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Abstract

In this work, we prove the existence of the solution of integral equations via fixed point results in the framework
of extended Branciari b-distance spaces. In order to do this, we introduce F'G-contractive conditions in extended
Branciari b-distance spaces and derive common fixed points results for triangular a-admissible mappings, followed by
some suitable examples.
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1 Introduction

Many authors introduce and generalize the concept of distance in the metric fixed-point theory in various ways.
Czerwik[7] extends Bakhtin’s [4] definition of b-metric space. Kamran et al. [I0] introduced the concept of extended
b-metric space by replacing the property of triangle inequality with a quadrilateral one, Branciari [5] extended the
metric space and introduced the concept of the Branciari distance.

2 Preliminaries

Now we will review certain concepts and lemmas that will be useful in the following sections.

2.1 b - metric spaces

Czerwik [7] introduced the notion of b - metric space in this manner.

Definition 2.1. 7] Let X be a non empty set and s > 1 be a given real number. A function dg : X x X — [0,00)
is called b-metric if it satisfies the following properties for each z,y,z € X

1. dp(z,y) =0if and only if z = y
2. dp(z,y) = dp(y,z) (Symmetry)
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3. dp(z,y) < s[dp(z, z) + dp(z,y)] (Triangular Inequality).

Then (X,dp) is called a b-metric space with coefficient s. When s = 1, the concepts of b-metric space and metric
space are all the same.

Example 2.2. [I0] Let X = [,(R) with 0 <p <1

o0
where [,(R) = {{zm} C (R) : Y ||’ < oo}
m=1
Define dp : X x X = RT as dg(z,y) = ( Z [ — ym|p)% where = {zn},y = {ym}-
m=1

It can be easily checked that dp is a b-metric with coefficient s = 2

The class of b - metric spaces is bigger than the class of metric spaces, as seen in the example above.
2.2 Extended b - metric space
Kamran [I0] termed as extended b-metric space a new form of generalized metric space.

Definition 2.3. Let X be a non-empty set and w : X x X — [1,00). A function
dy : X x X —[0,00) is called an extended b-metric if for all x, y, z € X, it satisfies the following conditions

1. dy(z,y) =0 if and only if z =y
2. dy(z,y) = dy(y,z) (Symmetry)
3. dy(z,2) <w(zm,2)[dw(z,y) + du(y, z)] (Triangular Inequality).

The pair (X, d,) is called an extended b-metric space.

Note: b - metric is a special case of the extended b-metric when w(x,y) = s, for s > 1.

Example 2.4. [2] Example 3]

Consider the set X = {—1, 1,2}, define the function w on X x X to be the function
w(x, y) = |z| + |y|. We define the function d,, (x; y) as follows:

dw(Q, 2) = dw(la 1) = dw('L '1) = 0;

1
dy(1,2) = 5= d,(2, 1) and
d,(1,-1) =d,(-1,1) = du(2, -1) = d,(-1,2) =1
Then it is clear that d,(x, y) satisfies the first two conditions of definition. We need to verify the last condition:

d,(1,2) = % < 3{; + ﬂ — w(1,2) {dw(l, 1)+ dw(1,2)}
do(1,~1) = % < 2{; + ﬂ — w1, 1) [dw(l,Q) +d 2, _1)}
do(~1,2) = % < 3B + ﬂ —w(=1,2) [dw(1,2) +d,(2, _1)} {dw(—l, 1) +do(1,2)

Therefore, d,(x,y) satisfies the last condition of the definition and hence (X, d,,) is an extended b-metric space.
For the mapping T: X — X and z¢ € X, O(xg) = {xo, T?x4, T3z, } represents the orbit of xg.

Theorem 2.5. [10, Theorem 2] Let (X,d,) be a complete extended b-metric space such that d,, is a continuous
functional. Let T': X — X satisfy
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dy(T(x),T(y)) < kdy(x,y) for each z,y € X

1
where k € [0,1) be such that for g € X, lim w(x,,zm) < T here z, =T"(xo),

n,m—oo

n =1,2,... Then T has precisely one fixed point £&. Moreover, for each y € X T"(y) — &.

