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Abstract

In this paper, we examine the controllability results for a class of multi-valued Sobolev type neutral stochastic differ-
ential equations that are steered by fractional Brownian motion B} with non-instantaneous impulses for H € (%, 1)
by assuming the controllability of the linear system. The results are obtained by utilizing the fixed-point theorem for
multi-valued operators and stochastic analysis. At last, an example is given to represent the results of the theorem.
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1 Introduction

Controllability plays a vigorous role in each of deterministic dynamical systems as well as stochastic control theory.
Controllability permits one to move the dynamic system from an approximate starting state to the last state by utilizing
the collection of admissible controls. Additionally, the deterministic models frequently fluctuate because of natural
clamor which is irregular. In this manner to possess better execution within the systems, it is essential to consider
stochastic systems. In particular, stochastic differential equations(SDE’s) are essentially used in stock markets, noise
in communication networks, control engineering, and physical sciences etc., [2 [6, 27]. The qualitative and quantitative
properties of nonlinear stochastic differential systems like existence, stability and controllability results have been
considered in [13, 20, 211, 23] 3T}, [34].

fractional Brownian motion(fBm) is a collection of Gaussian processes that appears to have extensive physical
applicability. This kind of process was acquainted by Kolmogorov [19] and later concentrated by Mandelbrot VanNess
[22], where a stochastic integral of fBm is represented by using standard Brownian motion. Due to the fact that the
fBm represented by B is certainly not a semi martingale if H # % [5], we can no longer use traditional tools of Tto
theory in studying stochastic calculus has driven by fBm.

Presently many real-world processes, as well as phenomena exist to describe extreme changes, sudden discontinuous
jumps in the system, known as impulses. The impulses are said to be non-instantaneous if they start suddenly at time
t; and its motion proceed on a finite time interval. In such a phenomenon, it is fascinating and vital to have a look at
the effect of SDE’s with non-instantaneous impulses. Recently, some works have been performed on the existence of
solutions of SDE’s with non-instantaneous impulses [2} 18], 35].
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Additionally, Sobolev type equations are mainly used in various applications like flow of fluid through fissures
in rocks [], thermodynamics [8] and propagation of long waves of small amplitude [I2]. Sobolev type differential
equations play an important role in the structure of operator differential equations where an operator coefficient is
multiplied by the highest derivative [25]. Many authors or scientists study extensively on Sobolev type differential
equations. The reader may refer [, B, I7]. The authors in [24] [32] studied, approximate controllability results
for 'neutral integro-differential inclusions of Sobolev-type with infinite delay’ and 'non-densely defined Sobolev-type
Hilfer fractional neutral delay differential system’. In [33], the authors studied approximate controllability results
for second-order Sobolev-type impulsive neutral differential evolution inclusions with infinite delay. Recently there
are several contributions on various properties like existence, stability and controllability for SDE’s of Sobolev type
[7, (111, [14], 15l 23] [26]. Stochastic Sobolev type differential equations play an important role in the theory of control of
dynamical systems, when the controlled system is pecularized by a Sobolev type differential equation [10} 1T} 23] 29] B30].

The inspiration of the present work is derived from the above literature survey as much of the work is not available
on controllability of Sobolev type SDE’s driven by fBm with non-instantaneous impulses by utilizing fixed point
method. The fixed point approach is most powerful to find out about existence and controllability of differential
systems. So, in this paper we study the controllability problem by utilizing Dhage [9] fixed point theorem for Sobolev
type stochastic differential equations driven by fractional Brownian motion(fBm) with non-instantaneous impulses in
the form of

d[Lx(t)] = [Az(t) + Bu(t) + F(t,x;)]dt + G(t,z,)dBE, t € (si,ti41] = J; fori =0,1,...m, (1.1)

x(t) :hi(t7xt)7 te (tivsi]vi: 1,2,..,m, (].2)

z(t) = ¢(t) € By, for a.e. t € (—o0,0] = J. (1.3)

in a real separable Hilbert space H with inner product (.,.) and norm ||.||. We consider the operators A : D(A) — H

and £ : D(L) — H satisfy the following conditions:

i. A and L are closed linear operators.
ii. D(L) C D(A) and L is bijective.

ili. £7!:H — D(H) is compact.

