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Abstract

Considering two special families of regular functions in an open unit disk based on quasi-subordination, we present
sharp bounds for initial coefficient estimates and also determine the classical functional of Fekete-Szego of functions
in these families. Further, we discuss subordination and majorization results for the associated families. Few known
and several new consequences are established.
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1 Introduction

Let A be the family of normalized regular functions in ® = {z € C: |2| < 1} that have the form

s(z) :z+dezk, (1.1)
k=2
where C is the set of complex numbers. Let S be the set of all members in A that are univalent in ©. Let n(z) be
regular function in ® with |n(z)| <1, (2 € D) such that

n(z) = Ro + Riz + Ro2® + ..., (1.2)
where R, R1, Ra, ... are real. Let h(z) be regular in © with §’(0) > 0,h(0) = 1 and with positive real part such that
b(z) =1+ Quz+ Q2% + .., (1.3)

where Q1,Q2,Qs, ... are real and @Q; > 0. Through out this work we shall assume that the functions n and b follow
the above conditions unless otherwise mentioned.

It is known that for s € S given by (1.1), there holds upper bounds for |d3 — ud3| when u is real, which are
sharp (see[8]). Since then, the estimation of the sharp upper bounds for |d3 — pd3| with p being an arbitrary real or
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complex number for any compact collection § of elements in S is the classical problem of Fekete-Szego for §. Several
researchers including [2],[4],[5],[6], [13],[I8] and [24] have estimated sharp Fekete-Szegé bounds for many subfamilies of
S. Additional information about the classical Fekete-Szego functional linked with g-derivative operator are available in
the works of Alsoboh and Darus [I], Elhaddad and Darus [7]. Very interesting resource about Fekete-Szegd inequality
linked with the Horadam polynomials may be found in the investigation by Srivastava et al. [19].

We recall the principle of subordination and also the rule of majorization, between two regular functions s(z) and
v(z) in ©. We say that s(z) is subordinate to v(z), written s(z) < v(z), z € D, if there is a regular function w(z) in
D, with |w(z)] < 1 and w(0) = 0 such that s(z) = v(w(z)). Moreover s(z) < v(z) is equivalent to s(0) = v(0) and
$(®) C v(D), if v is univalent in ©. We know that s(z) is majorized by v(z), written s(z) << v(z), z € D, if there
exists a regular function 7(z), z € ® with |n(z)|] <1 such that s(z) = n(2)v(z).

A new concept called quasi-subordination due to Robertson [I7] generalizes both subordination and majorization.
For any two regular functions s(z) and v(z), s(z) is quasi-subordinate to v(z), written as s(z) <4 v(z), if there
exists regular functions w and n with w(0) = 0, |w(z)| < 1 and |n(z)] < 1 such that s(z) = n(z)v(w(z)),z € D.
Note that if (z) = 1, then s(z) = v(w(2)),z € D so that s(z) < v(z) in ©. Also observe that if w(z) = z, then
s(z) = n(z)v(z), z € D and hence, s(z) << v(z) in D.

In the literature, the estimates on |dz|, |ds| and the classical Fekete-Szego inequality were found for regular functions
based on quasi-subordination. More studies about these can be found in the works of [3],[9],[11],[12],[15],[16] and [21].

Let T be the collection of regular functions in ® of the form
w(z) = w1z +we2® + w32 + .. (1.4)
satisfying |w(z)| < 1, z € D.

We now state the lemma due to Keogh and Merkes [10], which is used to prove our main result.

Lemma 1.1. If w € Y, then for any p € C, we have |wi| < 1, |wg — pw?| < 14 (|Jp] — V) |w1]? < maz{l, |p|}. w(z) =2
or w(z) = 22 exhibit the sharpness of the result.