2.3 Rectangular metric spaces

Branciari first introduced the concept of rectangular metric spaces in [5].

Definition 2.6. Let X be a nonempty set. A mapping dr : X x X — [0, 00) is called a rectangular metric on X if for
any z,y € X and such that for all distinct points s,t € X different from x and y it satisfies the following conditions:
(i) dr(z,y) =0 <=z = y

(ll) dR(mv y) = dR(y7 LU)

(iii) dr(z,y) < dr(z,s) + dr(s,t) + dr(t,y) (This is known as Rectangular Inequality)

The function dg is known as rectangular metric and the pair (X, dg) is called a rectangular metric space. In many
sources it was called ” Branciari distance space”.

The concept of rectangular b - metric spaces was first introduced by George et al [§]. in the following way.

Definition 2.7. A mapping drp : X x X — [0,00) is called a rectangular b - metric on X if for any z,y € X if there
exists a constant g > 1 and such that for all distinct points s,¢t € X different from x and y it satisfies the following
conditions:

(1) dRB(ac,y) =0<=zxz=y

(ii) drp(x,y) = drB(y, )

(iii) drp(z,y) < pldrp(z,s) + drp(s,t) + drp(t,y)]

The function drp is known as rectangular metric and the pair (X, dgpg) is called a rectangular b - metric space.

Abdeljawad et al. [I] introduced the notion of extended Branciari b-metric spaces as a generalization of rectangular
b-metric spaces. The concepts of extended b-metric and Branciari distance were merged, to form an extended Branciari
b-distance space.

Definition 2.8. A mapping dg, : X x X — [0,00) is called a extended Branciari b-distance on a non-empty set X
if for any =,y € X and all distinct points s,¢ inX different from z and y and a mapping w : X x X — [1,00) if it
satisfies the following conditions:

(i) de<.’17,y) =0=a=y

(i) drw (2, y) = drw(y, )

(111) de (937 y) < (.U(LB, y) [de (1:7 S) + de(57 t) + de (tv y)]

The function dg,, is known as extended Branciari b-distance and the pair (X, dg.) is called a extended Branciari
b-distance space.

Example 2.9 (Example 2 [1]). Let X = [0,1]. Define dg,, : X x X — R by
w(z,y) = 5x 4 by + 3, then (X, dg.) is an extended Branciari b-distance space.

The quadrilateral inequality will be only proved as the other conditions are trivial.

de(.’L',y) = |$—y|2
=lzr—z+z—w+w—yl?

=z =z +]z —wf +w—yP + 20— 2|z — w| + 2|z — wljw - y| + 2w — yl|z - 2|

<5z +5y+3) ||z — 22+ |2 — w|® + |w — y|?
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— w(z,y) [de(:m 2) + (2 w) + dio (1, y)]

Hence dp,(z,y) < w(z,y) [de(:B,z) + dprw(z,w) + de(w7y)} Therefore (X,dp,,) is an extended Branciari b-

distance space.

Controlled rectangular b-metric spaces, which are an extension of rectangular metric spaces, were introduced by
Mlaiki et al. in [14]

Definition 2.10. Let X be a nonempty set, a function & : X4 — [1,00) and

de + X x X — [0,00). We say that (X,d¢) a controlled rectangular b-metric space if for all distinct z,y,s,t € X it
satisfies the following

(1) de(z,y) =0 <=z = y

(2) dg(.l?, y) = dﬁ(yv l‘)

(3) df(*ra y) < 5(1'7 Y, t) [d{(l‘, 5) + dg(S, t) + d&(t’ y)]

Many different forms of contractions have been used in recent years to ensure the existence and uniqueness of
the fixed point of mapings in various spaces. Wardowski [I9] proposed the concept of an F-contraction in 2012, and
demonstrated fixed point results in metric spaces as a generalization of the Banach contraction principle.