From the assumptions (i)-(ii) and closed graph theorem it is clear that AL7! : H — H is bounded. Consequently
—AL™! generates a semi group {S(¢),t > 0} in H, with ||£71||> = M, and ||£|* = M.

A concise framework of the paper is as follows. In section 2, a few notations and necessary preliminaries are given.
Section 3, deals with the controllability result of (1.1))-(1.3) by utilizing fixed point theorem for multi-valued maps
given by Dhage [9]. At last, section 4, deals with the example to illustrate the main result.

2 Preliminaries

Let (€, §, P) represents complete probability space with natural filtration {F¢, ¢ > 0}. We use the following notations
through out the paper.

e H, K represents separable Hilbert space with norm ||.||m, ||.||x.
. LOQ = L%(K, H) represents QQ—Hilbert-Schmidt operators from K to H.

e L2(F,H) be the Hilbert space of all strongly §— measurable H valued random variables satisfying E| z||3 < oco.
e C(J,L?(F,H)) be the Banach space of all continuous maps from J = [0, 7] into L?(g,H).

e L2(J,U) be the Hilbert space of admissible control functions for a separable Hilbert space U.

Definition 2.1. [27] Let {3%(¢) : t > 0} represents a two sided one dimensional fractional Brownian motion (fBm)
with Hurst parameter H € (1,1) defined on (£, §,P) with covariance function

1
Ry(t,s) = S(E27 + 87— | s =t 7).
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Further, 8 is represented by using Wiener process W = {W (t) : t € [0, T} as follows :

Bu(t) = /KH(t,s)dW(s),
0

-

t
where KH(t73) = cyS2~ Hf y - 5 Hi%nyédy fo'r t > s, with cyg = 1/&%, where ‘:B() represents Beta
s ’ 2

function.

Lemma 2.2. [6] Let Q € L(K,H) be a non negative self adjoint trace class operator. Assume that Bg(t) is a K
valued fBm with covariance operator ). Then the stochastic process Bg (t) given as:

=Y " BE1Q%en.t >0,

n=1

where {e, }nen is a complete ortho normal basis in K.
Let ¢ : [0,T] — LY (K, H) be such that

0o . B
DK (@Q%en) Il 4 oy < O (2.1)

n=1

Definition 2.3. [6] Let ¢ : [0,T] — L) (K, H). Then for ¢ > 0, the stochastic integral with respect to fBm Bg is
defined, as follows:

n=1

t o ot
/<p dBQ Z/(p Q?endﬁ Z/Kfq @Q?en $)dW (s).
0 n=17 0

It can be observed that, if
o0
1
Zl 1 eQ*en) Il (o.77.01) < O (2.2)

then (2.1)holds.

T
Lemma 2.4. [2] If ¢(s) : [0, T] — L) (K, H) be such that bf lle(s) ds < oo, then for any t1,¢y € [0,7] we have

2
”L%(K,H)

En/ JABH |2 < 2H (2 1) 2H1/||90 [

Now, we present the abstract phase space By, as follows:

By, = {¢ : (—o00,0] — H for any a > 0, (]E||1/1(0)||2)% is bounded and measurable

0
function on [—a, 0] with ¢(0) = 0 and / h(s) sup (E[lp(0)]|?)2ds < oo}
$<6<0

0
If By, is equipped with norm, [[¢||g, = [ h(s) sup (E|¢(0)|2)2ds, 1 € By,
S 5<6<0

then (Bp, ||¥]|B,) is a Banach space.

Consider
Br = {x: (—o0,T| — H such that z|J; € C(J;,H), there exist

z(t}) and x(t;) with z(t;) = z(t] ), v0 = ¢ € Bp,i =1,2..m},
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where x|.J; is restriction of = over J; = (t;,t;41],4 = 0,1,2,...m.
Let ||.||s, represents a semi norm in By, defined by

1
2]l = llzolls, + sup (Elz(t)||*)?,2 € Br.
0<t<T

Lemma 2.5. [28] For ¢t € [0,T], z; € By, let us assume x € Bp, then,

0
BN < lorle, < 2ol +1 sup Ee@)])?, where I = [ hit)ds < o
<t<
—o0

We consider following notations for our convenience.

Py(H) ={x € P(H) : z is closed}, Pyg(H) = {z € P(H) : z is bounded},
P.,(H) = {z € P(H) : x is convex}, P.,(H) = {x € P(H) : z is compact}.

