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Abstract

In this paper, we firstly obtain some identities via generalized fractional integrals which generalize some important
fractional integrals such as the Riemann-Liouville fractional integrals, the Hadamard fractional integrals, etc. Then
by utilizing these equalities we establish some Ostrowski and Trapezoid type inequalities for functions of bounded
variation with two variables. Moreover, we give some inequalities involving Hadamard fractional integrals as special
cases of our main results.
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1 Introduction

The study of various types of integral inequalities has been the focus of great attention for well over a century
by a number of mathematicians, interested both in pure and applied mathematics. One of the many fundamental
mathematical discoveries of A. M. Ostrowski [24] is the following classical integral inequality associated with the
differentiable mappings:

Theorem 1.1. Let F : [k1, k2] — R be a differentiable mapping on (k1, k2) whose derivative F' : (k1,k2) — R is
bounded on (k1,K2), i.e. ||[F'||:= sup [F'(7)| < oco. Then, we have the inequality

TE(K1,K2)

7 5 — E1th2)?
Flo) - —— / Fr)dr| < [1 + ()] (k2 — 1) | ]

4 (ko — K1)?

for all > € [k1, Ka].
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The constant § is the best possible.

Ostrowski inequality has applications in quadrature, probability and optimization theory, stochastic, statistics,
information and integral operator theory. Until now, a large number of research papers and books have been written
on Ostrowski inequalities and their numerous applications.

The remainder of this work is organized as follows: In this Section 2, we present the definitions of fractional
integrals and functions of bounded variation. In Section 3, we establish some identities involving generalized fractional
integrals of two variables functions. Then, some new Ostrowski and Trapezoid type integral inequalities involving
generalized fractional integrals are proved for functions of bounded variation with two variables in Section 4. Finally,
in Section 5, we give some ineqialities for Hadamard fractional integrals as special cases of our main results.

2 Preliminaries

In the following, we give the definition of Riemann-Liouville fractional integrals:

Definition 2.1. Let F € Li[x1, o). The Riemann-Liouville fractional integrals J¢ , F and Jg F of order o > 0
with k1 > 0 are defined by

1 P4
J?l_;'_ F(a/ (T)dT, > K1

and

e}
Jo, _F(x)

F(r)dr, < K2

ﬁ\
)

respectively. Here, I'(a) is the Gamma function and J? | F(s) = J2 _F(s) = F().

Ko —
Hadamard fractional integrals given by as follows:

Definition 2.2. [2T] Let F € Ly ([k1, x2]) . The Hadamard fractional integrals HY | 7, and HY _F of order a > 0
with k1 > 0 are defined by

Hg1+ Fi/ (T) dr, x> ki,
T
and
H;  F( F—/ S_T)dr, % < Ko,

respectively.

Definition 2.3. [2I] Let p : [k1,k2] — R be an increasing and positive monotone function on (k1, k2], having a

continuous derivative p'(3) on (k1,k2). The left-sides (I:+'p.7-" (5)) and right-sides (Ig,'p]-" (5)) fractional integral of
1> 2

F with respect to the function p on [k1, k2] of order av < 0 are defined by

(1))

o pi_ L A
L ? ) = 7oy / [p(z¢) = p(r)]'°

dr, x> K1

and

(03

Ky P
respectively.

Hadamard fractional integrals of a function with two variables can be given as follows:
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Definition 2.4. Let F € L ([k1, k2] X [#3, £4]) . The Hadamard fractional integrals J2)7 . F, I F J07  F
and J*° F of order o, 8 > 0 with k1, k3 > 0 are defined by

K2—,Rq4—
B 1 r ey a—1 ~ B—1 ]:(7.7@
.],\CIJDHSJFJ:(%7 v) = W// (ln;) (ln g) pe dedr, > K1, 7> K3,

K1 K3
»x K4
1 seye=1 o\ F(r,¢)
a,B - hid 2 A
Tt maF(e7) = T(@)T(3) // (ln T) (ln 7) p dedr, > K1, 7 < Ka,
R1 Y
K2 Y
1 7yl = Fr,9)
B — r 7 Al
JKQ—,HSJF‘F(%? FY) L F(G)F(ﬁ) // (ln %> (ln §) < dng, 7 < Ka, Y > K3,
s K3
and
Jaﬁ f( ).7 . K2 m(l 1>a—1 | 5 B-1 -F(Tag)d . ) <
ko—ka— \IHY) = F(a)F(ﬁ) n P H’Y < sat, %< K2, V¥ < Ry,
x
respectively.