Motivated by the papers [20],[23] and earlier works on quasi-subordination, we now define two new special classes
Mq(Tv ’Ya ,LL, h) a‘nd %Q(T? ga 77 b)

Definition 1.2. A function s in A is said to be in M,(7,£,7,h),0<E<1, 7>0, v € C— {0}, if

1 (TZQS”(Z) +25'(2)
T\ &s(z) +(1-¢)z

—1) <¢b(z)—1,2€9,

where b is as stated in (1.3]).

Clearly, a function s is in My(7,§, 7, h) if and only if there exits a regular function n(z) with |n(z)| < 1, z € © such
that
1 (M -1
7\ &()+0-9=

@ <bh(z)—-1,z€9,

where b is as stated in (1.3]).
If we set n(z) =1, then My(7,&,7,b) is denoted by M(7,&,~,h) satisfying

1 7225"(2) + 25'(2)
2 (Gre:

~
We note that i) 7 =0, ii) £ = 0 and iii) £ = 1 lead the family M,(7,&,~,H) to the below mentioned subfamilies:

— 1> <h(z),z€D.

1. Rq(&, v, b) is the set of functions s € A satisfying
1 z8'(z)

o] (gs(z)+(1—§)z1) =g h(2) — 1.

2. £4(7, 7, b) is the family of functions s € A satistying

(s'(2) + 125" (2) = 1) <4) <4 b(2) — 1.

=
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3. M,(7,7, h) is another family of functions s € A satisfying
(5D () e
Definition 1.3. A function s € A having the power series is said to be in the family B,(a,§,7,h), 0 < v <

1, >1and ¢ € C— {0}, if
1 z[s'(2)]™
Hemrase: ) -

where b is as stated in (1.3]).

Clearly, a function s is in B, (e, &, v, ) if and only if there exits a regular function n(z) with |n(z)| <1, z € © such
that
1 ( 2[s' ()]
7\ &s(2)+(1-¢)=

n(z)

1
) <bh(z)—1,z€,

where 0 is as stated in (1.3)).
If we set n(z) =1, then B,(a, £, v, h) is denoted by B(«, &, v, ) satisfying

1 ' (2)]”
(@i ) <o ee

We note that i) a =1, ii) £ = 0 and iii) £ = 1 lead the family B,(a, &, v, h) to the below mentioned subfamilies:
1. 8,(&, v, b) is the set of functions s € A satisfying

1 z8'(2) )
(2 g} ZLop(z)—1,2 €.
- (emrosg: 1) oo
2. P,(a,v,bh) is the set of functions s € A satistying

[s'(2)]* <4 b(z) — 1.
3. My(a, v, bh) is the class of functions s € A satisfying

=g, b(2) — 1.

Two families My(7,&,7,b) and B,(7,&,~,h) are of special interest. In view of this, we deem it worth while to note
the relevance of these with subclasses defined above as well as some known ones. Indeed we have ¢)M,(0,&,v,bh) =
ﬁq(€7’y’h)’ ii)Mq(T7077vh) = Sq(ﬂ%b) [22]7 Z“)MQ(T7177vh) = mq(T7’Y’h)a iv)M(](Ovl?l?h) = Sq(b)[15] )
v)]\{q(la 07)'73 h) - Pq(b) [913 Ui)%q(ov &7, h) = 6q(€7 s h)a Uii)%q(aa 0,7, b) = mq(av Y5 h) and viii)%q(av 1,7, b) -
Ny, v, h).

2 Fekete-Szego results for the class My(7,&,7,h)

In this section, we derive the estimates for |da| and Fekete-Szego functional |ds — ud3| for elements in My (7, &, 7, b).
Few known and several new consequences of this result are pointed out.

