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Abstract

In this article, we consider a logarithmic viscoelastic plate equation with distributed delay. Firstly, we study the
local and global existence of solutions by using the energy method combined with Faedo-Galerkin method. Then, by
introducing a suitable Lyapunov functional, we prove the asymptotic behavior of the solution. Our results are more
general than the earlier results.
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1 Introduction

In this paper, we study the logarithmic viscoelastic plate equation with distributed delay

|ut|ρ utt +∆2u−∆utt −
∫ t

0
h (t− σ)∆2u (x, σ) dσ

+µ1ut (x, t) +
∫ τ2
τ1

µ2 (s)ut (x, t− s) ds

= bu lnu in Ω× (0,+∞) ,

u (x, t) = ∂u(x,t)
∂υ = 0 on Γ× (0,+∞) ,

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) in Ω,
ut (x,−t) = f0 (x, t) in Ω× (0, τ2) ,

(1.1)

where Ω is a bounded domain in Rn, n ∈ N , with a smooth boundary ∂Ω = Γ, ρ > 0, µ1 is a positive constant, b
is a positive real number and h is a positive nonincreasing function defined on R+. (u0, u1, f0) are the initial data
belonging to a suitable function space. Moreover, µ2 : [τ1, τ2] → R is a bounded function, where τ1 and τ2 are two
real numbers satisfy 0 ≤ τ1 < τ2. υ is the unit outward normal vector.
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We consider the vibration of a viscoelastic beam, in one-dimensional space. The constitutive relationship between
the stress N and strain u satisfies

N (x, t) = αuxxx −
∫ t

0

g (t− s)uxxx (x, s) ds,

where the constant α represents the tension stiffness, and g is so-called relaxation function. We can get, if there exists
the load F (x, t, u, ut) on the beam, the following model:

utt +
α

ρA
uxxxx − α

ρA

∫ t

0

g (t− s)uxxxxds =
F

ρA
,

where ρ and A represent the density and the cross-sectional area of the beam, respectively.

We have the Euler-Bernoulli viscoelastic model ( when α
ρA = 1, F = 0), in high-dimensional space, as follows:

utt +∆2u−
∫ t

0

g (t− s)∆2u (s) ds = 0,

where ∆ represents the Laplacian operator with respect to the spatial variables in Rn (n ≥ 2) and

∆2u = ∆(∆u) =

n∑
j=1

(
n∑

i=1

uxixi

)
xjxj

,

[35].

� Problems with logarithmic nonlinearity:

Logarithmic nonlinearity generally appears in super symmetric field theories and in cosmological inflation. From
Quantum Field Theory, logaritmic source term seems in nuclear physics, inflation cosmology, geophysics and optics
(see [4, 11]).

For the literature review, firstly, we begin with the studies of Birula and Mycielski [5, 6]. The authors investigated
the equation with logarithmic term as follows

utt − uxx + u− εu ln |u|2 = 0. (1.2)

This equation is a relativistic version of logarithmic quantum mechanics. They are the pioneer of these kind of
problems.

In 1980, Cazenave and Haraux [7] introduced the following equation

utt −∆u = u ln |u|k , (1.3)

and the authors proved the existence and uniqueness of the solution for the Cauchy problem. Gorka [11] obtained the
global existence results of solutions for one-dimensional of the equation (1.3). Bartkowski and Gorka [4], considered
the weak solutions and obtained the existence results.

In [14], Hiramatsu et al. studied the equation as follows

utt −∆u+ u+ ut +
∣∣u2
∣∣u = u lnu. (1.4)

In [13], Han established the global existence of solutions for the equation (1.4).

In [3], Al-Gharabli and Messaoudi concerned with the plate equation with logarithmic term as follows

utt +∆2u+ u+ h (ut) = ku ln |u| . (1.5)

They established the existence results by the Galerkin method and obtained the explicit and decay of solutions utilizing
the multiplier method for the equation (1.5).

In [20], Liu introduced the plate equation with logarithmic term as follows

utt +∆2u+ |ut|m−2
ut = |u|p−2

u log |u|k . (1.6)

The author proved the local existence by the contraction mapping principle. Also, he studied the global existence and
decay results. Moreover, under suitable conditions, the author proved the blow up results with E (0) < 0.
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� Problems with time delay:

Time delays often appear in many practical problems such as thermal, economic phenomena, biological, chemical
and physical [15].

In 1986, Datko et al. [10] indicated that delay is a source of instability. In [23], Nicaise and Pignotti studied the
equation as follows

utt −∆u+ a0ut (x, t) + aut (x, t− τ) = 0, (1.7)

where a0, a > 0. They proved that, under the condition 0 ≤ a ≤ a0, the system is exponentially stable. The authors
obtained a sequence of delays that shows the solution is instable in the case a ≥ a0. In the absence of delay, some
other authors [19, 37] looked into exponentially stability for the equation (1.7). In [36], Xu et al., by using the spectral
analysis approach, established the same result similar to the [22] for the one space dimension.

In [24], Nicaise et al. studied the wave equation in one space dimension in the presence of time-varying delay. In
this article, the authors showed that the exponential stability results with the condition

a ≤
√
1− da0,

here d is a constant and
τ ′ (t) ≤ d < 1, ∀t > 0.

In [16], Kafini and Messaoudi studied wave equation with delay and logarithmic terms as follows

utt −∆u+ µ1ut (x, t) + µ2ut (x, t− τ) = |u|p−2
u log |u|k . (1.8)

The authors proved the local existence and blow up results for the equation (1.8).

In [25], Park considered the equation with delay and logarithmic terms as follows

utt −∆u+ αut (t) + βut (x, t− τ) = u ln |u|γ . (1.9)

The author showed the local and global existence results for the equation (1.9). Also, the author investigated the
decay and nonexistence results for the equation (1.9).

In the absence of the logarithmic source term (bu lnu), the problem (1.1) can be reduced as follows |ut|l utt +∆2u−∆utt −
∫ t

0
h (t− σ)∆2u (x, σ) dσ

+µ1ut (x, t) +
∫ τ2
τ1

µ2 (s)ut (x, t− s) ds

= 0.

(1.10)

Zineb et al. [32], considered the existence and proved stability of the solutions for the equation (1.10). Recently, some
other authors studied related problems (see [2, 9, 16, 17, 21, 26, 27, 28, 29, 30, 31, 33, 34, 35]).

There is no research, to our best knowledge, about the logarithmic (bu lnu) viscoelastic plate equation with a
varying material density (|ut|ρ) and distributed delay term (

∫ τ2
τ1

µ2 (s)ut (x, t− s) ds), hence, our paper is generalization
of the previous ones. Our aim is to establish the local existence, global existence and asymptotic behavior of the
solutions.