Now, we give following generalized fractional integral operators:

Definition 2.5. [8] Let p : [k1,%2] — R be an increasing and positive monotone function on (k1,x2], having a
continuous derivative p'(>) on (k1, k2) and let @ : [k3, k4] — R be an increasing and positive monotone function on
(K3, k4], having a continuous derivative w’(y) on (k3, k4). Let F € Lyi([k1, k2] X [k3, £4]). The generalized fractional
integral operators for functions of two variables are defined by

N R S ='(s)
Tetmstine? 000) 1= i) / / o)~ ) — (@ 7 T e
a,p ” = 71 [ pl(T) w’(g) T T, X©X>K K
Tt TG ),! S o~ o ) 7 e
TP F(5,7) := L [ P7) ='(s F(r,¢)dsdr, <k > K
e OO I B S R o R ) L
and
o, P — 1 [ ’OI(T) w’(() T T, <K K
Trammamiom? 067 1= P(a)rw)! / ) = PG (o) — ) 7 A s

More details for Riemann-Liouville fractional integrals, one can consult ([19], [21], [23], [25]).

Moreover, one can find some recent Hermite-Hadamard inequalities for function of one and two variables via
Riemann-Liouville fractional integrals in ([1I, [8], [18], [20], [22], [26]-[31]).

Functions of bounded variation of one variable are of great interest and usefulness because of their valuable
properties, such as particularly with respect to additivity, decomposability into monotone functions, continuity, differ-
entiability, measurability, integrability, and so on, have been much studied. There are many of papers on inequalities
for functions of bounded variation of one variable, some of them please see ([2]-[4], [9], [14]-[16]). Moreover, Dragomir
obtained some fractional inequalities involving functions of bounded variation ([11]-[13])

Functions of bounded variation with two variables are defined as follows:
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Definition 2.6. [10] Assume that F(s,7) is defined over the rectangle @ = [k1, k2] X [K3, k4]. Let P be a partition
of Q with
Pk =< <..<xy=kK and k3 =79 <71 < ... <YM = Kq;
and for all 4, j let
Av1p(a,75) = plsi-1,7j-1) — p(3ti=1,75) — p(34i, vj—-1) + p(56i, 7))
The function F(s,7) is said to be of bounded variation if the sum

N—-1M-1

D> IANFGea,v)l

i=0 ;=0

is bounded for all nets.

Therefore, one can define the concept of total variation of a function of variables, as follows:

N M
Let F be of bounded variation on Q = [k1, k2] X [Kk3, k4], and let Y (P) denote the sum Y > |A11F(34,7;)]
i=15=1
corresponding to the partition P of (). The number

R2 K4

\V(F) =V @ = sup{Z(P) . Pe P(Q)},

Q K1 K3
is called the total variation of F on Q.

There are also some paper on inequalities for functions of bounded variation with two variables ([5]-[7]). However
there is a few papers fractional integral inequalities for functions of bounded variation with two variables. The aim
of this paper establish some fractional Ostrowski, Midpoint and Trapezoid type inequalities for functions of bounded
variation with two variables.

The aim of this study is to establish Hermite-Hadamard type integral inequalities for co-ordinated convex function
involving generalized fractional integrals. The results presented in this paper provide extensions of those given in
earlier works.

3 Some Identities for Generalized Fractional Integrals

Firstly, we define the following functions which will be used frequently:

[o(>) = p(s2)]” + [p(k2) — p(>)]"

M (K, Ko 5) = Tt ,

p

and
[w(7) — w(r3))” + [w(ra) — w(7)]’

I'(B+1)
for (5¢,7) € [k1, k2] X [K3, k4] . We also denote M (k1,k2) and N2 (ks, k) by

NG (K3, ka37) =

Mg(lﬁ,m) = Mg(m,m;m) = Mg‘(m,/@Q;nQ) - W’

and
[ (1) — w(rs)]”
r@e+1)
In addition, by choosing p(7) =1In7, 7 € [k1, k2] and w(s) = Ing, ¢ € [k, k4], we have the following representations

[ln’%}ﬁ + [ln%}ﬁ
rp+1)

Ng (53754) = Ng (53754§"$3) = Ng ("‘737'“54; "‘74) =

[1n Kﬂa + [ 52]®

Mlortl(’%b’%?;%) = F(Oé+1)

and Aflﬁ (K3, Ka;7) =

and

M (k m)':[n:ir
AL D (1)

K3

v
and '/\/‘lfl (53, 54) = m

Now we prove the following equalities:
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Lemma 3.1. Let p : [k1, k2] — R be an increasing and positive monotone function on (k1, 2], having a continuous
derivative p’(3¢) on (ki1,k2) and let @ : [k3, k4] — R be an increasing and positive monotone function on (ks, k4],

having a continuous derivative @’(y) on (k3,r4). If F : A — R is integrable on A, then for a, 8 > 0 we have the
following equality

1
F (o) = —— | T F (o, b LF (s, 3.1
(3.7) N (o) [Jﬁﬁ,w (67 + TP (2 v)] (3.1)

1 . X
RV T (T2 4y FGey) + T8, F(56,7)]

1
+
MG (K1, k2 2)NE (K3, ka3 7)

X j’i’fa”?:"!‘%ﬂvwf(%’ v) + jriﬁ,m—;mwf(%: v) + jr-?zﬁma-i-;p,wf(%v v) + jfgyf,m—;p,wf(%’ 7)}