Theorem 2.1. Let 0 < ¢ < 1,7 >0 and v € C — {0}. If the function s € My(7,&,~,4), then

|da| < %T%l—g (2.1)
> , (2.2)

L (uBEr+) - ¢
d_7<(2(r+1)—5)2 2(T+1)_g>' (2.3)

and for any complex number p € C,

Q;

da — d2 < |7|@1 o2
| 3 12 2‘ Q]

< gt emer (1o

where
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Proof . Let s € My(7,&,7,h). Then there exists w(z), a Schwarz function and 7(z), a regular function, such that

1 (7’228”( z) + zs'(2)
£s(2) +(1-¢)z

Series expansions of s and its successive derivatives from (1.1 gives

() -

% [2(r 4+ 1) — &)z + (32 + 1) — £)ds — (2(r + 1) — £)éd2) 22 + ..
Similarly from , and , we obtain
77(2)([)(“(2)) —1) = RoQiwi z + [R1Qrws + Ro(Qurws + Qow?)] 22 + ... (2.6)

Using (2.5) and (2.6) in , we get

- 1) — () (Bw(=) ~ 1), 2 € D. (2.4)

YRoQrw1

d
an g 7Q [% w4 R {w n < EvRoQy n @2) wz}] (2.8)
’ 3(27+1> A R C IR VTV A I '
Thus, for any p € C, we get from and .
d3 — [Ldg = 3(27’:iQ11)_€ |:m1w1 + (CUQ + gjw%) d@l%owl] 5 (29)

where J is as stated in (2.3)).
Since 7)(z) is a regular function bounded by one in D, we have (see [14],p.172)

Mo <1 and Ry =(1-R)zr =<1 (2.10)
The assertion (2.1 follows from (2.7) using (2.10) and Lemma[L.1] From and (2.10]), we obtain
Q1 Q2 N
ds — pds = ST {mwl + <w2 + Qlwf) Ro — (JQwi + 2w)R3 | . (2.11)
If Ro = 0, then (2.11)) yields
dy — pd3| < __bl& 2.12
s = nda| < 35— (2.12)
On the other side, if 93y # 0, we define a function
L(Ro) = 2wy + (wg + %wf) Ro — (3Qqw? + 2w )R3. (2.13)
1

The equation (2.13) is a quadratic in PRg and hence regular in [Ry]| < 1. Clearly, |L(%R¢)| attains its maximum value
at Ry = e?, 0 < H < 27. Thus,

maz|L(Ro)| = max [L(e")] = |L(1)]

0<6<2r
= |wp — <JQ1-8§> %\

Therefore, it follows from (2.11]) that

dy — pd3| < __ i@ | Q2 2. 2.14

|ds MI,S(2 - Q- g )« (2.14)
By virtue of Lemma we obtain

dy — 2 < — 1 L se - &) 2.15

| 3 2 ‘ = 3(2 + 1) Smam ) \5@1 Ql ( )

The assertion (2.2)) now follows from (2.12)) and (2.15)). This ends the proof. O

Taking 7 = 0 in Theorem we arrive at the following outcome.
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Corollary 2.2. Let 0 <& <1 and v € C—{0}. If the function s € £,(&, 7, h), then |da| <
s — pd3] < 1% mag (1 ),y (m—gg—&)w) Q -2 )

—£ BE Q
Remark 2.3. For ¢ =1 and v = 1, Corollary reduces to Corollary 2.2 of [I5].

§ and for some p € C,

We conclude the following result for the class £,(7,7,), on putting £ = 0 in Theorem

Corollary 2.4. [22] Let v € C—{0} and 7 > 0. If the function s € £,(7,7,h), then |dz| < 2'{1'%) and for some p € C,
|ds — pd3| < 1% max( , (35(72132 )Ql )

3(27+1)
Remark 2.5. For 7 = 1, Corollary reduces to Corollary 1 of [9].

Allowing ¢ = 1 in Theorem we have the below outcome.

Corollary 2.6. Let v € C — {0} and 7 > 0. If the function s € M, (7,7, h), then |da] < 3 ‘ i and for some p € C,

274+1)(2pu—1)+271
ds — p] < 5% mas (17 ‘7 (%) Q- )

Our next result is based on majorization.