Definition 2.6. [34] Let x : H — P(H) be a multi-valued map then

1. x is convex(closed) valued if x(z) is convex(closed) for all z € H.

2. if x(D) = Uzepx(z) is bounded in H for all D € Py4(H) then x is bounded on bounded sets that is sup,,c p {sup{||y|| :
y € x(2)}} < oo

3. x is upper semi continuous (u.s.c.) on H, if for each x € H, the set x(z) is a non-empty, closed subset of H and
if for each open set U of H containing x(z), there exists open neighborhood V of x such that x(V) C U.

4. x is said to be completely continuous if x(D) is relatively compact for every bounded subset D € P(H).

5. If the multi-valued map x is completely continuous with non empty compact values, then y is u.s.c. if and only
if x has a closed graph, i.e., T, = Tu, Yn — Ys, Yn € X(zy) imply v, € x(74).

6. x has a fixed point if there is x € H such that = € x(x).
Definition 2.7. [29] The multi-valued map G : J x Bj, — P(H) is L?—Carathéodary if
i. t+— G(t,v) is measurable for each v € By;
il. v G(t,v) is us.c. for t € J;
iii. for each ¢ > 0, there exists g, € L*(J,R;) such that

|G(t,v)|* == sup Elg|* < hy(t), for all [[v3, < gandteJ.
geG(t,v

To prove our main result the following Lemma given in [16] plays a vital role.

Lemma 2.8. Let J be a compact interval and G be an L?— Carathéodary multi-valued map with S, = {g €
L?(L(K,H)) : g(t) € G(t,z),t € J} is non empty. Let I': L?(J,H) — C(J,H) be a linear continuous mapping then

ToSg : C(J,H) = Pepev(H),z = (T0Se)(z) :=T(Sg..),
is a closed graph operator in C(J,H) x C(J, H).
Now, we recall fixed point theorem given by Dhage [9].

Theorem 2.9. Let @ : H — Py ¢y pa(H) and ®o : H — Py o, (H) be two multi-valued operators satisfying
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a. ®; is a contraction and
b. ®5 is completely continuous.

Then, either

i. the operator equation x = ®,x + ®ox has a solution, or

ii. theset G ={z € H: 2z € A®12 + APz} is unbounded for A € (0,1).

Definition 2.10. An §;—adapted stochastic process x : (—o0,T] — H is called a mild solution of (I.1)-(1.3) if
xo = ¢ € By, u(.) € LZ(J,U) there exists a function g(t) € G(t,z(t)) such that

L7IS(t)[Lp(0)] + jﬁ’lg(t — s)Bu(s)ds
0
+ft£’1S(t — 8)F(s,xs)ds + jﬁﬁflS(t —8)g(s)dBH, t€[0,t]
0 0

L7IS(t — ;) [Lhi(ss, xs,)] + j L7IS(t — s)Bu(s)ds

Si

t ¢
+ [L7IS(t — s)F(s,xs)ds + [ L7IS(t — s)g(s)dBH, t € (s;,ti1].

Si S

Definition 2.11. [I§] The system (1.1)-(1.3) is said to be controllable on the interval J, if for every continuous initial
function ¢ € By, there exist a control v € L?(J,U), such that the mild solution x(t) of (I.1)-(1.3) satisfies z(T) = ;.
In order to investigate controllability of non linear system (|1.1)-(1.3)), let us assume that

(2.4)

is controllable on the interval J.

3 Main results
Here we prove the controllability of (|1.1)-(1.3) by imposing following assumptions.
H1. —AL7! is the infinitesimal generator of {S(¢)}:>0 in H and there exists a constant M such that ||S(¢)|* < M,
for all t > 0.

H2. The function h; : (¢;, s;] X B, — H, i = 1,2...m are continuous and there exist ]\;[h” My, >0, i =1,2...m, such
that
Eth(tﬂz) - hi(tv y)”]%ﬂ < Mh7||z - yH%’h; te (tiﬂ Si}vxvy € B,

E||hi(t,2)|[3 < M, (lell3, + 1), t € (ti, 51,2 € By

H3. The function F' is completely continuous and there exist constants C7,Cy, M such that

E||F(t, z)|]* < C’lEHxH%h + Cs, forevery t € J,x € By,
E||F(t,x) — F(t,y)|]* < Mp||z — y||133h7 fort € J x,y € By.