4
1
- 3 > I
MG (K1, ka; )N (K3, k43 7) 721

where
IS N Y B[ /(o) F16)  Fr,2) — Floers) 4 Floerm) dsi
II_F(“)F(B)ZZ ) — o () — (@ P () T F ) = P+ o dedr
- : [ p/(T) w’(g) T - T - o ” T
IQ”””“J/[/)(%)/)(T)]” @ w7 ) Ty m Fbes w Flder
1 Ky Y p'(1) @' (<) O F e B i
TETE %// ) — 0] ) e T T e TGl
and
. 1 Ko K4 p’(T) w’(g) T - 7_ - 5 5 ]
14_F(a)F(ﬁ)%/W/[p(T)_p(%)}l—a =) — (] [F(r,6) = F(7,7) = F(56,6) + F(3¢,7)] dsd
for all (3¢,v) € A.
Proof . We show that
1
T Tre (32)
[0 (<)
F(1,5) = F(1,7) = F(¢,5) + F(5,7)| dedr
XZ}Z [p(%)—p(T)]l_a [w(v)_w(g)]kﬁ[ (7,5) (7,7) (22,¢) + F( ’Y)] S
w — w(k3))” ) — p(k1)]®
= jl‘?lﬁﬁ,ﬁg—&-;p,wf(%a’}/)*[ (}:)(5—1_(1)3)] 1?1+;p]:(%’7)7wjﬁ ]:'(%,,Y)

T(a+1) Jrt=

TS TErn )
Similarly, we get
I (3.3)
O~ PO i i Rk ) S PO N R ) R PO

I'(a+1)
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[p(52) — p(r1)]" [w (k1) — w(y))”
I (3.4)
. [w(y) — @(k3))’ o [p(r52) — p(0)]”
= \,7,{257,{34»;;),13}.(%7 v) — I,(ﬁ—_dJKQ,;pf(%, v) — WJK{Z+;W~F(%, 20)
[p(r52) = p(30)]* [w(v) — w(ks)]’
Ty @iy Y
and
n (3.5)
o [w(ks) — ()’ _, [o(r2) — p(50)]"
= *75253,%4—%71:1‘/—:(%’ 7) - 1—\4(5 + 1) ‘752—;[)‘/—:(%’ 7) - T (a ¥ 1) j}i—;w‘/—-.(%7’}/)
o B8
o) = pGA)" () =)

I'(a+1) I(B+1)

If we add the equalities (3.2)-(3.5) and then divide the result by MG (K1, ka; 2)NPB (k3,k4;7), then ve obtain the
required identity (3.1). O

Lemma 3.2. Suppose that the assumptions of Lemma [3.1] Then we have the following equality

1 5 5
f(%, ’)/) — m {jv-i-;w]:(%) I‘€4) + j,y_;wf(%a HS)} (36)

1

7W [‘7}?-&-;#7:(”277) + j;:—;p]:(/‘ﬁla”}’)]

_ —

Ng (53,H4;W)

x jsf,w;p,wf(’i?’ Ka) + jﬁjfﬁ*?ﬂ,wf(ﬁ% r3) + jﬁiﬁ,w;p,wf(“l’ Ka) + jﬁfvﬁp,w}—(ﬁl’ 3)
8

- 3 ka
MG (K1, ks )N (K3, K45 7) 728

Mg‘(lﬁl, Ko, 7

~—

Ju—y

where

e 1 / / () ='(<) — [F(7,5) = F(r,7) — F(5,5) + F(3,7)] dsdr,

1 Kg Y p’(T) w/@) N . 3 ]
TT@r %/ / ) = T Tt = e P 8) = F02) = F6) 4 Foe ) i
I S Y () '(s) e o e
17_““)“5)! / () — )] ) — (@ 7 ) T F ) = P+ Floaalded

and

__ v i p'(7) @' (s) e B ]
IS_F(a)F(ﬂ)//[p(T)_ - —5 [F(1,6) = F(7,7) = F(5¢,6) + F(52,7)] dd

for all (5,7v) € A.
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Proof . By the Definition we have

R2 KR4

_ 1 p'(7) @'(s)
5= Tore [/ [o(k2) = (1))~ [w(ka) — w(s)]' ™7
x [F(r,¢) = F(1,7) — F(5¢,5) + F(5¢,7)] dsdr
wW(ky) — @ A k2) — p(50)]"
= jﬂ(jf'w;p,wf(@’ M) h w ;j+;p-7:("f2»7) B Wiﬂ;w}‘(%’ 54)
— 0(30)]% [w(k4) — w()]”
[p(k2) — p(0)]” [w(k4) — @ (7)] Flom),

and similarly

[w(y) — w(r3))” [p(k2) — p(52)]”

