on X and (1,1) is a unique fixed point of f.

Next, we demonstrate that the requirement ([1.3]) of Theorem is not met. To demonstrate this, we compute the
following: When k =2, 0 < ak(k+ 1) < 1 implies 0 < a < 1/6. Also

1

d(xn,f(xn, xn) = 5

n(n2+1) _;((n—Ql)n+(n—21)n>‘

)
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1

d(Tnt1, f(Tng1, Tny1) =

(n-|—1)2(n+2) B % <n(n2—|— 1) N n(n2+ 1))‘

=n-+1
and

d(Tny2, f(Tni2, Tniz)
Lln+2)(n+3) 1/(n+1)(n+2) (n+1)(n+2)
T2 T2 ( 2 + 2 >’

2 2 2
=n+2.

Then (1.3]) implies that

d(f(zn, Tnt1), f(Tni1, Tnia))

d(@n, f(Tn, Tn) +d(@ns1, f(Tnr1, Top1) + d(Tns2, f(Tny2, Tote)
n 4+ % 1
= > A 1
3n+3) 60 "7

Thus the condition (|1.3) is not true for n > 1.

Finally, we demonstrate that the condition (1.2)) of Theorem is not met when n > 2. To demonstrate this, we
compute the following: For n > 2

d(f(mn—% xn—l)a f(l'n—la -Tn)

1/(n=3)(n—-2) (n—-2)(n-1) (n=2)n-=1) (n—1)n
T2 ( 2 * 2 ) a ( 2 Ty >’
_ 3
=n — 5
and
max{d(zp—2, Tn-1), d(Xn_1, T,)}
:max{(n—2)(n—1)_(n—1)n n(n—l)_n(n—i—l)‘}
2 2 ’ 2 2
= max{n—1, n} =n.
tim 4 @2 Znt) @) o n= 82
n—oo max{d(Tn_2,Tn_1),d(Tn_1,7n)} noc0 N '
Thus

d(f(l'n—Qa xn—l)a f(xn—la xn)) £ qmaX{d(JSn—z, xn—l)a d(l‘n—la xn)}
for ¢ € (0,1). Hence the condition (1.2)) of Theorem does not satisfied.
As a result, all of the requirements of Theoremare met, and f has a unique fixed point (1, 1), that is, f(1,1) = 1.

Example 4.2. Let X = [0,00) with the usual metric, K = 2 and the operators f : [0,1]> — [0,1] defined by

ﬂ7 ny

f(x,y)—{ °

0, r<y

Let us first determine whether or not f satisfies condition 1] for F(t) = f%, G(t)=1Int(t>0),5(t)=Ae(0,1),
7= —InA > 0. In our specific example, k = 2, and as a result, the preceding condition (2.1)) becomes

max{d(zy,r2),d(r2,73)}

d(f(x1,22), f(xa,23)) < )
(/( ) f (@2, 25)) < (1 + 7/max{d(z1, 22), (a2, 23) })2

(4.3)

for all (z1,2,23) € [0,1]3.

We will look at four different scenarios:
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Case (I): When z1 > x5 > z3.

T, — 2T9 + T3
5

xT1 — T2 T2 — I3

) 3

d(.’El,’IQ) = \xl — 5132‘, d(mg,xg) = |£L'2 — ZL‘3|.

d(f(z1,22), f(72,73))

)

o If [z — x| > |x2 — 23], then max{d(x1, z2),d(x2,23)} = |x1 — 22| and (4.3)) implies that

|z1 — 23]

(1+7/Jer = 22])?

o If |11 — x2| < |2 — 23], then max{d(z1,x2),d(z2,23)} = |x2 — z3| and (4.3) implies that

T, — 29 + 23
5

<

|z2 — 23]

(1+7/|x2 — 23))2

T, — 229 + T3

<
5 =

For 7 > 0, both of the instances listed above are correct.
Case (II): When 27 > 22 < z3.

