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Abstract

Let M, = (fn+k)n k>0 With entries g, p = pn1) induces the operator H,(f)(z) = > v (X req tn,kak) 2" on the
space of all analytic functions f(z) = >~ ja,z" in the unit disk D, where yp is a positive Borel measure on the
interval [0,1). In this paper, we characterize the boundedness and compactness of the operator 7, on Zygmund type

spaces.
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1 Introduction

Let D be unit ball (disk) {z € C: |z| < 1}, H(D) be the space of all analytic functions on D and C(D) be the space
of all continuous functions on D. For two numbers U and V by U =< V, we mean that there exists a positive constant
¢ € R such that U < ¢V.

The class of all f € H(D) N C(D) such that

|f (€¢(9+h)) +f (ei(é)—h)) _of (61(9))|
P h

[f]I = su

< 00,

where the supremum is taken over all €/() € 9D and h > 0, is denoted by Z. The Closed Graph Theorem together
[3, Theorem 5.3] implies that f € Z if and only if sup,p (1 — |2|?) [ f”(2)| < co. Moreover, Z by the following norm
is a Banach space

1£llz = £ ()] +[f(0)] + Sup (L= 1= 17" (=),

for all f € Z. The Banach space (Z,]| - ||z) is called the Zygmund space.
Let I C OD be a subarc. The Carleson box based on I is defined as follows:

S(I):{ZGD:1—|I|<|Z<1 and |Z|€I},
z

where |I| = 5- [;[d¢] is the normalized length of the arc 1.
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Let p be a positive Borel measure. Following [2], for any 0 < s < oo, p is called an s-Carleson measure on D if

[ul = sup CICH 00, (1.1)
rcop |

where the supremum taken over all subarcs I of 9. For s = 1, u is called the Carleson measure. Following [§], (L.1)),
means that there exists 0 < C' < co such that

lul(1—t,1) < Ct. (1.2)

Let 1 be a finite positive Borel measure on [0, 1) and let #,, = (“n»k)n,kzo be the Hankel matrix with entries
ik = / "R dpu(t).
[0,1)

The matrix H,, induces an operator, denoted also by #,,, on H(ID) by multiplication of the matrix with the sequence
of the Taylor coefficient of the function f(z) = > " a,2" € H(D),

oo o0
{antnzo — {Zﬂn,kan} .
k=0 n=0
More precisely, for any f(z) = > " an2" € H(D),

Hu()(2) = ( Hn,kak> 2",
0

n=0 \k=

whenever the right hand side makes sense and defines an analytic function in ID. An integral representation of H,, has
obtained in [4] as follows:

L(f)(z) = /[ ) IO 40,

whenever the right hand side makes sense and defines an analytic function in ID. Whenever, p is a the Lebesgue

measure on the interval [0, 1), then #,, is the classical Hilbert matrix H = {ﬁ} o0
n,k>0

Some properties of the operator H, on various Banach spaces such as Hardy, Bergman, Bloch, weighted Bloch,
Dirichlet and BMOA spaces are studied in [I, [5] @], [4], [7].

In the next section, we give a necessary and sufficient condition for boundedness and compactness of the operator
‘H,, on the Zygmund spaces.

2 The operator H,, : Z — Z

We commence with the following technical lemmas that have essential roles in the proof of our main result in this
paper.

Lemma 2.1. [9] Let X and Y be two Banach spaces of analytic functions on D). Suppose that

(i) The point evaluation functions on X are continuous.
(ii) The closed unit ball of X is a compact subset of X in the topology of uniform convergence on compact sets.

(iii) T: X — Y is continuous when X and Y are given the topology of uniform convergence on compact sets.

Then, T is a compact operator if and only if given a bounded sequence {f,,}22; in X such that f,, — 0 uniformly
on compact sets, then the sequence {T'f,}52; converges to zero in the norm of Y.

Lemma 2.2. Let {a,}22; be a sequence of nonnegative numbers that converges 0. Then f(z) =Y 07 ja,z" € Z if
and only if sup, n(n — 1)a, < cc.
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Proof . As a, | 0, there exists C' > 0 such that
nin—1a, 1«
—— < Ekzﬂk(k—l)akgc (n € N). (2.1)

Moreover, for any j > 2, we have 1/e < (1 —j_l)j_2 < 1. This implies that there exists C’ > 0 such that
_10’( — _1)J > j~1. Hence,
_ C1N—2
1(1—] 1)J =4t (2.2)
If f € Z, then by employing (2.2)),
[ fllz =ao + a1 + sup (1= 12*) [f"(2)|
ze