The outline of this paper is as follows: Firstly, in sect. 2, we give some assumptions and lemmas needed in our
proof. Then, in sect. 3, we get the existence result. Moreover, in sect. 4, the asymptotic behavior result is established.

2 Preliminaries

In this part, to prove our main result, we give needed materials. We will use the Sobolev space H2
0 (Ω) and the

Lebesgue space L2 (Ω) with their usual scalar products and norms. We denote by (·, ·) the inner product in L2 (Ω).
The constant C is a generic positive constant, throughout this paper.

We have the following assumptions:

(A1) The relaxation function h : R+ → R+ is a bounded function of C1 so that∫ ∞

0

h (σ) dσ = β < 1 and 1−
∫ ∞

0

h (σ) dσ = l, h (0) > 0, (2.1)
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and we suppose that there exists a positive constant ζ satisfy

h′ (t) ≤ −ζh (t) . (2.2)

(A2) We suppose that ∫ τ2

τ1

|µ2 (s)| ds < µ1. (2.3)

Let ξ be a positive constant satisfies ∫ τ2

τ1

|µ2 (s)| ds+
ξ (τ2 − τ2)

2
< µ1. (2.4)

(A3) b is the constant in (1.1) such that
1 < b < 2πle3. (2.5)

We assume λ is the first eigenvalue of the spectral Dirichlet problem

∆2u = λu, in Ω, u =
∂u

∂η
= 0 in Γ,

∥∇u∥2 ≤ 1√
λ
∥∆u∥2 . (2.6)

Lemma 2.1. [1] Assume that q be a number with

2 ≤ q < +∞, (n = 1, 2) or 2 ≤ q ≤ 2n/ (n− 2) , (n ≥ 3),

then, there exists a constant Cs = Cs (Ω, q) satisfying

∥u∥q ≤ Cs ∥∇u∥2 for u ∈ H1
0 (Ω) . (2.7)

Lemma 2.2. [32] For h, Ψ ∈ C1 ([0,+∞[ , R) we have∫
Ω

h ∗ΨΨtdx = −1

2
h (t) ∥Ψ(t)∥22 +

1

2
(h′ ◦Ψ) (t)

−1

2

d

dt

[
(h ◦Ψ) (t)−

(∫ t

0

h (s) ds

)
∥Ψ(t)∥22

]
. (2.8)

Lemma 2.3. [8, 12] (Logarithmic Sobolev inequality) Suppose that u is a function in H1
0 (Ω) and a > 0 is a number.

Then, ∫
Ω

u2 ln |u| dx ≤ 1

2
∥u∥22 ln ∥u∥

2
2 +

a2

2π
∥∇u∥22 − (1 + ln a) ∥u∥22 . (2.9)

Corollary 2.4. [2] Assume that u is a function in H2
0 (Ω) and a > 0 is a number. Then,∫

Ω

u2 ln |u| dx ≤ 1

2
∥u∥22 ln ∥u∥

2
2 +

a2

2π
∥∆u∥22 − (1 + ln a) ∥u∥22 . (2.10)

Lemma 2.5. [7] (Logarithmic Gronwall inequality) Suppose that C > 0, γ ∈ L1 (0, T ;R+) and suppose that the
function w : [0, T ] → [1,∞) satisfies

w (t) ≤ C

(
1 +

∫ t

0

γ (s)w (s) ln (w (s)) ds

)
, ∀t ∈ [0, T ] . (2.11)

Then

w (t) ≤ C exp

(
C

∫ t

0

γ (s) ds

)
, ∀t ∈ [0, T ] . (2.12)
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Lemma 2.6. [2] Let ϵ0 ∈ (0, 1). Then, there exists dε0 > 0 satisfying

s |ln s| ≤ s2 + dϵ0s
1−ϵ0 , ∀s > 0. (2.13)

Lemma 2.7. [2] Suppose that h satisfies (A1). Then, for u ∈ H2
0 (Ω), we obtain∫

Ω

(∫ t

0

h (t− s) (u (t)− u (s)) ds

)2

dx ≤ c (h ◦∆u) (t) (2.14)

and ∫
Ω

(∫ t

0

h′ (t− s) (u (t)− u (s)) ds

)2

dx ≤ −c (h′ ◦∆u) (t) . (2.15)

Formulation of the results:

Firstly, we introduce, similar to [22], the new variable

z (x, κ, s, t) = ut (x, t− κs) , (x, κ, s, t) ∈ Ω× (0, 1)× (τ1, τ2)× (0,∞) ,

which implies that
szt (x, κ, s, t) + zκ (x, κ, s, t) = 0 in Ω× (0, 1)× (τ1, τ2)× (0,∞) .

Hence, problem (1.1) can be transformed as follows:



|ut|ρ utt +∆2u−∆utt −
∫ t

0
h (t− σ)∆2u (x, σ) dσ

+µ1ut (x, t) +
∫ τ2
τ1

µ2 (s) z (x, 1, s, t) ds

= bu lnu in Ω× (0,+∞) ,
szt (x, κ, s, t) + zκ (x, κ, s, t) = 0 in Ω× (0, 1)× (τ1, τ2)× (0,∞) ,

u (x, t) = ∂u(x,t)
∂υ = 0 on Γ× (0,+∞) ,

z (x, 0, s, t) = ut (x, t) in Ω× (0,∞) ,
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) in Ω,
z (x, κ, s, 0) = f0 (x, κs) in Ω× (0, 1)× (τ1, τ2) .

(2.16)

We define the energy functional of (2.16) by

E (t) =
1

ρ+ 2
∥ut∥ρ+2

ρ+2 +
1

2

(
1−

∫ t

0

h (σ) dσ

)
∥∆u∥2 + 1

2
∥∇ut∥2

+
1

2
(h ◦∆u) (t)− b

2

∫
Ω

|u|2 ln |u| dx+
b

4
∥u∥2

+
1

2

∫
Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dsdκdx, (2.17)

where

(h ◦∆ν) (t) =

∫ t

0

h (t− σ) ∥∆υ (t)−∆υ (σ)∥2 dσ.