_ 71—

d(f(z1,22), f(w2,73)) = o

T =T _0‘
d(iﬂhl'g) = \xl —.’ﬂ2‘,d($2,(£3) = |$2 — 1’3|.

o If |21 — x| > |zo — 23| # 0, then max{d(z1,x2),d(z2,23)} = |21 — 22| and (4.3) implies that

|21 — 9| |z1 — 23]

5 - (1+T\/|CL'1—.%'2|)2’

o V51
V0T — 22

o If [z — ma| < |x2 — 23| # 0, then max{d(z1,x2),d(x2,23)} = |r2 — x3| and (4.3) implies that

that is,

|71 — 2 w2 — a5
5 T (L4 7/|z2 —x35))?
Both of the above examples are valid when 7 > 0.
Case (III): When z; < x5 > 3.
Similar to Case (II).
Case (IV): When 1 < 22 < z3.
Then d(f(x1,x2), f(z2,z3)) =0, and (4.3)) is obviously true.

As a result, all of the criteria of Theorem are met, and f has a unique fixed point at the coordinates (0, 0).

5 Application

Specifically, in this part, we explore the global attractivity of the recursive sequence {U,} C P(N) formed by the
formula

k—1
1 *
Untr = Q+Ej§70-’4 ¢(Un+j)v4,”: 1,2,3..., (51)
where P(N) is the set of N x N Hermitian positive definite matrices, k is a positive integer, Q is an N x N Hermitian

positive semidefinite matrix, A is an N X N nonsingular matrix, A* is the conjugate transpose of A and ¢ : P(N) —
P(N) is a continuous.

To finish this, we need to consider the following ideas.
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Definition 5.1. Let k be a positive integer, A a nonempty set and f : A¥ — A. For given vy,vs,... 1 € A,
consider the recursive sequence {v,,} C A defined by

VUn+k :f(VnaVn+17~--;Vn+k—1)an:172a---7 (52)

The equilibrium point ¥ of the equation (5.2 is the point that satisfies the condition:
v=f(v,...,D).

Definition 5.2. Let (A, d) be a metric space and 7 an equilibrium point of equation (5.2]). The equilibrium point 7
is called a global attractor if for all vy, v9,..., v € A, we have d(v,,,7) — 0 as n — oo.

We denote by P(N)( for N > 2), the open convex cone of all N x N Hermitian positive definite matrices. We endow
P(N) with the Thompson metric defined by

A, B € P(N),d(A,B) =max{ln A(A/B),InA(B/A)},

where

A(A/B) =inf{f > 0: A< 0B} =67 (B~1/2AB1/?),

the maximal eigenvalue of B~/2AB~'/2. Here C < D (C < D) means that D — C is positive semidefinite and positive
definite respectively. From Nussbaum [I6], P(N) is a complete metric space with respect to the Thompson metric d
and d(A,B) = || In(A~Y2BA~1/2)|, where ||.|| stands for the spectral norm. The Thompson metric occurs on every
open normal convex cone of a real Banach space [16] [27]; specifically, the open convex cone of positive definite operators
of a Hilbert space. Now we will briefly discuss the Thompson metric’s beautiful characteristics. It is invariant by
matrix inversion and congruence transformations, which means it does not change. Moreover,

d(A,B) = d(A™, B71) = dW* AW, W*BW), (5.3)

for any nonsingular matrix WW. The other useful result is the nonpositive curvature property of the Thompson metric
d(C?,D?) <pd(C,D),p € [0,1]. (5.4)

According to and 7 we have

dW*CPW, W*DPW) < |p|ld(C,D),p € [-1,1]. (5.5)
Lemma 5.3. For any A, B,C,D € P(N),

d(A+ B,C+ D) <max{d(A,C),d(B,D)}.