Theorem 2.7. Let v € C— {0},0 < ¢ <1 and 7 > 0. If the function s € A fulfills

1 [(7228"(2) + 25'(2)
= < FOE G 1) <=<(h(2) — 1),z €D, (2.16)
then 10
7K1
|da| < Sr11) ¢ (2.17)
and for any complex number p,
2 [71Q1 ~ Q2
|d3 — pd3| < 32r+1) —¢ <1, JQi — o > ; (2.18)

where J is as stated by (2.3).

Proof . Assume that (2.16)) holds. There exists a holomorphic function 7(z), from the principle of majorization, such

that 1 2 e
v ( Es(z)+(1—8z 1> =n(2)(h(2) - 1).

Following the proof of Theorem we obtain the desired results (2.17) and (2.18)), by setting w(z) = z (so that
w1 = 1,w, = 0,n > 2). This completes the proof. 0 Our next result is associated with M (7,&,v,b)

Theorem 2.8. Let 0 < < 1,7 >0and v € C—{0}. If s € M(7,£,7,h), then

|’Y|Q1

|da| < Nr+1)—¢

and for any u € C,

171Q1

o Q
|ds — pd5| < 32+ 1) = fmax <1,

Q

JQ: -

)

Proof . Let s € M(7,€,v,h). Taking n(z) =1, z € ©, we get Ro = 1,R,, = 0,n € N and by following the proof of
Theorem we attain the desired results, which ends the proof. (I

where J is as stated in (2.3)).

We now settle the bounds of |d3 — ud3| for real v and p, when s € My(7,&,7, ).
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Theorem 2.9. Let 0 < ¢ <1, 7 > 0. If the function s € My(7,&,7,h), then for real v and p, we have

e ¢ (3Er+1)-6) Q
T ) E [7 (2<r+1>75 BRCEaESE ) Qi+ (Tﬂ (1<)
|ds — 3] < { 53— (p<n<p+20) (2.19)
hie ¢ (3@r+1)—¢) Q
~ 3D E [W (2(”1)75 - -0 ) Qi+ Qﬂ (12 p+20)
where
_s@v+n—@__@v+n—@2<1_@ﬁ (2.20)
32r+1)—¢  A@B2r+1) -9 \Q Q7
and

L CrEn-g?
TBET+1) - 60

Proof . Let pu and «y be the real values. Then (2.19)) can be obtained from (2.2]) and (2.3)), respectively, under the
below cases:
Q2 Q2

~ Qo
— =< —1,-1< — —= < 1land ——=>1
JQu o = b <J3Q Q= and JQ o =

(2.21)

where J is as stated in (2.3)). We also note the following:
Equality holds

(i) for p < por pu> p+ 20 if and only if n(z) =1 and w(z) = z or one of its rotations.

2

(i) for p < p < p+ 20 if and only if n(z) =1 and w(z) = z* or one of its rotations.

(iii) for p = p+ 20 if and only if n(z) = 1 and w(z) = —Zfi'gf),O < 6 <1, or one of its rotation, while for ;1 = p, the
equality holds if and only if (z) =1 and w(z) = Zl(fe_z) ,0 < 6 <1, or one of its rotations.

O The second part of assertion in (2.19)) for real values of p and v is improved further as below:

Theorem 2.10. Let 0 < ¢ < 1,7 > 0. If the function s € My(7,&,7,h), then for real v and p, we have

17|Q:

dy — pd3| + (= p)ldo|* < o= (p<nu< 2.22
|d3 — pd3| + (1 — p)|d2] S 30r 1) —¢ (p<pu<p+o) (2.22)
" [/1Q
dy — pd> 2 — p)|d2| < — =L <pu<p+2 2.23
|d3 — pd3| + (p + 20 — ) 2|_3(27+1)_£ (p+o<p<p+20), (2.23)

where p; and o are given by (2.20) and (2.21)), respectively.
Proof . Let s € M,(7,&,7,b). For real p satisfying p < 1 < p; + o and using (2.7) and (2.14), we get

|d3 — pd3|+ (1 — p)lda/?

171Q1 v|Q1(3(2r + 1) — &)
Sy [ ey ey sl kel
hleserrn -9 ]

2(r+1) - ¢)?