Lemma 2.8. Assume that (u, z) is a solution of problem (2.16) and suppose that (A1)-(A3) satisfy. Then, E (t)
defined by (2.17) satisfies

E′ (t) ≤ −
(
µ1 −

∫ τ2

τ1

|µ2 (s)| ds−
ξ (τ2 − τ2)

2

)
∥ut∥2

−ξ

2

∫
Ω

∫ τ2

τ1

z2 (x, 1, s, t) dsdx− 1

2
h (t) ∥∆u∥2 + 1

2
(h′ ◦∆u) (t)

≤ 0, ∀t ≥ 0. (2.18)
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Proof . We multiply the first equation in (2.16) by ut and integrate over Ω and use integration by parts, we obtain

d

dt

[
1

ρ+ 2
∥ut∥ρ+2

ρ+2 +
1

2
∥∇ut∥2 +

1

2
∥∆u∥2

− b

2

∫
Ω

|u|2 ln |u| dx+
b

4
∥u∥2

]
+µ1 ∥ut∥2 +

∫ τ2

τ1

µ2 (s)

∫
Ω

z (x, 1, s, t)utdxds

=

∫
Ω

∫ t

0

h (t− σ)∆u (σ)∆ut (σ) dσdx. (2.19)

For the term on the right-hand side of (2.19), from Lemma 2.2, we have∫
Ω

∫ t

0

h (t− σ)∆u (σ)∆ut (σ) dσdx

=
1

2

d

dt

[∫ t

0

h (σ) dσ ∥∆u∥2 − (h ◦∆u) (t)

]
+
1

2
(h′ ◦∆u) (t)− 1

2
h (t) ∥∆u∥2 . (2.20)

Utilizing Young’s inequality, we obtain∫ τ2

τ1

µ2 (s)

∫
Ω

z (x, 1, s, t)utdsdx

≤ 1

2

(∫ τ2

τ1

|µ2 (s)| ds
)∫

Ω

u2
tdx+

1

2

∫
Ω

∫ τ2

τ1

|µ2 (s)|
∣∣z2 (x, 1, s, t)∣∣ dsdx. (2.21)

We multiply the second equation in (2.16) by (|µ2 (s)|+ ξ) z and integrate over Ω× (0, 1)× (τ1, τ2) with respect to κ,
x and s, we get

1

2

d

dt

∫
Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dsdκdx

= −1

2

∫
Ω

∫ 1

0

∫ τ2

τ1

(|µ2 (s)|+ ξ)
∂

∂ρ
z2 (x, κ, s, t) dsdκdx

=
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

u2
tdsdx

−1

2

∫
Ω

∫ τ2

τ1

(|µ2 (s)|+ ξ) z2 (x, 1, s, t) dsdx

=
1

2

[
ξ (τ2 − τ2) +

∫ τ2

τ1

|µ2 (s)| ds
] ∫

Ω

u2
tdx

−1

2

∫
Ω

∫ τ2

τ1

(|µ2 (s)|+ ξ) z2 (x, 1, s, t) dsdx. (2.22)

Consequently, by combining (2.19)-(2.22) and using (2.1)-(2.5) give (2.18), hence, we conclude the proof. □

Theorem 2.9. (Existence) Let u0 ∈ H2
0 , u1 ∈ H2

0 (Ω) and f0 ∈ H2
0

(
Ω, H2 (0, 1)

)
satisfies the compatibility condition

f0 (·, 0) = u1.

Suppose that (A1)-(A3) hold. Hence, problem (1.1) has a weak solution:

u ∈ L∞ ([0,∞) ;H2
0

)
, ut ∈ L∞ ([0,∞) ;H2

0 (Ω)
)

utt ∈ L2
(
[0,∞) ;H1

0 (Ω)
)
. (2.23)
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Theorem 2.10. (Asymptotic behavior) Suppose that (A1)-(A3) hold. Then, E (t) energy functional (2.17) satisfies,

E (t) ≤ k0e
−k1t ∀t > 0, (2.24)

where k0 and k1 are positive constants.

3 Existence

3.1 Local existence

Proof of Theorem 2.9:

In this part, we get the local existence result of (2.16) by using the Faedo-Galerkin method. We suppose u0 ∈
H2

0 (Ω), u1 ∈ H2
0 (Ω) and f0 ∈ H2

0 (Ω)∩ H2 (0, 1). Assume that T > 0 is fixed and suppose
{
wk
}
, k ∈ N be a basis of

H2
0 (Ω) the space generated by w1, w2,· · · ,wk. Next, we define, for 1 ≤ j ≤ k, the sequence ϕj (x, ρ) as follows:

ϕj (x, 0) = wj . (3.1)

Next, we extend ϕj (x, 0) by ϕj (x, ρ) over L2 (Ω× (0, 1)) such that
(
ϕj
)
j
forms a basis of L2 (Ω)×H2 (0, 1) and show

Zk the space generated by
{
ϕk
}
. We construct approximate solutions (uk,zk), k = 1, 2,· · · , in the form

uk (t) =
k∑

j=1

cjk (t)wj (x) , zk (t) =

k∑
j=1

djk (t)ϕj (x) , (3.2)

where cjk and djk are determined by ordinary differential equations as follows(∣∣uk
t

∣∣ρ uk
tt, w

j
)
+
(
∆uk,∆wj

)
+
(
∇uk

tt,∇wj
)
+ µ1

(
uk
t , w

j
)

−
∫ t

0

h (t− σ)
(
∆uk (σ) ,∆wj

)
dσ +

∫ t

0

µ2 (s)
(
zk (x, 1, s, t) , wj

)
ds

= b

∫
Ω

uk ln |u|k wjdx, (3.3)

zk (x, 0, s, t) = uk
t (x, t) , (3.4)

uk (0) = uk
0 =

k∑
j=1

(
u0, w

j
)
wj → u0, in H2

0 (Ω) as k → +∞, (3.5)

uk
t (0) = uk

1 =

k∑
j=1

(
u1, w

j
)
wj → u1, in H2

0 (Ω) as k → +∞, (3.6)

and (
szkt + zkκ, ϕ

j
)
= 0, 1 ≤ j ≤ k, (3.7)

zk (0, κ, s, 0) = zk0 =

k∑
j=1

(
f0, ϕ

j
)
ϕj → f0 in H2

0

(
Ω, H2

0 (0, 1)
)
as k → +∞. (3.8)

As 0 < ρ ≤ 2
n−2 if n ≥ 3, by using the Sobolev embedding, we get

H2
0 (Ω) ↪→ L2(ρ+1) (Ω) ,

and the same occurs for n = 1, 2 where ρ > 0. By the generalized Hölder inequality, we note that ρ
2(ρ+1)+

1
2(ρ+1)+

1
2 = 1,

the nonlinear term (
∣∣uk

t

∣∣ρ uk
tt, w

j) in (3.3) makes sense.

The standard theory of ODE guarantees that the system (3.3)-(3.8) has an unique solution in [0, tk), with 0 < tk <
T , utilizing Zorn lemma since the nonlinear terms in (3.3) are locally Lipschitz continuous. Noting that uk (t) is of
class C2.
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Now, we get a priori estimate for the solution of (3.3)-(3.8), thus, it can be extended to [0, T ) and that the local
solution is uniformly bounded independently of k and t.