H4. The multi-valued map G : J x By, — P(H) is an L? carathéodary function and satisfies the following conditions:

i. There exists a constant Mg such that

E||G(t,z1) — G(t,302)||2 < Mg||lzy — xQH%h, fort € J,x1, 29 € H.
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ii. There exists an integrable function p : J — [0, 00) such that

E||G(t2)||* = sup )IIUIIQ < pt)O(|lvl[z,),t € J,v € By,
veG(t,x

where © : Ry — (0, 00) is a continuous nondecreasing function.
H5. [I8] The linear operator W : L?((s;,ti+1],U) — L*(), H) defined by
tit1

Whist = / LT (tiy — 8)BB* L™ 'T*(tix1 — s)ds,i = 0,1,2..m, (3.1)

Si

has an inverse operator (Wi +*)~! which takes values in L2((s;, t;41], U)/KerW, where KerW = {z € L2(s;, ti41,U), W -

i

0} and there exist Mp > 0,8 > 0 such that ||B||? = Mp and |[(We*")~1|? < i

Theorem 3.1. Assume that the assumptions (H1)-(H5) hold. If Ly = max{Li, Lo, L3} < 1, then the system (L.1)-
(1.3) is controllable on J = [0, 7.

Proof . To prove our main result we introduce two operators ®; and ®, as follows:
Consider @ : Br — P(Br) defined by

0,t € (—o0,0]

L7IS()[Lp(0)] + 6;[:_18(75 — s)Bu(s)ds
+j£_1S(t —$)F(s,zs)ds + ftﬁ_lS(t —3s)g(s)dBH, te€0,t]
0 0

L7IS(t — ;) [Lhi(si, xs,)] + ftﬁflS(t — s)Bu(s)ds

Si

¢ t
+ [L7IS(t — 8)F(s,z5)ds + [ L7IS(t — s)g(s)dBE, t € (s, tis1].

Sq Si

Now we prove that fixed point exists for the operator ® . For ¢ € B, define

) B <p(t), te (_0070}
o(t) = {EIS(t)ESD(O)’ t€[0,T7,

then ¢(t) € Br. Set x(t) = y(t) + ¢(t); —co <t < T.
There fore z satisfies (2.3)) if and only if y satisfies yo = 0 and

¢ ¢
JL7IS(t — s)Buytp(s)ds + [ L7IS(t — s)F(s,ys + $s)ds
0 0

t
+ [ L7S(t — s)g(s)dBE, t €10,t4]
0
y(t) = hi(tvyt + @t)v t e (ti7 52]

¢
L7IS(t — 83)[Lhi(sis ys, + @s,)] + [ L7IS(t — s)Buyt(s)ds

Sq

¢ ¢
+ [L7IS(t — $)F(s,ys + §s)ds + [ LTIS(t — s)g(s)dBH,  t € (si,tit1).

S; Si

Let BY = {y € Br : yo = 0 € By}; for any y € BY,

1 1
1ylls: = llolls, + sup E(lly(s)[[*)2 = sup (Elly(s)I|*)=.
0<s<T T

S
0<s<

Thus (BY,||.||7) is a Banach space.
Set B, = {y € BY : E||y||> < ¢} for some ¢ > 0,
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then B, C BY. is uniformly bounded.
From Lemma (3.1)), for y € B,, we have

llye + @ell, < 2(llyellz, + 1l2el3,)

< 20%(¢” + My MMLE|(0)|*) + 2[l0llE, = g
Define the multi-valued map ® : BY. — P(B%) by
0, t € (—o0,0]
Oftﬂ_lS(t — 5)Buy5(s)ds + jﬁ_lS(t — 8)F(s,ys + ¢s)ds
) [ LIS~ s)g(s)aBH, te0.4]
ult) = hi?tvyt + @), t € (ti, si]

¢
L7IS(t — 83)[Lhi(si, 25, + [ LTIS(t — s)Buyt(s)ds

Si

t t
+ [L7IS(t — 8)F(s,ys + Ps)ds + [ L7TIS(t — s)g(s)dBH, t € (siytiz1]-

Si Si

Now, we split ® as & = ®; + D, where

0, t € (—00,0]
¢
[ L7S(t — s)Buy+g(s)ds, t€0,t]
i’ﬂ/(t) =97 .
hi(t, ye + 1), t € (ti, si]
¢
L7IS(t — 3;)Lhi(si,Ys; + Gs;) + [ L7S(t — 8)Buytp(s)ds t € (s, ti11]
t t
JLTIS(t — s)F(s,ys + ¢s)ds + [ L7IS(t — s)g(s)dBE, t €[0,t]
0 0
(i)gy(t) = 0, te (ti, Si]
t t
JLTIS(t — s)F(s,ys + ¢s)ds + [ L7IS(t — s)g(s)dBH, t € (si,tiv1]-