Is = j;?q’f'yf;p,wf(li%m?)) - F(ﬁ—F 1) ng;p‘/__'(Iizﬂ’Y) - F(O{—F 1) j’yﬂf;wf(}a '%3)
[p(r2) = p(5)]* [w(v) — w(r3)]°
HEACES) rGarn o)

. @ (r4) — w(y))’
I = jﬂfv#p,w}-(“l?“@ - F4(ﬂ+l) T2 pF (K1,7) T (a+1) jf+;w.7-‘(%7 K4)
[p(52) — p(r1)]" [w(r4) — w(7)]°
HEACES) T L
and
o [w(y) = w(ks))’ 4 [o(5¢) — pl1)]"
Is = \7;476,77;/),13]:("{1?"{3) F(ﬂ+1)3 j%f;p]:(‘%th) F(OZ+1)1 j’yﬁfz,w]:(}% ’%3)
[o(5) — p(1)]* [w(7) — w(ks)]’
T T (a+D rTErn )

This completes the proof. [

Lemma 3.3. Suppose that the assumptions of Lemma [3.I] Then we have the following equality

f(lih H3) +]:(I<;17I<;4) —l-]:(/ig, H3) +]:(I<;27I<;4)

1 MG (K1, K2)NE (K3, 4) (3.7
NB (k3, K
*¥ (T2 4 F(ho k) + T2y F (ke k3) + T F (K1, ka) + T, F (K1, k3)]
M (K1, ko)
_pf |:‘7/§3+§W‘F(K27 K4) + jrif;w]:(’%% '%3) + inJr;w]:(’ila 534) + j,if;w]:(/@h /‘€3)}
1 a,B o,
+1 [“7“1+7N3+;P,W]:(K’2’ K‘4) + ‘751+7H4—§P7w]:(,€2’ H?’)

+‘7:zyf7r€a+;p,wf(’11’ Ka) + jg’f,m—;p»wf(m’ HB)}
122
= b
k=9

where

R2 K4

_ 1 p'(7)
b=r (@) T'(B) // [p(r2) = p(7)]' ™ [w(k4) — w(s)]' ™"

K1 K3

[F(1,¢) — F(1,k4) — F(K2,s) + F(ka, ka)] dsdrT,
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= ! [ pl(T) ZUI(g) T — T,R3) — K Ko, R T
TG ] ] o) — o o) w7 T T
= ! [l p,(T) WI(g) T — T,Rqa) — K K1, R T
o= F(O‘)F(ﬁ)Nl S le(7) — p(r)]' " [w(ka) — w ()] 7 AT o) = P ) = Flow o) o Flw ) ded
and
Ly = - _P/(T) =(5) [F(1,5) — F(1,K3) — F(k1,5) + F(k1, £3)] dsdr

for all (5¢,7) € A.

Proof . If we choose (5,7) = (k2,/4) in (3.2), then we have

1
K S ] <3'8)
K2 K4 (1) d(s) F(r.) = F(r. ka) — Flk F(ko, kq)| dsdr
Xm " [o(k2) — p(T)]' ™ [ (ka) — ()] " [F(7:6) = F(7, 54) = Flra, ) + F(ra, ra)] ds

[ (ka) — @ (k)]

= T F i) T F iz ma) — LD Z PO 75 i )

rB+1) NEES)
[p(ﬂrz)(; f(f)l)]a [W(Klf)(gff;?))]ﬁ P
Similarly, we get
o = T 5
X::4 [p(ﬁz)pl(;()T)]la [ () iﬂzlv(zig))]l—ﬁ [F(7,6) — F(7, k3) — F(k2,5) + F(ka, r3)] dsdr

[ (k) — @ (k)]

= jﬁ’im,;p’w}—(ﬁzﬂis) - Tt pF (K2, K3) — M]fr;wf(ﬁzam)

r@+1) T(a+1)
lp(k2) = p(k1)]* [@(ka) — (k)]
P TarD - TEey Tt
for (3¢,7) = (k2,k3) in B.3),
Ly = I‘(a)lI‘(@’) (3.10)
S | T L e g ) P = ) 4 Pl
Kg) — W(K d ko) — oKk
= T e oror) — O G P — RIS Pl
[p(r2) — p(k1)]* [w(ka) — @ (s3)]”
T D T )
for (s¢,7) = (K1, k4) in (3.4), and
I, — 1 (3.11)

()T (B)
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K2 K4

p/(T) w/(g) F(r _ F(r.ks) — Fliy Fer k)l dedr
><//[p(7)—p(.‘$1)]1a [w(q)—w(,@))]l_ﬁ[ (7,5) (T, k3) (k1,5) + F(k1,k3)] ds

K1 K3

[w(ka) — w(k3)]
rg+1)

B N «
T T G oY) gy C T TP

— a7ﬁ —
- \7&27,&47;%7)]:('%17%3) F(Oé+ ]-)

[p(r2) = p(r1)]” [(ra) — w(r3)]

T(a+1) T(B+1)

for (5¢,7) = (K1, k3) in (3.5).
If we add the identities (3.8])-(3.11)) and if we divide the result equality by 4, then we obtain the desired identity
ED. O

+ F(K1,K3)

4 Some Ostrowski Type Inequalities for Generalized Fractional Integrals

In this section, Ostrowski type inequalities involving generalized fractional integrals are obtained for functions of
bounded variation with two variables.