Definition 2.11. Let (X, d) be a metric space. A mapping T : X — X is said to be an F-contraction if there exists
7 > 0 such that

Ve,y eX,d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)). (2.1)

where F: R} — R is a mapping satisfying the following conditions
(Fy) F is strictly increasing, i.e., for all x, y € Ry such that x <y, F(x) < F(y)

(Fy) For each sequence {ay, 52, of positive numbers , lim o, = 0 if and only if lim F(ay,) = —o0
n—oo n—oo

(F3) There exists k € (0,1) such that lim o*F(a) =0
a—0t

Wardowski’s [T9] key result is a generalization of the Banach Contraction Mapping Principle.

Example 2.12. Let F : Ry — R be given by the formula F(«) = Ina.

It is clear that F' satisfies ((F}), (F3)) (F3 satisfies for any k € (0, 1)).

Each mapping T': X — X satisfying (3.1) also satisfies d(Tz, Ty) < e~ "d(z,y),
for all z,y € X, Tx # Ty.

It is clear that for x,y € X such that Tz = Ty the inequality d(Tz, Ty) < e "d(x,y) also holds, i.e. T is a Banach
contraction.

3 Fixed Point Results for a-Admissible 3- FG-Contractions

Parvaneh et al.[16] introduced the following. Let s > 1 be a fixed real number. We will consider the following
classes of functions. Ay will denote the set of all functions F : Rt — R such that
(FAy) is continuous and strictly increasing.

(FAs) for each sequence {t,} C R*, lim t, =0<= lim F(t,) = —o0
n—oo

n—oo

Note that condition (F3) from [[19], [I8]] will not be used.
A¢ 3 will denote the set of pairs (G, ), where G : Rt — R and 8 : [0,00) — [0, 1), such that
(FAj3) for each sequence {tn} C RT,limsup G(t,) > 0 if and only if limsupt,, > 1

n—oo n—oo

(FA,) for each sequence {t,} C [0,00),limsup B(t,) = 1 implies lim ¢, = 0;
n—00 n—00

(FAs) for each sequence {t,} C RT, Z G(B(ty)) = —

n=1
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Samet et al. [I7] defined the « -admissible mappings class in 2012.

Definition 3.1. [I7] Let o : X x X — [0, 00) be given mapping where X # 0. A self mapping T is called o admissible
if for all z,y € X, we have

alz,y) > 1= a(Tz,Ty) > 1

Definition 3.2. [II] Let X be a nonempty set, T : X — X be a mapping and « : X x X — [0,00) be a function.
Then T is called a triangular « - admissible mapping if for all x,y € X |

1. a(z,y) > 1 implies a(Tz, Ty) > 1
2. a(z,z) > 1 and a(z,y) > 1 implies a(x,y) > 1

Definition 3.3. For a nonempty set X, let A,B: X — X and a : X X X — [0,00) be mappings. We say that (A,
B) is a generalized « - admissible pair if for all z,y € X, we have a(z,y) > 1 = a(Az, By) > 1

Remark 3.4. If A is a-admissible, it is obvious that (A, A) is a generalized a-admissible pair.

Definition 3.5. Let (X, dg,) be an extended Branciari b-metric space. A mapping

T : X — X be a mapping on (X,dg,) is said to be a generalized F'G g,-contraction if there exists F' € Ap and
(G, B) € Ag, g such that for all z,y € X , dpy(x,y) > 0 implies

Flw(z,y) dre(Tz, Ty)) < F(My(z,y)) + G(B(My(z,y))), where r > 2 and

Mo (z,)) = max {dm(x, ), de (@, T2), dre (y, Ty), dr(y, TY)[L+ dro(y, Ty)] }

w(z, y)[1 + drw(z,y)]

Definition 3.6. [I] Let X be a non-empty set endowed with extended Branciari b-distance dp,,

1. A sequence {z,} in X converges to x if for every € > 0 there exists N = N(¢) € N such that dg,,(z,, ) < € for

all n > N. For this particular case, we write lim z,, = x.
n—oo

2. A sequence {x,} in X is called Cauchy if for every e >0 3 N = N(e) € N such that dr, (2, xm) < € for all
m,n > N.
3. A dp, - metric space (X, dg,,) is complete if every Cauchy sequence in X is convergent.