Now to apply Theorem [2.9) we prove ®; is contraction and ®, is completely continuous.
To prove ®; is contraction, let us define the control process

ty
B LIS (ty — t) (W)~ [mtl — LIS Lp(0) — [ L7IS(ty — 8)F (s, 2,)ds
0
ty
— [ L7t — 5)g(s)aBE], t € [0,t]
0
B*LTIS*(tigy — t)(Weith) ™! [ztm — L7'S(tip1 — i) [Lp(0)]
tit1 tit1
— [ L7S(tiv1 — 8)F(s,x5)ds — [ L7'S(tir1 — s)g(s)dBE |, t € (sistit1]-

Case 1: For t € [0,¢1] and for y*,y** € B%, consider

B[y (1)~ By (I < Bl [ 275 ~ 9)Bluyrs(s) - (s))ds]
0
(3.3)

t
< NI, MMpt, / [ty +5(5) — e (5)ds] 2,
0
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where -
2MpMp M ~ 147 . ok
By +5(5) = oo (3)][2 € 25 (40 MMt + 8HET™ MM )y =y 5.4
< L, ly* =y,
where L, = 72M51§12M2 4MFt% + 8Ht%H_1>.
Therefore from (3.3)),(3.4) we get
E[|®1y"(t) = D1y (t)|[> < ML MMptiLy,|ly* — v
< Lolly* —y** I,
where Lj = My MMpt3L,,.
Case 2: For t € (t;,8;],i=1,2,..m and for y*,y** € BY, consider
El[d1y" (¢) = Bay™ (O] < 220y, By — y| .
< Lolly* —y™*[?
where Ly = max (212Mhi).
i=1,2,..m
Case 3: For t € (si,tiy1],i=0,1,2,..m and for y*,y** € B, consider
E[|®1y*(t) — P1y™* (1) = E|IL7'S(t — i) L{ha(si, 3, + @) — halsi, y57 + @)
t
4 L8 9)Bluy42() — o (5)ds]
) v * ~ *% ~ 2 (36)
S 4MLMMLE||hZ<SHysL + (IDSL) - hi(si?ysi + @SL) |
t
HANLMMa(tin = 59) [ Elluy+5(5) = tyreso(5)ds]
where L
2Mp M M ~ N -
Elfty1p(5) — e ()| < 22 (4t MM (1 — )21 — P
+ 8H (tipy — ;) ML M|y — y**||2> (8.7)
< L, lly* —y* |,
where -
IMpM M [ - L -
Ly, = %(4MLMMF(Q+1 —5)?[ly" =y |IP + 8H (tig1 — s:)*" 1MLM)

Therefore from (3.6)),(3.7) we get
E||®1y*(t) — ®1y** ()] < <4J\ZILMMLM,”Z2 +AMLMMp(tiy — Si)2Lu2> ly* =y
< Lally* —y**%,
where Ly = max  (4Mp MM M,,12 + AM MMg(tiz1 — 5:)*La,)-

1=0,1,2,...m
Taking supremum over ¢, we obtain

191(y") — ®1(y™ )iz, < Lolly™ — v I3 -

Thus @, is contraction on B%.

Now we prove that ®; has compact, convex values and it is completely continuous. This will be divided into following
steps.

Step 1. For y € B, ®yy is convex.

If wy, wy € Py, then there exists g1, ga € Sg.. such that for t € [0,#1], we have

t t
wg(t) = /E_lS(t — 8)F(s,ys + ¢s)ds + /E_lS(t — 8)ge(s)dBH k=1,2.
0 0
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Let 0 < A <1, we have
Aw () + (1 — Nwe(t) = /ﬁ_lS(t — 8)F(s,ys + ¢s)ds + /ﬁ_lg(t —8)[Ag1(s) + (1 — N)ga(s)]dBE.
0 0

Similarly for any t € (s;, t;11],

t t
Awy (t) + (1 = Nws(t) = /ﬁ*lg(t — 8)F(s,ys + ¢s)ds + /Uls(t —8)[Agi1(s) + (1 — N)ga(s)]dBE.