Theorem 4.1. Let p : [k1, k2] — R be an increasing and positive monotone function on (k1, k2], having a continuous
derivative p’(5) on (k1,k2) and let @ : [k3, k4] — R be an increasing and positive monotone function on (k3, k4],
having a continuous derivative @’(7) on (ks,k4). If F : A — R is of bounded variation on A, then we have the
following inequalities

(4.1)
1
F () =~ T s F o0, ) + TL o F 52,
‘ ) NE (K3, k43 7) [jﬁ’ o)+ T (%7)]
1 o o
_M%(m,m; ) [jnﬁ‘p]:(%’ V) + T (5, ’7)]

1
+
M3 (K1, ko3 )NE (K3, ka3 y)

x {‘7:1’—?-,53—&-;/),17-7(%3 ’V) + \71?1’-67194—%@]:(%’ ’7) + jfggnsﬁmw}—(%’ ’Y) + ‘7:2’3&4—#’717]:(%’ 7)} ‘

" Ml %;Né (ka,mai7) T Ol
” K/Z [p(%)i/(pT()T)]l_” [W(v)w,gzg)}lﬁ\?\j/(f)dw
" ] / [o(>) ﬂ(;()ﬂ]” [ (<) f/(z;()v)p—ﬂ \?\i/m dedr
S e st Vs
: % [o(7) fliilw—a [ (6) ?/(w%)]lﬂ \/\/ (F) dodr
- M%(m,mz;z)lf\f@ (,-;3,,.;4;7)F(a+1)1r B+ 1) [p(5) = p(r1)]" [w(7) —w(fig)]ﬁgg{(f)
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\ : . ~plra) + pls2) []°
< MG (K1, Ra; 52) NG (g, ka37) T (@+ 1T (B +1) { (p(ka) — p(k1)) + | p(52) : ]
ok 1702 2
X %(w(m) —w(ks)) + ‘w(y) — g } \/\/

for all (3¢,v) € A.

Proof . By the Lemma we get

(4.2)
1
|‘F(%7 ’Y) - j\m [jlg;-l—;wf(%? ’Y) + jﬁi—;w‘r(zv 7):|
_W [*7'?1-%;/)‘7:(%77) +*7r-?2—;p‘7:(%77)]
1
M et N (e isi)
) [ T8 s T Ca) + T g (57) + T eyt F 05 + T P )|
< 1
MGk, ke e #)NZ (K3, ka3 7)
[ ='(s)
) [ / / o) -]
x | F(r,¢) — ]:(7' v) — (% C)—|—]:(% )| dsdr
1 p'(7) @'(<)
T ) / p(2) — ) [m(s) — ()]
X |F(7,6) = F(1,7) — (% <)+f(% )| dsdr
S e e
J ") — @ ()]
x |F(r,¢) — F(1,7) — .7-'(% §) +]:(% v)| dsdr
S e
) [w(s) = w()]"~”
X |]:(T §)— F(r,y) — f(% g) +f(% )| dsd]
r1(5,7)
Since F is of bounded variation on A, we have the following inequalities
F(7,6) = F(r,7) = F(35,6) + F,7)| < \/ V (F) < \/\/ ) for (r,5) € [k1, %) x [13,7), (4.3)
F(r9) = Frn) = Foes) + Foa ) S VV ) SVV (F) for (n) el x ol (44)
|F(1,6) — F(r,7) — F(ot,6) + F(e,7)| < \/\/ <\/\/ ) for (7,¢) € [3, Ka] X [K3,7) (4.5)
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and
|F(7,6) = F(7,7) — F(3¢,6) + F(3,7)] \/\/ <V (F) for (7,6) € [, 2] x [v,54].
By substituting the inequalities — in -, then we obtain
k1 (2, 7)
1
<
B Mp(ﬁl,ﬁg,%)Ng(Hg,H4,7)
(& CAGHEERYIN
x [r(a)r(ﬁ)!m (32) = p(m)] * [W(v)—W(c)]l_B\T/\g/(F)dng
R Y (o T NI\ Py dede
Twr® ] | 55 e Y YO
Y o G O NERVIVIF
Twr® | | oo we e Y YO
1 K2 K4 p/<7_) w/(g) T S
+F(O‘)F(5)%/,Y/ P ()P \}{\’Y/(}-)d@h
1 )" (@) = @ (k)" 7\
= Mg‘(m,/{g;%)/\/g (K3, ka;y l a—|—1) (B+1) YM(]:)
[p(2) = p(r1))* [ (ra) = (M) 1 — ()" [w() — @ (k)] {5
T T+ )T (5+1 y\f r(a+1)r(5+1) \A{(H
[p(r2) — p(30)]” [@(ka VIV
* T(at )5+ \/\/
52(%77)

This proves the first and second inequality in (4.1]).
The proof of last inequality in (4.1]) is obvious from the facts that

max {K1Ks3, K1K4, K2k3, keke} = max{ki, Ko} max{Kks, K4},

N
max{lijl\/,né\/} = (max{m,@})N = (Hl T K2 J;|H1 +H2|>
for k1, Ko, K3, ka, N > 0.