First estimate:

By Lemma 2.8, since the sequences uk
0 , u

k
1 converge, we find a positive constant C1 independent of k satisfying

Ek (t)− Ek (0)

≤ −
(
µ1 −

∫ τ2

τ1

|µ2 (s)| ds−
ξ (τ2 − τ2)

2

)∫ t

0

∥∥uk
t (σ)

∥∥2 dσ
−ξ

2

∫
Ω

∫ τ2

τ1

∫ t

0

∣∣zk (x, 1, s, σ)∣∣2 dsdxdσ
−1

2

∫ t

0

h (σ)
∥∥∆uk (σ)

∥∥2 dσ +
1

2

∫ t

0

(
h′ ◦∆uk

)
(σ) dσ

≤ −
(
µ1 −

∫ τ2

τ1

|µ2 (s)| ds−
ξ (τ2 − τ2)

2

)∫ t

0

∥∥uk
t (σ)

∥∥2 dσ
−ξ

2

∫
Ω

∫ τ2

τ1

∫ t

0

∣∣zk (x, 1, s, σ)∣∣2 dsdxdσ. (3.9)

Since h is a positive nonincreasing function, we obtain

Ek (t) +

(
µ1 −

∫ τ2

τ1

|µ2 (s)| ds−
ξ (τ2 − τ2)

2

)∫ t

0

∥ut (σ)∥2 dσ

+
ξ

2

∫
Ω

∫ τ2

τ1

∫ t

0

∣∣zk (x, 1, s, σ)∣∣2 dsdxdσ
≤ Ek (0) ≤ C1, (3.10)

where

Ek (t) =
1

ρ+ 2

∥∥uk
t

∥∥ρ+2

ρ+2
+

1

2

(
1−

∫ t

0

h (σ) dσ

)∥∥∆uk
∥∥2

+
1

2

∥∥∇uk
t

∥∥2 + 1

2

(
h ◦∆uk

)
(t)− b

2

∫
Ω

∣∣uk
∣∣2 ln ∣∣uk

∣∣ dx
+
b

4

∥∥uk
∥∥2 + 1

2

∫
Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ)
∣∣zk (x, κ, s, t)∣∣2 dsdκdx.

By applying the Logarithmic Sobolev inequality, (3.10) yields

∥∥uk
t

∥∥ρ+2

ρ+2
+

(
l − ba2

2π

)∥∥∆uk
∥∥2 + [ b

2
+ b (1 + ln a)

] ∥∥uk
∥∥2

+
∥∥∇uk

t

∥∥2 + (h ◦∆uk
)
(t)

+

∫
Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ)
∣∣zk (x, κ, s, t)∣∣2 dsdκdx

+

∫
Ω

∫ τ2

τ1

∫ 1

0

∣∣zk (x, 1, s, σ)∣∣2 dsdxdσ
≤ C2 +

∥∥uk
∥∥2 ln∥∥uk

∥∥2 ,
where C2 is a positive constant.

Choosing

e(−3/2) < a <

√
2πl

b
, (3.11)

will make

l − ba2

2π
> 0 (3.12)
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and
b

2
+ b (1 + ln a) > 0. (3.13)

Thanks to (A3), this selection is possible. Hence, we obtain∥∥uk
t

∥∥ρ+2

ρ+2
+
∥∥∆uk

∥∥2 + ∥∥∇uk
t

∥∥2 + ∥∥uk
∥∥2 + (h ◦∆uk

)
(t)

+

∫
Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ)
∣∣zk (x, κ, s, t)∣∣2 dsdκdx

+

∫
Ω

∫ τ2

τ1

∫ t

0

∣∣zk (x, 1, s, σ)∣∣2 dsdxdσ
≤ c

(
1 +

∥∥uk
∥∥2 ln∥∥uk

∥∥2) . (3.14)

Let us note that

uk (t) = uk (0) +

∫ t

0

uk
s (s) ds.

Then, utilizing Cauchy-Schwarz’s inequality, we obtain

∥∥uk
∥∥2 ≤

∥∥uk (0)
∥∥2 + 2

∥∥∥∥∫ t

0

uk
s (s) ds

∥∥∥∥2
≤

∥∥uk (0)
∥∥2 + 2T

∫ t

0

∥∥uk
s (s)

∥∥2 ds. (3.15)

Therefore, (3.14) gives ∥∥uk
∥∥2 ≤ C

(
1 +

∫ t

0

∥∥uk
∥∥2 ln∥∥uk

∥∥2 ds) , (3.16)

where C = max
{
2Tc, 2

∥∥uk (0)
∥∥2}. Applying the Logarithmic Gronwall inequality to (3.16), we get

∥∥uk
∥∥2 ≤ CeCT . (3.17)

Therefore, from (3.14), we obtain the first estimate:∥∥uk
t

∥∥ρ+2

ρ+2
+
∥∥∆uk

∥∥2 + ∥∥∇uk
t

∥∥2 + ∥∥uk
∥∥2 + (h ◦∆uk

)
(t)∫

Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ)
∣∣zk (x, κ, s, t)∣∣2 dsdκdx

+

∫
Ω

∫ τ2

τ1

∫ t

0

∣∣zk (x, 1, s, σ)∣∣2 dsdxdσ
≤ c

(
1 + CeCT ln

(
CeCT

))
= A1. (3.18)

The estimate implies that the solution (uk,zk) exists in [0, T ) and it yields

uk is bounded in L∞
loc

(
0,∞, H2

0 (Ω)
)
, (3.19)

uk
t is bounded in L∞

loc

(
0,∞, H1

0 (Ω)
)
, (3.20)

s (|µ2 (s)|+ ξ) zk (x, κ, s, t) is bounded in L∞
loc

(
0,∞, L2 (Ω× (0, 1)× (τ1, τ2))

)
, (3.21)

zk (x, 1, s, t) is bounded in L2 (Ω× (τ1, τ2)× (0, T )) . (3.22)

Second estimate:
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We replace wj by −∆wj in (3.3), multiply by cjkt and sum up over j from 1 to k, such that

1

2

d

dt

[∥∥∇∆uk
∥∥2 + ∥∥∆uk

t

∥∥2]− ∫
Ω

∣∣uk
t

∣∣ρ uk
tt∆uk

t dx

−
∫ t

0

h (t− σ)

∫
Ω

∇∆uk (t)∇∆uk
t (σ) dxdσ

+

∫ τ2

τ1

µ2 (s)

∫
Ω

∇zk (x, 1, s, t)∇uk
t dsdx+ µ1

∥∥∇uk
t

∥∥2
= −b

∫
Ω

∆uk
t u

k ln
∣∣uk
∣∣ dx. (3.23)

Utilizing Green’s formula, we get

−
∫
Ω

∣∣uk
t

∣∣ρ uk
tt∆uk

t dx

=
d

dt

∫
Ω

∣∣uk
t

∣∣ρ ∣∣∇uk
t

∣∣2 dx− (ρ+ 1)

∫
Ω

∣∣uk
t

∣∣ρ ∇uk
tt∇uk

t dx. (3.24)