Since Sg,, is convex, we have Awy(t) + (1 — Nwa(t) € ®s.

Step 2. 2 maps bounded sets into bounded sets in B%.

Indeed it is enough to show that there exists a positive constant [ such that for each w € ®oy,y € By, = {y €
BY/|lyll5, < q}, one has ||w||%0T <. For y € By,t € (si,tit1],1 =0,1,2,...m, consider

t t
Elw(t)||* < 4E| /E_lS(t = 8)F(s,ys + ¢s)ds||” + 4E|| /ﬁ_lg(t — s)g(s)dB|[?

Sq Si

Ll} =1,

L1:|a

< 4MLM{(ti+1 —8)2(C1q" + Co) + 2H (tiy 1 — 55)2H 7| by

where

[ = max 4MLM|:(ti+1 - si)z(Clq* + Cg) + 2H(ti+1 — SZ_)2H71th*

0<i<m
there fore ||w(t)||28% <l.
0

Step 3. ®» maps bounded sets into equi continuous sets of BY..
Let 71,7 € (84, ti+1],1=0,1,2,...,m, 71 < T2, we have

El[w(rs) — w(m)[|> < 6(tiv1 — s:) My / |IS(72 — 5) = S(71 = 9)[[*(C1g* + C2)ds
+ 6(ti+1 — Si)ML / ||S(TQ — 8) — S(Tl — s)||2(C1q* + CQ)CZS

b 6(tssr — s) My / 1S(rs — )|[2(C1q" + C3)ds

T1

+12H (tiy — 50)* 1M, / 1S(r2 = 5) = S(1 — 5)|*[lg(s)||*ds

Si

+12H (i1 — )27 My / 1S(r2 = 5) = S(r1 = 5)|?[lg(s)||*ds

T1—€

F12H (tipr — s0)2H 1N, / IS(72 — 5) = (71— 9)[I*|lg(s)||*ds

The right hand side of the above inequality tends to 0 as 7 — 71 — 0 for sufficiently small e.

Since F' is completely continuous and the compactness of S(¢) imply the continuity in uniform operator topology.
There fore the set {®ay : y € B,} is equi continuous.

Step 4. ®, is precompact in H.

Form the above steps 2 to 3, together with Arzeld-Ascoli theorem, it suffices to show that ®; maps B, into a pre-
compact set in H.
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Let s; <t < t;41 be fixed and let € be a real number satisfying s; < € < t. For y € B, we define

t—e t—e
Biy(t) = / LISt — $)F (s, s + bo)ds + / LS(t — 8)g(s)dBY.

i i

Since S(t) is a compact operator, the set V.(t) = {®Sy(t) : y € By} is precompact in H. Moreover
2 q

t
E[[@ay(t) — Py(1)||* < 4(tiv1 — 50) / ISt = s)IIPEI|F (s, ys + &5)l[*ds

t—e

t
+8H(t - 51 [ |8 - 9)IPE|g(o)|Pds
t—

€

t
< Atiar — 5:) / IS(t — )|2(Crq + Co)ds
t—e

t
+ 8H (tiyy — 5;)?H 71 / |[S(t — 8)|[*hg- (s)ds.
t—e

There fore - -
E||®ay(t) — ®Sy(t)||* — 0 as e — 0.

Hence there are precompact sets which are arbitrary close to {®ay(t) : y € B,}.

Step 5. @, has closed graph.

Let y* — y* and w" — w* as n — oo.

We shall prove that w* € ®2(y*). since w™ € ®5(y™), there exists g" € Sg 4» such that for t € (s;,t;41],i = 0,1,2,...m

W () = /E‘lS(t ) F(s,y" +<ﬁs)ds+/£‘18(t— $)g(s)dBY.

Sq Si

We need to prove that there exists g* € Sg 4~ such that

w* (t) = /L*ls(t S F(s, 5"+ $o)ds + /L’lS(t ~ 8)g(s)dBH

Sq Si

since F' is continuous, we get

[ (w™(t) — /ﬁ_lS(t — $)F(s,yy + @s)ds) — (w*(t) — /ﬁ_lS(t — 8)F(s,y% + §5)ds)|| = 0, as n — occ.