Lemma 3.7 ([II] Lemma 7). Let X be a nonempty set , T : X — X be a triangular a-admissible mapping and
Zo € X such that a(xg, Tzg) > 1. Define a sequence
{z,, by 41 = Ta,} for all n € N. Then a(xy,, ) > 1 for all m,n € N with n < m.

The existence and uniqueness of fixed points for generalized F'G g, - contraction in complete extended Branciari b
- distance spaces are proved by the following theorem.

Theorem 3.8. Let (X, dg,,) be a complete extended Branciari b-metric space,
T:X — Xand a: X x X —[0,00) be given mappings. F' € Ap and (G, ) € Ag g such that

1. T is a triangular o - admissible mapping.

2. T is a generalized F'Gp,, - contraction.

3. There exists xg € X such that a(xg, Tzg) > 1
4. T is « - continuous.

Then
1. T has a fixed point z* € X and lim T"zg = z*

n—oo

2. If a(z,y) > 1 for all z,y € Fiz(T), T has a unique fixed point, where
Fig(T) ={z € X|Tz = x}
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Proof . Define a sequence x,, € X by z, = T"(x¢) = T(xp—1). As T is a triangular
a - admissible mapping and there 3 zy € X such that a(zg, Txo) > 1.

By using Lemma 1 we conclude that for all m,n € N with n <m

0Ty, Ty) > 1 (3.1)
This implies that
a(Tp, Tpy1) > 1 (3.2)

If there exists ng € N such that z,,, = 7y, ,, then x,, is fixed point of T and lim T"x,, = x,,.
n—oo

Therefore assume that z,, # z,41 for alln € N
80 dpy(Tn, Txy) = dgew(TTp—1,T2,) >0 for all n € N.

As T is a generalized FGpg,, - contraction, so we have

F(dpw(Tn, Tny1)) = F(dpo(Txn—1,T2y))
Flw(xn-1,2n)" drw(Ten—1,Txy))
FMy(n—1,70)) + G(BMu(Tn-1,2n)))

INIA

where Mw(-rn—ly xn) = max {de (xn—la an), de (xn—la T.T?n_l), de (Z‘n, Txn)a

de (mny Txn) []- + de (mn—l» Tmn—l)]
w(xnfla J;n)[l + de(xnfly mn)]

= max {de(xn—la Z‘n), de(xn—la mn); dRoJ(xna xn-i—l)a

de (Iny In+1)[1 + de (xn—la In)]
W(.’L‘n,h xn)[l + de (-’Enfla xn)]

de(xnv xn-&-l) }

= max {de(xnla an), de(CCn, -TnJrl)a W('In—l, $n)

= max {de(xnla xn); de(wna anrl)}

If My, (2n—1,2n) = dry(Tn,Tny1) , for some n > 1 then

F(drw(zn, znt1)) < F(drw(@n, Tnt1)) + G(B(drw(Tn, Tni1))) which implies that

G(B(dRw(Tn, Tns1))) = 0 which in turn implies S(dgrw(Tn, Tnt1)) > 0.

This is a contradiction to the condition of (F'As), therefore for all n > 1 we get
AdRw(Tny Tnt1) < dpo(Tp—1,Tn)

Hence we get F(dpw(Tn, Znt1)) < F(drw(@n-1,2n)) + G(B(drw(@n-1,2n)))
Using the condition of (F'A7), we get
F(dpo(tn, Tni1)) < Fdro(Tn-1,2n)) + G(B(dRrw(n-1,20)))

S ]:(de(xn—%xn—l)) + g(ﬁ(de(mn—%xn—l))) + g(ﬁ(de(xn—laxn)))
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<.