Therefore, by using Lemma we obtain

s — 3|+ (n— p)ldof? < 1

sar+p-¢ Pl

which yields the assertion (2.22)).
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If p+0 < p < p+ 20, then again from ([2.7), (2.14) and Lemma we have

|ds — pd3|+(p + 20 — p)|da|?
171Q1

—32r+1)-¢

Lhleeere) -0,
(2(r+1)—¢)*
171Q1

~302r+1)-¢

V@ (B(27 +1) — 5)(
2 +1)-¢)?

= p)|wi]?

|wa] + p+ 20 — p)wi|?

(1= fwi? + Jwy ],

which estimates (2.23). O

Remark 2.11. Numerous consequences of Theorem to Theorem can be obtained for families R,(&, v, b),
L4(7, v, h) and M, (7,7, h) by taking i) 7 =0, ii) £ = 0 and iii) £ = 1, respectively.

3 Fekete-Szeg6 results for the class B,(a, &, 7, h)

In this section, we derive the estimates for |da| and Fekete-Szegd functional |d3 — ud3| for elements in B, (a, &, 7, h).
Few known and many new consequences of this result are pointed out. A result based on majorization is stated in
Corollary Another result associated with B(a, &, v, ) is stated in Corollary . We also state the bounds of
|ds — pud3| for real v and p, when a function s € B,(a, &, 7, h) in Corollary . Proofs of these corollaries are omitted
due to Section 2.

Theorem 3.1. Let 0 < ¢ <1, > 1 and v € C — {0}. If the function s € B,(a,§,7,bh), then

|’Y|Q1

] < 50 ¢

and for any complex number p € C,

[7|Qu Q2

1,13:Q1 — o

), (3.2)

Y (€ 208+ 2a(a—1) + p(3a = §)
‘“”( (20 —¢)? )'

Proof . Let s € B,(a, £, 7,h). Then there exists w(z), a Schwarz function and 7(z), a regular function such that

where

(3.3)

e 2)(h(w(z)) —
7(5s(z)+(1_g)z 1) n(z)(h(w(z)) —1). (3.4)

Series expansions of s and its successive derivatives from (1.1)) gives

1
(eaie ) 55)
% [(2a — g)dQ,z + ((83a — &)ds + 2a(a — 1) — (2a — £)€)d3) 2° + ...] .

Similarly from (1.2)), (1.3 and (1.4]), we obtain

n(2)(h(w(z)) — 1) = RoQiwiz + [R1Qiwr + Ro(Qiws + Qawi)] 2° + ... (3.6)

Using (3.5) and (3.6) in , we get

YRoQrw1

d =
2 20 — &

and

ds — pd3 = 32(@15 [mlwl + (w + Q'j@%) Ro — J1QIR2W? |, (3.8)
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where p € C and J; is as stated in (3.3)).
Since 7(z) is a regular function bounded by one in ©, we have (see [14],p.172)

Mo/ <1 and Ry =(1-R)zr =<1 (3.9)
The assertion (3.1)) follows from (3.7)) using (3.9)) and Lemma From ) and .,
we obtain
ds — pd3 = & {xwl + <w2 + Qw1> Ro — (J1Quw? + zw)R3| . (3.10)
3a—¢ Q1
If |y = 0, then (3.10) yields
da — ] < 22 (3.11)
On the other side, if Ry # 0, we define a function
Ll(i)%o) = Twi + (OJQ + gﬁw%) Ry — (31@10.}% + xwl)?ﬁg. (3.12)

The equation (3.12) is a quadratic in Ry and hence regular in |Rg| < 1. Clearly |L1(FRo)|
attains its maximum value at Ro = ¢, 0 < 6 < 27. Thus
Q
wo — <J1Q1 - =)Wy

. 0\ _ _
maa|Ly(%0)] = max [La(e”)] = |Li(1)] = o

Therefore, it follows from (3.10]) that

|d3 — d2| < h/‘Ql wWo — <31Q1 — @2> (JJ% . (313)
-¢£ Q1
By virtue of Lemma [I.1} we obtain
|d3 — pd3| < MQI max ( 31Q1 — 2 ) (3.14)
—¢& Q1

The assertion (3.2]) now follows from (3.11)) and (3.14). This ends the proof. O Taking o = 1 in Theorem we
obtain the below outcome.