Si Si

Consider the linear continuous operator
t
D L2((sitist ) = Cl(ostinal B, 9 T0)(0) = [ £78(0 - 9)g(s)dBY"
s
From Lemma , it follows that T'oS¢ is closed graph operator. Furthermore, we have

t
w(t) — /L"lS(t — 8)F(s,y + @s)ds € T(Sg yn).

Si
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Since y"™ — y*, from Lemma ([2.8)

t t

w*(t) — /EilS(t —8)F(s,ys + @s)ds = /EilS(t - s)g*(s)dBf,

S; Sq

for g* € Sg y-.

Therefore ®, is a completely continuous multi-valued map, u.s.c with convex closed, compact values.
Step 6. It remains to show that the set G = {y e H:y € A\®1(y) + AP2(y)} is bounded for A € (0,1).
Let y € G, then there exists g € Sg, , such that

/\ftﬁ_lS(t — s)Bu(s)ds
0

—l—)\fﬁ_lS(t — 8)F(s,zs)ds + )\jﬁ_lS(t —s8)g(s)dBI, te0,t4]

0 0
y(t) = )\hi(t,$t), te (ti7 Si] (38)
ALTIS(t — 83)[Lhi(siyws,)] + A ft L7IS(t — s)Bu(s)ds

S

t t
+A [ LTIS(t — s)F(s,x5)ds + X [ L7IS(t — s)g(s)dBH, t € (s, tip1)-

Si Si

For some 0 < A < 1 and for ¢ € [0,;], we have

IEHy(t)H2 =E|| /ﬁ_lS(t — s)Bu(s)ds + /ﬁ_lS(t —8)F(s,ys + ¢s)ds + /ﬁ_lS(t — s)g(s)dBfIH2
0 0 0

ty

- 16Mp M M . . )
< 90 MMt} | =2 {E |y, |[* + N MMLE|[(0)||* + 3 Mty /(01E||ys + sl
0
N . (3.9)
+ Ca)ds + 2MLMHt%H71 /p(S)@(Hys + ‘»58”2)‘18}} +9Mp Mty /(CIEHys + @5l + Ca)ds
0 0
t
FISTMHET [ p9)0(lu. + 6.])ds
0
For t € (t;,s;],i =1,2,...m, we have
E t 2=-FE h; t,y: + @ 2
[y (@)l [hi(t, ye + o)l (3.10)

< M, (1+ [|ye + &)
For t € (s;,ti41],¢ = 1,2,...m, we have
t
Elly@®)]|* < E|IL7'S(t — si)Lhi(t, [lys + @el*) + /ﬁflg(t — s)Bu(s)ds

s;

t t
+ /L—lg(t )P (s, ys + s)ds + /,c—ls(t ~ 8)g(s)dBH|?

Si 84

o [16Mp M,

: : . . M
< 16MpM My My, (14 [[ys, + &s,]|*) + 16ML M Mp (i1 — s5) 5 {Ellzs,..,|1?

tit1

ML MME|@(0)][2 + MM (tiyy — 1) / (CLEllys + @s1? + Ca)ds
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tit1
+2ML MH (tig1 — 5:)°7 " / p(s)O(|[ys + ¢3\|2)d5}}

Si

t
+ 16MLM(ti+1 — Si) /(ClEHys + ¢s||2 + CQ)dS (311)

t
+ 32M MH (tiq — )77} /p(s)@(llys + @) ds.

But o ) s
lye + @ell” < 2(|lyells, + léellB,)

<2( sup Elly()|f*+ M MMLE]0(0)|*) +2lellh,

Let us denote the right hand side of above inequality by ¥(¢) then
llye + @4l[* < O().
Therefore from the definition of ¥(t), for all ¢ € [0,T] we have

I(t) < M + My, 9(t) + 16 M, MMy M, 9(t)
t
4 160, MTC9(t) + 3200, MHT> 1 / p(5)0(9(s))ds.
0

Therefore

ﬂmsm+m/mmwmw
0

where -
16MpM M

5
T
+ ML MM_E|[@(0)|]> + ML MT?Cy + 2M  MHT*" " /p(s)G(llys + ¢s|\2)ds}]
0

N = max {Ny, + 1631, MM, N, + 1681, MMpT?|

2
1<i< {E||xtz+l||

+ 16MLMT202},

. - M
Ny = My, (1 + 16M M (M, + T?Ch)), K = TN
- 1
. N.
Ny = 32M MHT?H ! Ky = ——2
1- N,