< Fldro(zo, 1) + Y G(B(dro (i1, 2:)))

i=1

Letting the limit n — oo in the above inequality and using the condition (FAs5) we get

lim F(dgy,(zn, Tpi1)) = —o0.

n—oo

Combining this with the condition (F'Az) we have

lim dg,(zn, zpt1) =0 (3.3)

n— oo

We will show that the sequence {z,} is a Cauchy sequence in (X,dg,). On the contrary , we will assume that
there exists € > 0 and two sub sequences {z,, } and {x.,,} of {z,} such that n, is the smallest index for which

ng>my>t>1, dro(Tm,,Tn,) > € (3.4)

This implies dgy,(Tm,, Tn,—2) < €

Taking the upper limit as ¢t — oo, we get

tlim Sup dpy(Tm,, Tn,—2) < € (3.5)

€ S de (xm” xnt) S w(xmt ’ xnt) de (xn” xnt—Z) + de (xnt—Qy xnt—l) + de (xnt—la xnf):|
Using (3.4]), we get
e < de (xmt 5 xnt) < W(xm” xnt) |:de (xmt 5 xntQ):|
Taking the upper limit as ¢ — oo in the above equation and using(3.3) we get
e < lim sup drew(Tm,, Tn,) < € lim sup w(Tm,, Tn,) (3.6)
t—00 t—o0
From ({3.4)), we have
€ S de (mmt ) xnt) S W(xmt ) mnt) de (xmt ) xmt—i-l) + de (xmt-i—la wnt-&-l) + dRUJ (mnt-l-la -rnt):|
Taking the upper limit as ¢ — oo in the above equation and using(3.3|) we get
e < lim sup dRw(Tmy> Tn,) < Jim sup W(Tp,, Tn,) Jim sup de(:cth,xntH)]

Therefore we get
€

< 1 d , 3.7
tlim Sup w(Tm, s Tn,) (D sup Roo (Trmy415 Py 1) (3.7)
—00

Furthermore, we get

de (mmt ) mnt) S W((:L'mt y Ty )) |:de (xm“ xn172) + de (:L'nt72> xntfl) + de (*/L'nt717 Ty ):|

de(fEmtJrh xntfl) S w((xmtJrh xmtfl)) |:de (xmt+17 xmt) + de(xmtaxnt72) + de(irntfb xnt1>:|
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de(xmt—i-?a xnt—l) S w((xmt+2a xnt—l)) [de(xmt—‘rQa xmt—Z) + de (xnt—Qa :Ent—l) + de(-Tnt—Za xnf):|
i2,0) < (2,00 | 42,502 Q-2 1) 4 i1,
dRW(zmt+27 xmf,) < W((xmﬁ—% Imt)) [de (xmt+2’ xmt+1) + de(xmt+17 Im—&-l) + dRW(Imt+17 xmt)]
Taking the upper limit as ¢ — oo in the above inequalities and using (3.3)) and (3.4)), we get
tILHOIO sup de (xmm xnt) <e tlingo sup W(xmta xnf,)
A sup dge, (T, 41, @n—1) < € Im sup w(Zm, 11, 1)
tgrgo sup de(xmt+27xnt—1) < etliglo sup W(Imt—&-Za znt—l)
tll{go sup de(xmtJr% xnt) S Etlig.lo sup W(mmt+2a xnt)
tlg(r}lc sup drw(Tm,, Tn,) =0

Again using

€ S dRo.) (xmt ) xnt) S w(xmt ) xnt) |:de (xm“ xmtJrl) + de (xmtJrl» xntJrl) + dRUJ (xnt+17 xnt):|

Taking the lower limit as ¢ — oo in the above equation and using(3.3|) we get

€< tlgglo inf dpy,(Tm,, Tn,) < 1tlg(r)lo inf w(zm,, Tn,) nggo inf dpey,(Tm,+1, xntﬂ)}