This completes completely the proof of theorem. [J
Theorem 4.2. Suppose that the assumptions of Theorem then we have the following inequalities

1
Fey) - ———
| NZ (K3, Ka3Y)

1 1
———— | T F (2, ) + T F (K1, 7)| +
M%(/‘il,@;%)[ s (R2:7) o7 )] /\/l;';(m,nz;%)/\/ﬁ (K3, Ka;7Y)

(T2 a) + T o F (4, 555)|

X {jfj’ﬂ o F (K2, Ka) +j;:_’£,y_;p,w]:(/€2,/€3) +‘7}(:’_ﬁ,7+;p,w]:(m,/£4) + I B7 pwf(lﬂhlﬂg,)”

+,7+50,@
1 1

<
o MG (K1, R 2N (k3, ka;7) T (@) T (B)

1175

(4.7)
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K2 K4 p/('r) ’ZDI(§) T < i
’ [% Yy [p(ﬂ2) - p(/r)]lia [W(H4) - w(g)]l_B \}t/\’y/( ) S
K2 Y p/(T) w/(g) T )
+ %/K[ [p(k2) — p(r)]l—a [(s) — w(ﬁg)]liﬁ \%/\g/(]:) dsd

p(7) @' () NI
+J/mm—MmW“www—w@Wﬂyy()g
NG ='() N E) ded
+J/?wwmwmlﬂw@ wmm“ﬁyy()g
1 1 ko) — p(30)% [w(ky) — @ 5’“2“4
= M (K1, ks NG (K, k37) D@+ DT (B +1) lptra) = PN r2(a) <”]\{Y“”
+[p(k2) — p()]* [@(7) — @(83)]” \/ \/ (F) + [p(30) — p(51)]* [ (5a) — =(1))” \/ \/ (F)
+[p(¢) — p(r1)]* | VYV

IN

for all (5¢,v) € A.
Proof . By using modulus and the inequalities (4.3)-(4.6]) in Lemma we obtain

1

m [j’f:‘;w‘/—:(%v ‘%4) +\7’){3—;@!‘?(%7 H3)i|
w 3, 4,

|~F(%7 ’Y) -

1 o N
7W [‘7%-&-;/)}—(”277) + jx—;p}—("ila”}’)]

—_ —

N‘g (‘%37 “{4;7)

x {jsfw;p,wf(”% ra) + Jﬁfﬁ*;p,wf(“% r3) + Jgf%;p,wf(m’ K1) + Jﬁ;ﬁﬁﬁpvw}—(m’ Iid)] ’
1 1
MG (K1, K2; %)NQ (kis, kia;y) I (@) T (B)

K2 Ka T S
[// (22) 1—04 (54) 1 ﬁ\ﬂ/\’y/ ) dsdT
K2 Y

pAT @'() I\ () dedr
+//mwwmmraww Mwlﬁyv()g

® K1 S

Mg(/ﬁ, Ko, 7

~—

IN

x Ka

p(7) @' (s “\
+//mw—mmﬁﬂmM>w<lﬁyy

K1 Y
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[ s ='(s) N ded
+m S lp(r) = pls)]' " [w(c)—w(nsﬂl‘ﬂ\/\!( o
1 1 Ro) — %OLWKJ4—w ﬁnzfm
= Mg(ﬁhﬁz;%)/\ﬁg(53754;’7)F(0‘+1)F(5+1> lz) =l el ) \Z\v/(}-)
+[p(k2) — p(39))” [w(7) — @ (k)]” \/ \/ (F) + [0() — p(s1)]” [w(ra) — w(1)]” \/ \/ (F)
+[p(¢) = p(s1)]* [w(y) — w(s3))” \ ) (F

This proves the first and second inequality in (4.8)).
The last inequality in (4.8) is proved above. O

Theorem 4.3. Suppose that the assumptions of Theorem [£:1] then we have the following inequalities