Let us denote the right hand side of above inequality by 7(t), then
1(0) = K1,9(t) < n(t)

and
' (t) = Kap(t)0(I(t))

using increasing character of © we get

Therefore
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This inequality shows that there is a constant K such that n(t) < K

lyll3, <9(t) <n(t),

where K depends on T, p(.),0(.). B
Therefore the set G is bounded. Hence from Theorem ([2.9), ® has a fixed point which is a mild solution of ([1.1])-(1.3]).
Thus the system (1.1)-(1.3]) is controllable on [0,7]. O

4 Example
Consider stochastic differential equation with non-instantaneous impulses
0 0? I
675[ )] = [8y2X (t,y) + p(t,y) + F(t, Xy)]dt + G(t, Xo)dB{ st € (s, ti11],
X(t,y) = hi(t, Xe(,,y), i =1,2...,m, (4.1)
(t,O):X( )—O,tE[O,T],
X(ty) = @lt,y),—00 <0, 0<y <

Let us take H = L2([0,]) and define A : D(A) C H — H,L : D(£) C H - H by AX = X" LX = X — X",
respectively, where D(A) = D(L) ={X € H: X, X’ are absolutely continuous, X" € H, X(0) = X (7) = 0}.
Then the operators A and L are given by

X =) n*(X,X,)Xn, X € D(A)

LX = i(l +n*)(X, X)X, X € D(L),

n=1

where X, (y) = %sin(ny), n =1,2,3,... is the ortho normal set of eigenfunctions of A. Also for X € H, we have

_ 1
Lx=>%" m(x, X)X,
=1

el 2
_ —n
—ALx =Y T G X)X,
=1

SHX =3 e t(X, X)) Xon.

n=1

Here —AL~! generates a strongly continuous semi group S(¢) which is compact with ||S(¢)||* < M. Hence assumption
(H1) is satisfied.

0
Now, we consider h(t) = €%, ¢ < 0. Then we get [ = [ h(s)ds = 3;5 < 0 and define

— 00

lolls, = / h(6) sup (E|o(6)?)}do.
0€(s,0]

Let us define B € L(R,H) as Bu(t) = b(X)u(t),0 < X < m,u € R,b(X) € L%([0,7]). Moreover, the operator
tit1
WStZJrl = / E_IS(tiJrl - S)BB*,C_IS*(tiJrl - s)ds,i = 0, 1, 2m,
Si
Wit i a linear bounded operator. Let KerWiitt = {u € L2([0, T} R)' Wit = 0} be the null space of Wi+, then
(Wf;“) is bounded and takes values in L2((s;, tit1], U)/KerWi+! (VV;;“) | < %, where sg =0, ti41 =
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T,i=0,1,2...m. Hence assumption (H5) is satisfied.
Let ¥(7)(y) = ¥(7,9), (1,y) € (—00,0) x [0,7]. The functions F : [0,T] x By, — H, G : [0,T] x B, — P(L(K,H)) and
h; : [0,T] x B, — H are the operators defined as follows:

0

F@wﬂw=JWthwD={/bdu&%w@wnﬁ,

—00
0

<mw@=awwwz/amww@wm

0

hmwwz/wwmmww

— 00

Then (4.1) can be written in the form of (1.1)-(1.3). Moreover, we can define F' and G to satisfy the assumptions
stated in Theorem (3.1]). Therefore the system (4.1]) is controllable on J.

5 Conclusion

The research presented in this paper focuses on the ”controllability of Sobolev type stochastic differential equations
driven by fBm with non-instantaneous impulses”. The results are obtained by utilizing Dhage fixed-point theorem for
multi-valued operators, stochastic integrals for fractional Brownian motion. In particular, conditions are formulated
and proved by assuming controllability of the linear system. The theoretical results obtained were verified with an
example.

Our future work will be focused on investigating approximate controllability results and optimal control results
for multi-valued Sobolev type stochastic differential equations driven by fBm. Upon making some appropriate as-
sumptions, by employing the ideas and techniques as in this paper, one can establish the approximate controllability
results for Sobolev type stochastic integro differential equations with impulses. By extending this concept one can
study second order Sobolev type stochastic differential equations driven by fBm.
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