Therefore we get

€

— < lim inf dg,,(x 1,T 1
lim inf w(Zp,,, Tp,) ~ t—oo o Tmetts Tni)
t—o0 S

Therefore there exists tg € N such that dgey,(Tm,+1, Tn,+1) > O0m

Consider M, (zy,, Tm,) = max {de (Tnyy Ty )y AR @y s T, )y AR (Tiny s T, )

d R (xmt ) Tmmt ) [1 + dpRe (xnta Txnt)
W(xn“ ‘rmt ) [1 + de (.’Ent 9 mmt)]

Mw(xnt 5 xmt) = max {de (Jjnt s Tmy )a de (-rnt 5 xnt-‘rl); dRoJ (xmt 5 xmt-‘rl))

de (xmt ; mmt+l) [1 + de (Zrnf,a xnt+1)
W(Tn,, Tm,)[1 + dRow(Tn,, Tm, )] '

Therefore, M, (zn,, Tm,) = drw(Tn,, Tm, ) from [[3.3].

Bag, Jain
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Taking the upper limit as ¢ — oo in the above equation and using equation (3.6)), we get

tlglgo sup My, (Zn, s Tm,) = tlgrolo Sup drw(Tm,, Tn,) < etli)rgo SUP W( Ty s Ty )- (3.8)

Consider }'(w(ajnt , xmt)ﬁ

above equation and using (3.7]), we get

. r €
F ( . supw(zn, , 2m, ) )

tlggo sup w(Tp,, Tm,)

€

w(xnt ) xmt)

) < f(w(xnﬁxmt)r

). Taking the upper limit as ¢t — oo in the

< f(gg& supw(Zy, , Tm, )" tlggo sup de(xth,xntH))
< F(lim SupMo (20, 2m,)) + G(A(lim sup Mo (20 21n,)))
< Fle im supw(zn, , £m,)) + lim sup G(B(Mo(@n,, Tm, )))-
Therefore
Jim supG(B(M (2, 2m,))) 2 0.
This implies tlggo sup(B(M, (zn,, Tm,))) > 1. As B(§) < 1 for all £ > 0, we get

tlggo sup(B(My(Tn,, Tm,))) = 1.

Using the property of 8, we get lim sup M, (zn,, m,) = 0, which is a contradiction to 1D Hence {z,} is a
t—o0
Cauchy sequence in (X, dg,)

As (X, dR,) is a complete extended Branciari b-distance space, there exists 2* € X such that lim dg, (z,,2*) = 0.
n— o0

By definition of sequence {z,}, we get lim T"(xzg) = 2*. By using 1] and « continuous property of T, we get
n—oo

lim T(z,) =T(z") = 2" = lim xy4; = lim T(x,) = z*
—00

n—oo n n—oo

is a fixed point of T

To prove uniqueness of fixed point of 7', let us assume there are two fixed points x,y such that x # y then
T(z) #T(y). As az,y) > 1 and

}"(w(:c,y)rde(T:zr,Ty)) < f(Mw(za y)) + g(ﬁ(Mw(I7y)))

where r > 2 and

M, (z,y) = max {de(a:, Y), dry (2, Tx),dry(y, Ty), Aoy, TY)[1 + dpo (2, T2)] }

CU((E, y)[l + de(:L" y)}

Therefore,

My (z,y) = max {de(Ly)’ dro(,2), dre (4, 9), drw (Y, y)[1 + dru(z, x)) }

w(a:, y)[l + de($7 y)}

Hence, M, (x,y) = drw(z,y). This implies F(w(z,y) dro(Tx, Ty)) < F(drw(z,y)) + G(B(drw(z,y))). Using the
increasing property of F, we get
G(B(drw(z,y))) > 0= B(dpw(z,y)) > 1.