Fl ) Tl ) P ) L) gy a2 ) (49)
4 p o
N2 (ka,
7# [ wuipF (R2y 0a) + T8 o F (K2, hg) + TG, pF (R 4) + T, o F (1, ‘%3)]
M (K1, K2)
_pfw [Jﬁﬁ o F (Ko, Ka) + j,i,;w}"(/ﬁz’ K3) + J,iJr;w]:(lil, Kq) + J,i,;w}"(/ﬂ, K3)}
R
+Z [jnlf-,ng-ﬁ-;p,wf(’%% H4) + j 1+ Ka—;3p, wf(n27 53)
+TE. K3+ ool (K1, Ka) + j&’f,m_;p,wf(m, 53)} ‘
1 K2 R4 p/(T) Ko K4
< — Vdsdr
T [ J o e = Y Y
K2 Ka p/(T) w/(g) K2 <
+ < Ydedr
L o) = o)) (<) — w(ma)] " \/\/
K2 Kg pI(T) T K4
+ — Ydedr
S ) = o [ e YV
(7 v =(<)
+// — YdsdT
] [p<r> o fs) — ) \/\/
M%(Hlv"iQ K:33K34 2
I'la+1) 5 +1) YX
for all (5,7v) € A.
Proof . By Lemma [3.3] we get
(4.10)

‘}-(m,ﬂs) + F(k1, ka) + F(ko, k3) + F(ka, ka)

4
NB K ’K: (0% (6% (03 «
_¥ [ N1+;p]:("€2”€4)+*7n1+;p]:(“2’“3) +*7r€2—;p]:(’€17’£4) + Te—ip”
Mg(ﬁl,ﬁg)

— T T F k) + T F

Mg(nla K’2)N£ (H3a H4)

("{27 "{3) + j/iqL;w]:(’il? '%4) + j,if;w]:

(Hla ’Q3)]

(2, )]
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1
+Z [j’glﬁ’@*?f”w}-(ﬁz’ ra) + jfiﬁ,mﬂp,wf(“% K3)

T T i 1, 50) + T2 o o F (s 5)] |

S S T p'(7) @' (<)
AT (@) I (8) L// [p(k2) — p(T)]' ™ [w(ka) — (<)) 7
X |F(7,<) = F(7, ka) — F(ka,<) + F(kz, ka)| dsdr

IN

+// - 2)P'(;’() = — W/(E) )]1_[3 |F(1,¢) — F(1,K3) — F(ka,s) + F(ke, k3)| dsdr
| [plk2) = p(7 w(s) — w(ks
+ [ () @() |F(7,¢) — F(1,ka) — F(k1,5) + F(k1, k)| dsdr
L) = o)l (@) — @ ()]
+ [ p(7) ='() |F(r,¢) — F(1,k3) — F(k1,5) + F(k1, k3)| dsdr
[p(r) = ()] [a(s) — @) 7 I o |

We also have

K2 K4

// o )P'(;() T oo )w’(C)(g)]l_ﬁ |F(7,5) = F(7,k4) — F(ka,5) + F(ka, ks)| dsdr
R2) — p\T W ke) — @
K2 K4 pl(T) w’(g) Ko Ka i
< / / PR ——AAU L
< \IV(F [ p'(7) @'(s) dedr 4.11
- YX( )R[H[ [p(k2) — p(T)]' ™ [ (ka) — w ()] ™7 ° (4.11)
_ [p(lig) _O[p(’il)]a [w(1€4) —BW(Kg)]ﬁ {7<7(]__)
Similarly, we obtain
K2 Kq p'(T) w’(<) |f(7' C)*J—'.(T K )7./.-.(/{ g)+_/—-'(/€ K )|d§d7’
[p(/‘ig) o p(T)]l—a [w(g) _ w(ﬁg)]l—ﬁ ’ s 3 2 2, 3
K2 K4 pl(T) w’(g) Ko S
: K[ﬁ[ [p(k2) — p(T)]' ™ [w(c) — w(ks)]' ™" \T/X(}—>dng (4.12)
K2 Ka p'(7) @' (s) |F(7,¢) — F(7, ka) — F(k1,5) + F(r1, k4)| dsdr
[p(7) = p(k1)] ™ [w(ke) — ()] 7 ' »Fa 1 1, K4
Ko Kq p/(T) w/(<) T Ka
- Jﬁ[ [o(1) = p(k1)] ™ [ (ka) — ()] y\g/(]:)dng (4.13)
< [p(r2) _ap(’fl)]a [ (k4) —Bw(ﬁs)]ﬁ 1\71\7(}.)7
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and

Ko K4 pl(T) w’(g)
F(7,6) = F(7,k3) = F(k1, F(k1,ks3)| dsdr
J o) = plen)) [w(g)—w(n?,)r*ﬁ' (7,6) = F(7, 1) = F i1, ) + Flri1, mg)| ds
I p'(7) Ydedr
- ,ZH[ [o(7) — plr1)] ™ [w(c) N 'B>{¥ N (4.14)
o lolt) — )" ol ﬁ<7<7

If we sybstitute the inequalities (4.11])-(4.14) in (4.10), then we obtain the requires inequality (4.9). O

Corollary 4.4. If we take » = % and v = % in Theorem Theorem then we obtain some midpoint
type inequalities, but the details are not presented here.

Remark 4.5. If we choose p() = 7, 7 € [k1, k2] and @(c) =<, s € [k3, k4] in Theorem [{.1} Theorem then we
obtain some Ostrowski type inequalities for Riemann-Liouville fractional integrals which were proved by Erden et al.
n [I7].