Replacing ϕj by −∆ϕj in (3.7), we multiply by (|µ2 (s)|+ ξ) djk and sum up over j from 1 to k, we obtain

s (|µ2 (s)|+ ξ)

∫
Ω

∇zkt ∇zkdx+ (|µ2 (s)|+ ξ)

∫
Ω

∇zkκ∇zkdx = 0. (3.25)

Then, we get
s (|µ2 (s)|+ ξ)

2

d

dt

∥∥∇zk
∥∥2 + |µ2 (s)|+ ξ

2

d

dκ

∥∥∇zk
∥∥2 = 0, (3.26)

integrating over (0, 1)× (τ1, τ2) to find that

1

2

d

dt

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zk (x, κ, s, t)
∣∣2 dsdκdx

+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zk (x, 1, s, t)
∣∣2 dsdx

−1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇uk
t

∣∣2 dsdx
= 0. (3.27)

Combining (3.23) and (3.27), taking into consideration Lemma 2.2, we have

1

2

d

dt

[(
1−

∫ t

0

h (σ) dσ

)∥∥∇∆uk
∥∥2 + ∥∥∆uk

t

∥∥2 + (h ◦ ∇∆uk
)

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zk (x, κ, s, t)
∣∣2 dsdκdx+ 2

∫
Ω

∣∣uk
t (t)

∣∣ρ ∣∣∇uk
t

∣∣2 dx]
+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zk (x, 1, s, t)
∣∣2 dsdx

= (ρ+ 1)

∫
Ω

∣∣uk
t

∣∣ρ ∇uk
tt∇uk

t dx−
∫ τ2

τ1

µ2 (s)

∫
Ω

∇zk (x, 1, s, t)∇uk
t dsdx

−µ1

∥∥∇uk
t

∥∥2 + 1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇uk
t

∣∣2 dsdx
−1

2
h (t)

∥∥∇∆uk
∥∥2 + 1

2

(
h′ ◦ ∇∆uk

)
− b

∫
Ω

∆uk
t u

k ln
∣∣uk
∣∣ dx. (3.28)
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By the first estimate (3.18) and utilizing Young’s inequality, we obtain for η > 0

(ρ+ 1)

∫
Ω

∣∣uk
t

∣∣ρ ∇uk
tt∇uk

t dx ≤ (ρ+ 1)C
ρ/(ρ+2)+1/2
2

∥∥∇uk
tt

∥∥
2

≤ η
∥∥∇uk

tt

∥∥2 + (ρ+ 1)
2
C

2ρ/(ρ+2)+1
2

4η
. (3.29)

Utilizing Young’s inequality, we have∫ τ2

τ1

µ2 (s)

∫
Ω

∇zk (x, 1, s, t)∇uk
t dsdx

≤ 1

4η

∫ τ2

τ1

|µ2 (s)|
∫
Ω

|∇ut|2 dsdx

+η

∫
Ω

∫ τ2

τ1

|µ2 (s)|
∣∣∇zk (x, 1, s, t)

∣∣2 dsdx
≤ µ1

4η
∥∇ut∥2 + η

∫
Ω

∫ τ2

τ1

|µ2 (s)|
∣∣∇zk (x, 1, s, t)

∣∣2 dsdx
≤ µ1

4η
C2 + η

∫
Ω

∫ τ2

τ1

|µ2 (s)|
∣∣∇zk (x, 1, s, t)

∣∣2 dsdx
≤ C (η) + η

∫
Ω

∫ τ2

τ1

|µ2 (s)|
∣∣∇zk (x, 1, s, t)

∣∣2 dsdx. (3.30)

From Lemma 2.6, to estimate the last term on the right-hand side of (3.28), with ϵ0 = (1/2) and utilizing Young’s,
Cauchy-Schwartz’s and the embedding inequalities, we get:∣∣∣∣b∫

Ω

∆uk
t u

k ln
∣∣uk
∣∣ dx∣∣∣∣ ≤ b

∫
Ω

∣∣∆uk
t

∣∣ (∣∣uk
∣∣2 + dϵ0

√
|uk|

)
dx

≤ b

(
η

∫
Ω

∣∣∆uk
t

∣∣2 dx+
1

4η

∫
Ω

(∣∣uk
∣∣2 + dϵ0

√
|uk|

)2

dx

)

≤ bη

∫
Ω

∣∣∆uk
t

∣∣2 dx+
c

4η

(∫
Ω

∣∣uk
∣∣4 dx+

∫
Ω

∣∣uk
∣∣ dx)

≤ bη
∥∥∆uk

t

∥∥2 + c

4η

(∥∥∇uk
∥∥4 + ∥∥uk

∥∥) , η > 0. (3.31)

Taking into account (3.29)-(3.31) into (3.28), we have

1

2

d

dt

[(
1−

∫ t

0

h (σ) dσ

)∥∥∇∆uk
∥∥2 + ∥∥∆uk

t

∥∥2 + (h ◦ ∇∆uk
)

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)
∥∥∇zk (x, κ, s, t)

∥∥2 dsdκ+ 2

∫
Ω

∣∣uk
t (t)

∣∣ρ ∣∣∇uk
t

∣∣2 dx]
+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ − 2η)
∥∥∇zk (x, 1, s, t)

∥∥2 ds
≤ η ∥∇utt∥2 −

1

2
h (t)

∥∥∇∆uk
∥∥2 + 1

2

(
h′ ◦ ∇∆uk

)
+ C (η)

+bη
∥∥∆uk

t

∥∥2 + c

4η

(∥∥∇uk
∥∥4 + ∥∥uk

∥∥) . (3.32)
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We multiply (3.3) by cjktt and sum up over j from 1 to k, we obtain∫
Ω

∣∣uk
t

∣∣ρ ∣∣∇uk
tt

∣∣2 dx+
∥∥∇uk

tt

∥∥2
= −

∫
Ω

∆2ukuk
ttdx+

∫ t

0

h (t− σ)

∫
Ω

∆uk (σ)∆uk
tt (t) dxdσ

−µ1

∫
Ω

uk
t u

k
ttdx−

∫
Ω

∫ τ2

τ1

µ2 (s) z
k (x, 1, s, t)uk

ttdsdx

+b

∫
Ω

uk
ttu

k ln
∣∣uk
∣∣ dx. (3.33)

Differentiating (3.7) with respect to t, we obtain(
szktt + zktκ, ϕ

j
)
= 0. (3.34)

We multiply by (|µ2 (s)|+ ξ)djkt and sum up over j from 1 to k, to have

s (|µ2 (s)|+ ξ)

2

d

dt

∥∥∇zkt
∥∥2 + |µ2 (s)|+ ξ

2

d

dκ

∥∥∇zkt
∥∥2 = 0, (3.35)

we integrate over (0, 1)× (τ1, τ2) with respect to κ and s, to get

1

2

d

dt

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, κ, s, t)
∣∣2 dsdκdx

+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, 1, s, t)
∣∣2 dsdx

−1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇uk
tt

∣∣2 dsdx
= 0. (3.36)