But this is a contradiction to 8(§) < 1, for all £ > 0. Therefore dg,(z,y) = 0 = = = y. This means T has a
unique fixed point. [J

Theorem 3.9. Let (X, dg,) be a complete extended Branciari b-metric space,

T:X — X and a: X x X — [0,00) be two mappings. F' € Ap and (G, 8) € Ag g such that
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1. T is a triangular « - admissible mapping.
2. T is a generalized FFGR,, - contraction.
3. There exists xp € X such that a(xg, Txg) > 1
4. If {x,} is a sequence in X and tllglo xn, = x such that a(x,,z,41) > 1 for all n € N, then a(z,,z) > 1 for all
n € N.
Then

1. T has a fixed point * € X and lim T"xg = z*

n— o0

2. If a(z,y) > 1 for all z,y € Fix(T), T has a unique fixed point, where
Fiz (T) ={z € X|Txz =z}

Proof . We conclude, as we did in the proof of Theorem that the sequence is {z,} is defined by z,, = T"z¢ =
Tx,_1 satisfying

Ty, Ty) > 1 (3.9)

lim dgy,(zn, Tpe1) =0 (3.10)

n— oo

for all n,m € N with n > m and there exists * € X such that

lim z, =2* = lim T"xg = 2" (3.11)

n—oo n—oo

We will show that z* is a fixed point of T
Assume there exists ng € N such that x,,41 # Ta* for all n > nyg.
This implies dgy, (Tzy, Tx*) > 0 for all n > ng.

Using (B:9) and (B-IT), we get a(z,,a*) > 1

For all n > ng, we get
F(w(@n, 2")" dpo(Trn, T2")) < F(Mpw(Tn, 7)) + G(B(Mpw(Tn, 27))) (3.12)

drw(@*, Tz*)[1 + drw(zn, Zn)] }

Where./\/lRw(a:n,x*):max{de(xn,a:*),de(xn,Txn),de(x*,Tx*), (7)1 dr (e 2]

Therefore

N N " e AR (2, T2*) |1 4+ drw(Tn, Tn
MRw(In,l’ )_max{de(Jle” ),de(:En,l‘n+1),de(l‘ Tz )a f ( )[ R ( +1)}}-

W(Zn, 2*)[1 + drw (Tn, )]

Taking the upper limits as n — oo and (3.10]), we get

lim sup Mgy (2n,2%) = dgy,(x*, Tz"). (3.13)

n—oo

Taking upper limits in (3.12)) as n — oo and using (3.13)), we get
li_>m sup F(w(xp, )" dgo(Te,, Tx*)) < F( le sup Mgy (2, %)) + li_)m sup G(B(Mpy(zn,x*)))

Using the increasing property of F, we get

lim sup G(B(Mpy(zn,z*))) >0 = nh_)rr;o sup S(Mpw(xn,x*)) >1

n—oo

As B(§) < 1 for all £ > 0, we get,
le sup B(Mpy(zn,2*)) =1 = lim sup Mp,(2,,2*) =0
n o0 n— oo

Using (3.13), we get dpe, (2™, Tx*) = 0. But this is a contradiction to dg, (z*,Tz*) > 0. Therefore, z* is a fixed
point of T'. For the second part of the proof proceed as in theorem O

From the Theorem [3.8] and Theorem we get the following corollary.
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Corollary 3.10. Let (X, dg,) be a complete extended Branciari b-metric space, T : X — X and o : X x X — [0, 00)
be two mappings. F' € Ap and (G, §) € Ag g such that

1. T is a triangular « - admissible mapping.
2. For all z,y € X with w(x,y)dg,(Tz, Ty) < vA(z,y)
3. There exists zp € X such that a(zg, Tz¢) > 1
4. (a) Either T is a— continuous or
(b) If {z,} is a sequence in X and lim z,, = z such that a(z,,z,+1) > 1 for all n € N, then o(z,,z) > 1 for

t—o0
alln e N.
Then
1. T has a fixed point z* € X and lim T"zg = z*
n—oo

2. If a(z,y) > 1 for all z,y € Fiz(T), T has a unique fixed point, where
Fiz(T) ={z € X|Tx =z}

4 Application to nonlinear integral equations

Let C([0,1]) be the set of all continuous function on I = [0,1]. Let X = C(I,R) be endowed with the Extended
Branciari b-metric space function defined by

dro(z,y) = sup;elz(t) — y(t)[?