Corollary 3.2. Let 0 < ¢ <1 and v € C—{0}. If the function s € ,4(&, v, ), then |da| < ‘;E‘l
s ] < H%mas (1 (298582 g, — %)

BE Q:
Remark 3.3. For £ =1 and v = 1, Corollary [3.2] reduces to Corollary 2.2 of [I5].

We conclude the following outcome for the class B, (7,~, ) on putting £ = 0 in Theorem

Corollary 3.4. [22] Let v € C — {0} and « > 1.If the function s € PB,(a, v, h), then |da| <
|dg — pud3| < MQ] mazx (1 )'y (73“+i(cya_l)) Q-& )

Q:
Remark 3.5. For o = 1, Corollary [3.4 reduces to Corollary 1 of [9].

Allowing £ = 1 in Theorem we have the following outcome.

Corollary 3.6. Let v € C — {0} and o > 1. If the function s € M, (a,~, ), then |da| < IQLI% and for some p € C,
\ds — Mdzl < |y|@1mw (1, ‘7 ((2a2_4o¢+1)+u(3o¢—1)) Q — Qs )

(2a—1)2 Q1

Our next outcome is based on majorization.
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Corollary 3.7. Let vy € C— {0},0 < ¢ <1 and a > 1. If the function s € A satisfies

(Al o
7(58(2)+(15)Z 1) << (b(z) —1),z€D,

|’Y|Q1
—¢

then

|d2| < 5

and for any complex number p,

31Q1 — %

71Q,
|ds — pd3| < 3y fmagc

)

where J; is as stated by (3.3]).
Our next result is associated with B(«, &, 7, h)

Corollary 3.8. Let 0 < ¢ <1l,a>1and v € C—{0}. If s € B(,&,,h), then

|”V|Q1

ol < 50—

and for any u € C,

J31Q1 — %

|ds — pd3| < ’V|Q1£max(

).
where J; is as stated in (3.3).

The following outcomes are eligible for real values of v and pu.

Corollary 3.9. Let 0 < ¢ <1, a > 1. If the function s € B,(e, &,7,h), then for real v and p, we have

et [V (25—5 - lfz(i(iz)gg) Qi + %} (b < p1)
|ds — ud3] < § P& (p1 < p < p1+201) (3.15)
i‘%‘@é [’y <2a§—£ (zia §)E2> Q + } (1> p1+207)

where €20-¢) (Qo-€2(1 O
o o — _ o — L 72
L= 73a—¢  ABa-9 (@1 @%) (8.16)
and (2 5)2
o
R 1

The second part of assertion in (3.15]) for real values of p and v is improved further as below:
Corollary 3.10. Let 0 < ¢ < 1,a > 1. If the function s € B4(c, &,7,h), then for real v and p, we have

|71Q1
~3a—¢

|d3 — pd3| + (1 — pr)lda|® < (p1 <p<pr+o1)

and

|d3 — pd3| + (p1 + 201 — p)|d3] < (p1 + o1 < p < py+201),

where p; and oq are given by (3.16) and (3.17)), respectively.

Remark 3.11. Numerous consequences of Theorem to Theorem can be obtained for families &,(¢, v, b),
PBq(a, 7, ) and Ny(a,, h) by taking i) a =1, ii) { = 0 and iii) { = 1, respectively.
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4 Conclusion

|da]

Two special families of regular functions based on quasi-subordination is initiated and explored. Upper bounds for
and the celebrated Fekete-Szego functional have been fixed for each of the presented families. Through our main

result, we have highlighted many interesting new consequences.
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