5 Some Inequalities For Hadamard Fractional Integrals

By choosing the p(7) = In7, 7 € [k1, k2] and w(s) = Ing, ¢ € [k3, k4] in Theorem [4.1} Theorem we have the
following theorems.

Theorem 5.1. If 7 : A — R is of bounded variation on A, then we have the following inequalities for Hadamard
fractional integrals

1
F (o) =~ |0 o FGey) + 30, F (5,
‘”” N G [P0 2o )

1

7m[ b (6 7) + I3, .7:(%,7)]
1

J’_
Mln(‘%la‘%Qv )'/\/1 (5375417)

{leﬁ- K3+;p, 0 F(%77)+Jzii,ﬁ4—;pw ( ) n2—,53+pwf(%ﬂ7) Jggﬁ—,/m 10,0 ‘7:(%77)]‘
v

: Mﬁ](m,nz;%;/\/lﬁ(ng,mw)F(a)lr(ﬁ) ZZ ln; a_l (mZ)B 1\7\:/ dch
+f7@ff1@§Y409wﬂﬁ47]@;y1@gf*gg i
K1 Y T _ vV
+77(1n £>a—1 <ln fy) \T/\g/ dedr
i v
) M%sza%;fvﬁ<n3,n4;v>F<a+1>1r<6+1> (lnm> (1“;>B\7\7<f>

() (02) P (2 (o3) T

K1 Y M K3
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<

M (1, k3 )N (s, k5 7) T @+ DT (B + 1)

[oo2) ol ) ol U

K1 K3

for all (5¢,7) € A.
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F)

Theorem 5.2. If 7 : A — R is of bounded variation on A, then we have the following inequalities for Hadamard

fractional integrals

1

F(56,7) = ———— |32 Floe,ka) + 35 F(5¢, 13)

‘ Nli (K3, Ka;7) { v E }
1 o o

Mg ) () P T )

1
+
Mﬁﬁ(fﬁ, K23 %)-/Vfl ("f37 Ra; “Y)

[Ji’fﬁ-&-;p,w]:(@a Ka) + I

.F(HQ, Hg) + Ja’ﬁ

sty =0, @

1 1 727 Ko a—l( 54)
< In — In —
a Mfﬁ(’fl’@%%)f\/ﬁ(f%,fwﬂ)F(O‘)F(ﬂ) ( T> S

x
K2 Y _ B—1 T
Ko\ @1 S dedT
+//(ln7> (ln@,) \%/\g/(]-") -
> R a—1 B—1 2 ¢
T K4 dsdT
+ In — In —
//(nfﬁ) <n<> \/\/(]:) ST
Rr1 Y T 9
7 R a—1 B—1 2 v
T S dsdT
JE) () Vet
K1 Y T S

1 1 K2 0‘( H4)
< In — In —
- Mln(m,/@g,%)/\/ln(fag,m;'y)F(a+1)r(5+1) ( %) vy

B K2 Y « B 2 Ka
f2\* e > Ra
+(m22) (1“53)) \;{/X(‘F)—i—(lnl‘ﬁ) (mW) :{\/(I)
B x 7
K2\ K4
+(m22) (ln7> YY(}")
1
< 3
M (K1, K23 20) N, (K3, ka3 )
10, 62 17 (, Fa v PO
XLO“m)““m} [2(1%3)““\/@} VVF

K1 K3

for all (5¢,7) € A.

i (K1, Ra) + Ji‘fﬁ—;p,w}—(m’ 53)} ’

B—-1 1T ¢

dsdr
\Z\/(f) -

B K2 K4

VV&

)

Theorem 5.3. If F : A — R is of bounded variation on A, then we have the following inequalities for Hadamard

fractional integrals

‘]—'(m,ﬁg) + F(k1, k4) + F(ka, k3) + F(ka2, Ka)
4 ln

In (517 KQ)J\/‘]Iﬁ (’%37 54)
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N (3, ka)

1 [ng+ oF (K2, ka) + I3 1 F (Ko, kg) + I3, F (K1, k4) + Ji‘r;pf(nhng)}
M (K1, K
—¥ [J£3+w.7:(/<52,/<54)+J£4_ F(H2753)+JHS+W.F(I€1,/€4)+J£4_ F(Hl,ﬂg)]
[Jgii 53+pw‘7_.(’€27ﬁ4) lei n47pwf(/€27/€3)
+Jg£’,{3+.p wf(m’m)—l-Jg;B, M,pw]:(m,mg)”
B w2 dch
< (n2)" () G
K2 Kg ﬂ Ko
Ko\ @ S dng
« B T Ka
[ ) () Ve
K1 €
B T <
S dsdr
In — In —
//(n ) (nﬁg) yg(]—“) =

Mln(’ilv'kLQ 537"{'4 <7<7
Fa+1)T ﬁ+1

K1 K3

for all (5¢,7) € A.
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