for all z,y € X and w(z,y) = |z| + |y| + 3, where w : X x X — [1,00)

Consider the nonlinear integral equation

z(t) = g(t) + )\/0 L(t,s)f(s,z(s))ds (4.1)

where f: IXR—>R, A>0and £L: I x I — [0,00) are given functions.
Suppose that the following conditions hold:

1. g: I — R is a continuous function.
2. L:1x1—]0,00) is integrable on [0, 1]
3. f:I xR — R is a continuous function such that for all z,y € C[0, 1].

/ |f(8,$(8)) — f(say(s))‘2d8 < P@(x(t),y(t)) .
’ max;eo1] (|z] + |y| + 3)

O(x(t), y(t)) = maX{ |2(t) —y(@) |x(t) = Tz(@)%, ly(t) — Ty(®)[%,

where

ly(t) = Ty@®)P[1 + |2(t) — Ta(t) ] }
?]

maxqepo,1] (2] + [y] + 3)[1 + [(t) — y(1))

1
4. Tz € C[0,1] for all x € C[0,1] where Tx(t) = g(t) + )\/ L(t,s)f(s,z(s))ds
0

5. For all z € C[0,1] and z(t) > 0 for all ¢ € [0, 1], we have Tz(t) > 0 for all ¢ € [0, 1]
6. Assume N2 L2 <1

Under the above conditions (1) — (6), the nonlinear integral equation (4.1]) has a unique solution in C|0, 1]
Proof . Define a function T : C[0,1] — C[0,1] by

Tx(t) = g(t) + )\/01 L(t,s)f(s,z(s))ds for all x € C[0,1],t € [0,1]

The existence of a solution to (4.1) is equivalent to the existence of a fixed point of T
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Define a mapping a: X x X — [0,00) by

| 2 ifax(t),y(t) €[0,00) for all t € [0,1]
ol,y) = { 0 otherwise

We will prove that T is a triangular a-admissible mapping. Let x,y € C[0,1] such that a(z,y) > 1. Therefore,
x(t) > 0,y(t) > 0 for all ¢t € [0, 1].

From condition (4) it follows that Tz(t) > 0,Ty(t) > 0 for all ¢ € [0,1] this implies a(Txz, Ty) > 1. Similarly, for
x,y,2z € C[0,1] such that a(z,z) > 1 and a(z,y) > 1, we have x(t) > 0,y(t), 2(t) > 0 for all ¢t € [0,1]. This implies
that a(z,y) > 1. Hence, T is a triangular a-admissible mapping. Now, for z,y € X we have

1 2

at) + A / £(t,5) (s 2())ds — g(t) — A / C(t,3) 1 (s y(s))ds

0 0

T (x(t) = T(y(t)]* =

< A?( / Lt 9) (s, 2(5)) — f(s,y<s>>yds)2

<x(f L S)d$>2< / (s as)) Fsp(eD|as
2

<\? (suptez /01 L(t, s)ds) PO (1), y(t))

2
maxte[o’l] (\x| + |y‘ + 3)
< A2 pO(x(t),y(1))
> 2
maxte[o’l] (|$| + |y| + 3)

_ pO(1). y(1))
= (al+ Iyl +3)2

Therefore

pTheta(x(t),y(t))) p Theta(zx,y)
(2] + [y +3)2"

supic 1e(0) = T O < sy (T 2 ) =

By the above, we conclude that all the assumptions in corollary (3.10) are satisfied. Thus, T has a fixed point
x € C0,1] and hence equation (4.1]) has a solution z € C[0,1]. O

5 Conclusion

We proved the existence and uniqueness of a fixed point in extended Branciari b-metric space in this manuscript,
which generalises many previous results. We also presented an application of our integral equations results.
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