>sup (1— [2]%) [f"(2)]
z€D

=sup (1 — |z[?) Z n(n —1)a,z" >
z€eD n—2

J
> sup (1-—z]°) Z n(n —1)anz""?
1 ‘1 n=2

z=1—j—

J
>i (1= 7S - Day,

n=2
J

=it Zn(n —1Day

n=2

Then by ([2.1]), we have sup, i nn—1 an < oo. This implies that sup n(n —1)a, < oco.
JEN Lun=2 neN

Conversely, assume that sup,,cyn(n — 1)a, < oo. Then by (2.1)), we have sup; ¢y 23;22 n(n —1)a, < oo. Thus, for

any k € N,
ok+1_q

> an =L (2.3)

n=2k

Then by the above inequality, for any z € D, we have

o
() =] n(n—1)a,2""?
n=2
oo 2k+t1_q
Z Z n(n — Dayz n—2
k=2 n=2Fk
oo 2kt1_q
< Z Z n(n—1ay |2|""
k=2 n=2F
) ok+1l_1
S Z2k+1 (2k?+1 _ 1) Z an |Z"n72
k=2 n=2%k
oo ok+1_1
SZ:2k+1 (2k+1 _ 1) |z\2k_1 Z a,
k=2 n=2Fk

oo
<5 o
k=2



1588 Manavi, Hassanlou

This means that f € Z. O
Theorem 2.3. Let u be a positive measure on [0,1). Then the following statements are equivalent:

(i) The operator H, : Z — Z is bounded.
(ii) p is a Carleson measure.

(iii) The operator H, : Z — Z is compact.

Proof . (i)—(ii) For any 0 < o < 1, one can choose n € N such that 1 — 2 <a <1— %ﬂ Then
. NN . n 1
lim (1-—) =e "< lima" and n<——<n+1 (2.4)
n—o00 n n—o00 1 —«
Let f(z) = 1. Clearly, f € Z and we have

Hu(f)(2) = Z <Z Nn,kalc> 2= Z,un,oz" €z
k=0 n=0

As {pn0}52, is a nonnegative and decreasing. Then by (2.4) and Lemma we have

(i[ a)))Z <n(n— 1)a”/ dp(t)

1
<n(n — 1)/0 t"dp(t)
=n(n —1)pn,0 < co.

Thus, 1 is a Carleson measure.

(ii)—() Let f(2) = >.,~yanz" € Z. Since p is a Carleson measure, we have sup,,cy fin(n + 1) < co. Thus, there
exists 0 < C' < oo, such that

n, 2.
Zu Z <ol (2.5)
Hence, %, (f)(z) € H(D). Then by a similar argumentation in the proof of [4, Proposition 1.1}, we have

S o = / e f(B)du(t), neN. (2.6)

k=0 [0,1)
This implies that

w0 =X ([ rswaw) o= [ TV a, -en. (2.7
— Vo o) 1=tz

For any f € Z, we have

[, O <islz [ an <o (28)

Then for any g € H(D) with [|g|lec = sup,ep |9(2)] < 00 and 0 <7 < 1, (2.8)) implies that

e

- rt 19 dp(t)dd < oo. (2.9)
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Then the above equation can be represented as follows:

27
/0 1(f) (re®) g (re)a0 = [ F(OglrDdu(t), (2.10)

[0,1)

for all f € Z and g € H(D). Then by (2.10), we have

f()g(rt)du(t)

[071)

/ 7L (re?) Mde’

<IIfllz /[) gt du(t)
<1l 1711z N1oe.

This shows that H, is bounded.

(ii)—(ili) Let pu be a Carleson measure. Then by H,(f) = I.(f), for all f € Z, and by (i), H, is bounded.
Let {fn}52, be a bounded sequence in the unit ball of Z that converges to 0 uniformly on compact subsets of
D as n — oo. This implies that sup,cp|fn(2)] = 0 as n — oo. By employing , for any g € H(D) with
l9lloc = sup,ep |9(2)| < 0o and 0 < r < 1, we have

fu()g(rt)du(t)
[0,1)

‘ /0 " L, (fn) (re®) Mdg’ =

< sup [fu(0)] / la(rolant

t€(0,1) [0,1)
< sup [fu(@Illpll [19]lso-
0,1)

This implies that lim,, fo% I,(fn) (7"6“9) g (re??)dd = 0. Thus,

lim H,(fn) = nlLIr;OIH(f) =0.

n—00

Hence, H,, is compact.

(iii)— (i) is trivial. O
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