Furthermore, for all positive semidefinite A and B,C € P(N)

d(A+B,A+C) <d(B,C).
Theorem 5.4. Consider the problem described by (5.1). Assume that ¢ : P(N) — P(N) be an FG-contraction

mapping with respect to the Thompson metric d, that is, for all IC, £ € P(N), there exist 7 € F and (G, 8) € Gg such
that d(¢(K), (L)) > 0 implies that

F(d((K), (L)) < F(A(K, L)) + G(B(d(K, £))). (5.6)

Then the equation (5.1]) has a unique equilibrium point & € P(N) and thus, U is a global attractor.
Proof . Define a mapping f : P(N)* — P(N) by
1
f(Z/ﬁ,UQ, - ,Z/[k) =Q+ E[.A*w(ul)/l + A*¢(UQ)A + ...+ A*’l/i(uk)AL

for all Uy,Us, ..., Uy € P(N).
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Let Uy, Us, ..., Ups1 € P(N). Owing Lemma [5.3] we have

d(f(Ur,Us, ..., Uy), f(Uz,Us, ... . Us41)

1 k+1
A Y(U) A, Q+ - > A*w(uj)A)

=2

x| =
gk

&
Il
-

—d|o+

AN
ISH
T =

Il
-

7

z<f> () 5o w00 (329

Denote V = ﬁA. Then, using Lemma we have

k+1
U)A, — Z A%y )

d(f(ulaz/{?v e auk)) f(u25M37 o 7uk:+1))

k k+1
<d (Z v*w(ui)v,Zv*w(uj>V>

i=1 j=2
—d( V*(U)V + VY(U)V + ... + V) (Uy)V, )
- V*p(Us)V + VY (Us)V + ... + V*h(Upy1)V

) max{ AV YUY, VO Us)V), dV(Us)V, VHUs)V), ., }
- d(V* Y (U)V, V(U 41)V)

= max{dV*"YU)V,V'VUix1)V) :i=1,2,... Kk}
As A is nonsingular, the matrix V is also nonsingular. Using property , foralli=1,2,...,k, we have
dV YUV, V' UUi11)V) = d(0(Us), ¥ Uit1))-
By virtue of FG-contraction of v, for all i = 1,2, ... k, we have
FAV D (Us)V, VY Uir1)V)) = F(d(Us), p(Uiv1)))
< F(dUs, Uivr)) + G(BAUs Uigr))),
that is,
Fd(fUr,Us, ... . Ux), f(Us,Us, ... . Ukt1))
< F(max{dU;,Ui+1) :i=1,2,...,k}) + G(Bmax{dU;,Ui+1) : i =1,2,...,k}))

for all Uy,Us, ..., U111 € P(N).

Following Theorem [2.4] there exists the existence of a global attractor equilibrium point & € P(N). To see the
uniqueness of U € P(N), let W € P(N) be another equilibrium point such that d(f(U,U, ..., U) # fFONV,W,..., W)).
Then we have

FAfUU, .. JU), FOVW, W) = F(A(Q + A D(U)A, Q + A" Yp(W).A))
(d(A™D(U)A, A (W).A))

(d(

(d,

IA

A U),»(W)))
AU, W)) + G(B(dU, W))).

Applying Theorem it confirm that the equilibrium point & € P(N) is unique. [J

IA
S

Example 5.5. We construct an example with given Xj, Xo, X3 € P(N), and sequence of matrices given by the
equation for 0 < p <1

Koz = QO+ < (A*XPA AP A4 ATXP LA n=1,2,
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The residual error Error(k) = [|X, — (Q + A*XF A)||. In our example A* represents the conjugate transpose of the
matrix A. We conducted this experiment using the high-level machine language MATLAB 2020b (available online),

and the following is our system configuration: macOS Mojave version 10.14.6 CPU @1.6 GHz intel core i5 8GB.

We take 7 = 0.1; tolerance or error = 1 x 107'%; Matrix Dimension= 5.