Summing (3.33) and (3.36), we have∫
Ω

∣∣uk
t

∣∣ρ ∣∣∇uk
tt

∣∣2 dx+
∥∥∇uk

tt

∥∥2
+
1

2

d

dt

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, κ, s, t)
∣∣2 dsdκdx

+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, 1, s, t)
∣∣2 dsdx

= −
∫
Ω

∆2ukuk
ttdx+

∫ t

0

h (t− σ)

∫
Ω

∆uk (σ)∆uk
tt (t) dxdσ

−µ1

∫
Ω

uk
t u

k
ttdx−

∫
Ω

∫ τ2

τ1

µ2 (s) z
k (x, 1, s, t)uk

ttdsdx

+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇uk
tt

∣∣2 dsdx+ b

∫
Ω

uk
ttu

k ln
∣∣uk
∣∣ dx. (3.37)

Utilizing Young’s inequality, the right hand side of (3.37) can be written∫
Ω

∆2ukuk
ttdx ≤ η

∥∥∇uk
tt

∥∥2 + 1

4η

∥∥∇∆uk
∥∥2 , η > 0, (3.38)
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and ∫ t

0

h (t− σ)

∫
Ω

∆uk (σ)∆uk
tt (t) dxdσ

= −
∫ t

0

h (t− σ)

∫
Ω

∇∆uk (σ)∇uk
tt (t) dxdσ

≤ η
∥∥∇uk

tt

∥∥2 + β2

4η
(1 + η)

∣∣∇∆uk
∣∣2

+
β

4η

(
1 +

1

η

)(
h ◦ ∇∆uk

)
. (3.39)

By using Young’s inequality, we get

µ1

∫
Ω

uk
t u

k
ttdx ≤ η

∥∥uk
tt

∥∥2 + µ2
1

4η

∥∥uk
t

∥∥2
≤ ηC2

s

∥∥∇uk
tt

∥∥2 + C2
sµ

2
1

4η

∥∥∇uk
t

∥∥2
≤ ηC2

s

∥∥∇uk
tt

∥∥2 + C (η) , (3.40)

and ∫
Ω

∫ τ2

τ1

µ2 (s) z
k (x, 1, s, t)uk

ttdsdx

≤ ηC2
s

∫ τ2

τ1

|µ2 (s)|
∫
Ω

∣∣∇uk
tt

∣∣2 dsdx
+

1

4η

∫ τ2

τ1

|µ2 (s)|
∫
Ω

∣∣zk (x, 1, s, t)∣∣2 dsdx
≤ ηC2

sµ1

∫
Ω

∣∣∇uk
tt

∣∣2 + 1

4η

∫ τ2

τ1

|µ2 (s)|
∫
Ω

∣∣zk (x, 1, s, t)∣∣2 dsdx. (3.41)

For the last term in the right-hand side of (3.37), by applying (2.13) with ε0 = 1
2 and utilizing Young’s, Cauchy-

Schwarz’s and the embedding inequalities, we have

b

∫
Ω

uk
ttu

k ln
∣∣uk
∣∣ dx ≤ c

∫
Ω

uk
tt

(∣∣uk
∣∣2 + d

√
uk
)
dx

≤ c

(
δ

∫
Ω

∣∣uk
tt

∣∣2 dx+
1

4δ

∫
Ω

(∣∣uk
∣∣2 + d

√
uk
)2

dx

)
≤ cδ

∥∥∇uk
tt

∥∥2 + c

4δ

(∫
Ω

∣∣uk
∣∣4 dx+

∫
Ω

√
ukdx

)
≤ cδ

∥∥∇uk
tt

∥∥2 + c

4δ

(∥∥∆uk
∥∥4 + ∥∥uk

∥∥) . (3.42)
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Taking into account (3.38)-(3.42) into (3.37), satisfies∫
Ω

∣∣uk
t

∣∣ρ ∣∣∇uk
tt

∣∣2 dx
+
1

2

d

dt

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, κ, s, t)
∣∣2 dsdκdx

+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, 1, s, t)
∣∣2 dsdx

+
(
1− η

(
2 + C2

s + C2
sµ1

)
− cδ

) ∥∥∇uk
tt

∥∥2
≤ 1

4η

(
1 + β2 (1 + η)

) ∥∥∇∆uk
∥∥2 + β

4η

(
1 +

1

η

)(
h ◦ ∇∆uk

)
+

1

4η

∫ τ2

τ1

|µ2 (s)|
∫
Ω

∣∣zk (x, 1, s, t)∣∣2 dsdx+ C (η)

+
c

4δ

(∥∥∆uk
∥∥4 + ∥∥uk

∥∥2) . (3.43)

Therefore, by (3.32) and (3.43), we get

1

2

d

dt

[(
1−

∫ t

0

h (σ)

)∥∥∇∆uk
∥∥2 + ∥∥∆uk

t

∥∥2 + (h ◦ ∇∆uk
)

+

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)
∥∥∇zk (x, κ, s, t)

∥∥2 dsdκ
+

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)
∥∥∇zkt (x, κ, s, t)

∥∥2 dsdκ+ 2

∫
Ω

∣∣uk
t

∣∣ρ ∣∣∇uk
t

∣∣2 dx]
+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, 1, s, t)
∣∣2 dsdx

+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ − 2η)
∥∥∇zk (x, 1, s, t)

∥∥2 ds
+
(
1− η

(
3 + C2

s + C2
sµ1

)
− cδ

) ∥∥∇uk
tt

∥∥2
≤ −1

2
h (t)

∥∥∇∆uk
∥∥2 + 1

2

(
h′ ◦ ∇∆uk

)
+

1

4η

(
1 + β2 (1 + η)

) ∥∥∇∆uk
∥∥2

+
β

4η

(
1 +

1

η

)(
h ◦ ∇∆uk

)
+

1

4η

∫ τ2

τ1

|µ2 (s)|
∫
Ω

∣∣zk (x, 1, s, t)∣∣2 dsdx+ C (η)

+
c

4δ

(∥∥∆uk
∥∥4 + ∥∥uk

∥∥2) . (3.44)
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Choosing δ > 0 and η small enough such that
(
1− η

(
3 + C2

s + C2
sµ1

)
− cδ

)
> 0 and integrating over (0, t), we get

1

2

[(
1−

∫ t

0

h (σ)

)∥∥∇∆uk
∥∥2 + ∥∥∆uk

t

∥∥2 + (h ◦ ∇∆uk
)

+

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)
∥∥∇zk (x, κ, s, t)

∥∥2 dsdκ
+

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)
∥∥∇zkt (x, κ, s, t)