[0.4173  0.4893 0.7803 0.1320 0.2348] 0.0109 0.0070 0.0132 0.0097 0.0035
0.0497 0.3377 0.3897 0.9421 0.3532 0.0070 0.0128 0.0163 0.0088 0.0017
A=10.9027 0.9001 0.2417 0.9561 0.8212|,Q = [0.0132 0.0163 0.0327 0.0185 0.0066
0.9448 0.3692 0.4039 0.5752 0.0154 0.0097 0.0088 0.0185 0.0152 0.0058
10.4909 0.1112  0.0965 0.0598 0.0430 | 0.0035 0.0017 0.0066 0.0058 0.0027
[0.5002 0.0002 0.0003 0.0002 0.0001] 1.4397 0.4054 0.4182 0.3372 0.3752
0.0002 0.5002 0.0003 0.0002 0.0001 0.4054 1.5017 0.5212 0.5059 0.4256
A1 = |0.0003 0.0003 0.5006 0.0004 0.0001|,4&; = [0.4182 0.5212 1.6597 0.5775 0.5052
0.0002 0.0002 0.0004 0.5003 0.0001 0.3372 0.5059 0.5775 1.6408 0.4433
10.0001  0.0001 0.0001 0.0001 0.5000 | 0.3752  0.4256 0.5052 0.4433 1.5043

0.4916 0.4868 0.4348 0.3592 0.4397

0.4868 0.6350 0.4556 0.3462 0.6118

X3 = 10.4348 0.4556 0.46568 0.3339 0.4896| ,
0.3592 0.3462 0.3339 0.2702 0.3378
0.4397 0.6118 0.4896 0.3378 0.7297

with det(A) = —0.0384, min(eig(Q)) = 3.0962e — 05, min(eig(X1)) = 0.4999, min(eig(Xs)) = 1.0177,min(eig(X3)) =
7.2571e — 04 which ensures the basic requirement of our matrices such as non-singularity of A, and positive definiteness
of the remaining matrices. We have encountered three different functions with same matrix accessories. In Table 1,
we arranged all the experimental data including number of iteration( Iter. No.), Error(i) = || X; — (Q + A* X" A)|| with
||l as spectral norm, i.e.; largest singular value and CPU Time ( T). The Equilibrium point X with its minimum
eigenvalue A (to confirm its positive definiteness) also shown in fifth and sixth column of the Table 1. Figure 1 shows

convergence behavior of the experiment.

Table 1. Analysis for three different values of 1 (X).

P(X)

Iter.No.

Error

T

Equilibrium Point, X

X0.3

X0.4

45

60

80

9.2047

6.9374

7.9138

0.020424

0.023718

0.029695

3.4288
2.6496
2.3034
3.1573
1.6802
4.8826
3.8595
3.4740
4.5963
2.4499
[8.2630
6.6148
6.0688
7.8598
|4.1987

2.6496
2.2644
1.9031
2.6298
1.5339
3.8595
3.2199
2.8339
3.7712
2.1193
6.6148
5.4178
4.9171
6.3866
3.4914

2.3034
1.9031
1.8975
2.1742
1.1714
3.4740
2.8339
2.7313
3.2979
1.7686
6.0688
4.9171
4.6343
5.7874
3.0984

3.1573
2.6298
2.1742
3.2807
1.8020
4.5963
3.7712
3.2979
4.5846
2.4960
7.8598
6.3866
5.7874
7.6479
4.1257

1.6802]
1.5339
1.1714
1.8020
1.1296 |
2.4499]
2.1193
1.7686
2.4960
1.4682
4.1987]
3.4914
3.0984
4.1257
2.3044|

0.0063

0.0056

0.0050




14 Sourav Shil, Hemant Kumar Nashine

Figure 1. Convergence behaviour for three different initial values.
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Conclusions

In this work, we have introduced a new FG-Presi¢ contraction condition for f : X¥ — X in metric spaces and
study the convergence of the sequence {x,} defined by ,ir = f(Tn,Tni1,- - Tnik—1),n = 1,2,.... We have
supplied sufficient instances to confirm the fixed-point conclusions as well as the significance of related work. This
finding was used to explore the global attractivity of the recursive sequence {U,,} C P(NN) using a graphical depiction
of convergence analysis.
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