∥∥2 dsdκ+ 2

∫
Ω

∣∣uk
t

∣∣ρ ∣∣∇uk
t

∣∣2 dx]
+
1

2

∫ t

0

∫ τ2

τ1

(|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, 1, s, σ)
∣∣2 dsdxdσ

+
(
1− η

(
3 + C2

s + C2
sµ1

)
− cδ

) ∫ t

0

∥∥∇uk
tt

∥∥2 dσ
+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ − 2η)

∫ t

0

∥∥∇zk (x, 1, s, σ)
∥∥2 dsdσ

≤ −1

2

∫ t

0

h (σ)
∥∥∇∆uk

∥∥2 dσ +
1

2

∫ t

0

(
h′ ◦ ∇∆uk

)
dσ

+
1

4η

(
1 + β2 (1 + η)

) ∫ t

0

∥∥∇∆uk
∥∥2 dσ

+
β

4η

(
1 +

1

η

)∫ t

0

(
h ◦ ∇∆uk

)
(σ) dσ

+
1

4η

∫ τ2

τ1

|µ2 (s)|
∫ t

0

∫
Ω

∣∣zk (x, 1, s, t)∣∣2 dsdxdσ + C (η)T

+
c

4δ

∫ t

0

(∥∥∆uk
∥∥4 + ∥∥uk

∥∥2) dt. (3.45)

Using Gronwall’s Lemma and taking h1 = min {h (t) | for all t ≥ t0}, we have

∥∥∇∆uk
∥∥2 + ∥∥∆uk

t

∥∥2 + (h ◦ ∇∆uk
)
+

∫ t

0

∥∥∇uk
tt (σ)

∥∥2 dσ
+

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ)
∥∥∇zk (x, κ, s, t)

∥∥2 dsdκ
+

∫ t

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, κ, s, σ)
∣∣2 dsdxdσ

+

∫ t

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ)

∫
Ω

∣∣∇zkt (x, 1, s, σ)
∣∣2 dsdxdσ

+
1

2

∫ τ2

τ1

(|µ2 (s)|+ ξ − 2η)

∫ t

0

∥∥∇zk (x, 1, s, t)
∥∥2 dsdσ

≤ C3. (3.46)

The estimate (3.46) yields
(uk) is uniformly bounded in L∞ (0, T ;H2

0 (Ω)
)
, (3.47)

(uk
t ) is uniformly bounded in L∞ (0, T ;Lρ+2 (Ω)

)
∩ L∞ (0, T ;H2

0 (Ω)
)
, (3.48)

(uk
tt) is uniformly bounded in L2

(
0, T ;H2

0 (Ω)
)
. (3.49)

We see that by the estimates (3.18) and (3.46) that there exists a subsequence {um} of
{
uk
}
and a function u such

that
um → u weakly star in L∞ (0, T ;H2 (Ω)

)
, (3.50)

um
t → ut weakly star in L∞ (0, T ;Lρ+2 (Ω)

)
∩ L∞ (0, T ;H2

0 (Ω)
)
, (3.51)

um → u weakly in L2
(
0, T ;H2

0 (Ω)
)
, (3.52)
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um
t → ut weakly in L2

(
0, T ;Lρ+2 (Ω)

)
∩ L2

(
0, T ;H2

0 (Ω)
)
, (3.53)

um
tt → utt weakly in L2

(
0, T ;H2

0 (Ω)
)
. (3.54)

Analysis of the nonlinear terms:

First term (uk ln
∣∣uk
∣∣): By using (3.46), we have (um) is bounded in L∞ (0, T ;H2

0 (Ω)
)
which implies, utilizing

the embedding of H2
0 (Ω) in L∞ (Ω)

(
Ω ⊂ R2

)
, the boundness of (um) in L2 (Ω× (0, T )). In a similar way, (um

t ) is
bounded in L2 (Ω× (0, T )). Next, by using Aubin-Lions theorem, we have a subsequence such that

um → u strongly in L2 (Ω× (0, T )) (3.55)

which implies
um → u a.e. in Ω× (0, T ) . (3.56)

Because of the maps s → bs ln |s| is continuous, we find the following convergence:

bum ln |um| → bu ln |u| a.e. in Ω× (0, T ) . (3.57)

From the embedding of H2
0 (Ω) in L∞ (Ω)

(
Ω ⊂ R2

)
, we see that b (um ln |um|) is bounded in L∞ (Ω× (0, T )). Now,

taking into consideration the Lebesgue bounded convergence theorem (Ω is bounded), we have

bum ln |um| → bu ln |u| strongly in L2
(
0, T ;L2 (Ω)

)
. (3.58)

Second term (
∣∣uk

t

∣∣ρ ∣∣uk
t

∣∣): From (3.46), we see that (um
t ) is uniformly bounded in L∞ (0, T ;H2 (Ω)

)
which implies

the boundedness of (um
t ) in L∞ (Ω× (0, T )), and so in L2 (Ω× (0, T )). Also, we know that (um

tt ) is bounded in
L2
(
(0, T ) ;H2

0 (Ω)
)
which implies that (um

tt ) is bounded in L2 (Ω× (0, T )).

From the first estimate in (3.18) and Lemma 2.1, we conclude

∥∥∥∣∣uk
t

∣∣ρ uk
t

∥∥∥
L2(0,T,L2(Ω))

=

∫ T

0

∥∥uk
t

∥∥2(ρ+1)

2(ρ+1)
dt

≤
(
Cs√
λ

)2(ρ+1) ∫ T

0

∥∥∆uk
t

∥∥2(ρ+1)

2
dt

≤
(
Cs√
λ

)2(ρ+1)

C
2(ρ+1)
3 T . (3.59)

Now, using Aubin-Lions theorem, (see Lions [18]), there exists a subsequence {um} of
{
uk
}
such that

um
t → ut strongly in L2

(
0, T ;L2 (Ω)

)
(3.60)

which implies
um
t → ut almost everywhere in Ω× (0, T ) . (3.61)

Therefore,
|um

t |ρ um
t → |ut|ρ ut almost everywhere in Ω× (0, T ) . (3.62)

Hence, by using (3.60)-(3.62) and utilizing Lions Lemma, we get

|um
t |ρ um

t → |ut|ρ ut weakly in L2
(
0, T ;L2 (Ω)

)
. (3.63)

We multiply (3.3) by Θ (t) ∈ D (0, T ) and integrate over (0, T ), we have

− 1

ρ+ 1

∫ T

0

(∣∣uk
t (t)

∣∣ρ uk
t (t) , w

j
)
θ′ (t) dt+

∫ T

0

(
∆uk (t) ,∆wj

)
θ (t) dt

+

∫ T

0

(
∇uk

tt,∇wj
)
θ (t) dt−

∫ T

0

∫ t

0

h (t− σ)
(
∆uk (σ) ,∆wj

)
θ (t) dσdt

+µ1

∫ T

0

(
uk
t , w

j
)
θ (t) dt+

∫ T

0

∫ τ2

τ1

µ2 (s)
(
z (x, 1, s, t) , wj

)
θ (t) dsdt

= b

∫ T

0

(
uk (s) ln

∣∣uk (s)
∣∣ , wj

)
θ (t) dxdt, (3.64)
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we multiply (3.7) by θ (t) ∈ D (0, T ) and integrate over (0, T )× (0, 1), to obtain∫ T

0

∫ 1

0

(
szkt + zkκ, ϕ

j
)
θ (t) dxdκ = 0. (3.65)

The convergence of (3.50)-(3.54) and (3.63), are sufficient to pass to the limit in (3.64) and (3.65) to get

− 1

ρ+ 1

∫ T

0

(|ut|ρ ut, w) θ
′ (t) dt+

∫ T

0

(∆u,∆w) θ (t) dt

+

∫ T

0

(∇utt,∇w) θ (t) dt−
∫ T

0

∫ t

0

h (t− σ) (∆u (σ) ,∆w) θ (t) dσdt

+µ1

∫ T

0

(ut, w) θ (t) dt+

∫ T

0

∫ τ2

τ1

µ2 (s) (z (x, 1, s, t) , w) θ (t) dsdt

= b

∫ T

0

(u (s) ln |u (s)| , w) θ (t) dxdt,

and ∫ T

0

∫ 1

0

(szt + zκ, ϕ) θ (t) dtdκ = 0.

Integrating over (0, T ), we have∫ T

0

(
|ut|ρ utt +∆2u−∆utt −

∫ t

0

h (t− σ)∆2u (s) dσ

+µ1ut +

∫ τ2

τ1

µ2 (s) (z (x, 1, s, t) ds, w)

)
θ (t) dt

= b

∫ T

0

(u (t) ln |u (t)| , w) θ (t) dxdt.

Consequently, we get the local existence of the problem (2.16).

3.2 Global existence

In this part, we obtain the global existence result. Firstly, we give the following functionals for this aim:

I (t) =

(
1−

∫ t

0

h (s) ds

)
∥∆u∥2 + ∥∇ut∥2 + (h ◦∆u) (t)− 3b

∫
Ω

u2 ln |u| dx, (3.66)

J (t) =
1

2

(
1−

∫ t

0

h (s) ds

)
∥∆u∥2 + 1

2
∥∇ut∥2

+
1

2
(h ◦∆u) (t)− b

2

∫
Ω

u2 ln |u| dx+
b

4
∥u∥2 .

=
1

3

[(
1−

∫ t

0

h (s) ds

)
∥∆u∥2 + ∥∇ut∥2

+(h ◦∆u) (t)] +
b

4
∥u∥2 + 1

6
I (t) . (3.67)

We note that

E (t) =
1

ρ+ 2
∥ut∥ρ+2

ρ+2 + J (t) +
1

2

∫
Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dsdκdx. (3.68)

Lemma 3.1. [2] The following inequalities hold:

−bd0
√
|Ω| c3∗ ∥∆u∥3/22 ≤ b

∫
Ω

u2 ln |u| dx ≤ bc3∗ ∥∆u∥32 , ∀u ∈ H2
0 (Ω) , (3.69)
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where d0 = sup0<s<1

√
s |ln s| = 2

e , |Ω| is the Lebesgue measure of Ω and c∗ is the smallest embedding constant(∫
Ω

|u|3 dx
)1/3

≤ c∗ ∥∆u∥2 , ∀u ∈ H2
0 (Ω) , (3.70)

(c∗ exists thanks to the embedding of H2
0 (Ω) in L∞ (Ω) and Ω ⊂ R2).

Lemma 3.2. Suppose that (A1)-(A3). Assume that (u0, u1) ∈ H2
0 (Ω)×H2

0 (Ω) such that

I (0) > 0 and
√
54bc3∗

(
E (0)

l

)1/2

< l. (3.71)

Then
I (t) > 0, ∀t ∈ [0, T ) . (3.72)

Proof . We have the energy functional as follow

E (t) =
1

ρ+ 2
∥ut∥ρ+2

ρ+2 + J (t) +
1

2

∫
Ω

∫ 1

0

∫ τ2

τ1

s (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dsdκdx.

Hence, by (3.66), we get

b

∫
Ω

u2 ln |u| dx =
1

3

(
1−

∫ t

0

h (s) ds

)
∥∆u∥2 + 1

3
∥∇ut∥2 +

1

3
(h ◦∆u) (t)− 1

3
I (t) . (3.73)

Substituting (3.73) in (3.67), we have

J (t) =
1

3

[(
1−

∫ t

0

h (s) ds

)
∥∆u∥2 + ∥∇ut∥2 + (h ◦∆u) (t)

]
+

b

4
∥u∥2 + 1

6
I (t) . (3.74)

Since I is continuous on [0, T ] and I (0) > 0, there exists t0 ∈ (0, T ] such that I (t) > 0, for all t ∈ [0, t0). We show by
t0 the largest real number in (0, T ] such that I > 0 on [0, t0). If t0 = T , then (3.72) is satisfied.

From contradiction, we suppose that t0 ∈ (0, T ). Therefore, I (t0) = 0 and

∥∆u∥2 ≤ 6

l
J (t) ≤ 6

l
E (t) ≤ 6

l
E (0) , ∀t ∈ [0, t0) . (3.75)

If ∥∆u (t0)∥2 = 0, then (3.69) and (3.70) give

0 = I (t0) =

(
1−

∫ t0

0

h (s) ds

)
∥∆u (t0)∥2 + ∥∇ut (t0)∥2 + (h ◦∆u) (t0)

−3b

∫
Ω

u2 (t0) ln |u (t0)| dx

≤ c ∥∆u (t0)∥2 + (h ◦∆u) (t0) =

∫ t0

0

h (s) ds ∥∆u (s)∥2 ds. (3.76)

As a result, if g > 0 on [0, t0), we obtain

∥∆u (s)∥2 = 0, ∀s ∈ [0, t0) .

Hence,
I (t) = 0, ∀t ∈ [0, t0) ,

which is not hold since I > 0 on [0, t0). If h ̸= 0 on [0, t0), then assume that t1 ∈ [0, t0) the smallest real number such
that h (t1) = 0. Since h (0) > 0 and h is continuous, nonincreasing and positive on R+, hence, t1 > 0 and h = 0 on
[t1,∞). Hence, by (3.76), we conclude that

0 =

∫ t0

0

h (s) ∥∆u (s)∥2 ds =
∫ t1

0

h (s) ∥∆u (s)∥2 ds,
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then ∥∆u (s)∥2 = 0, for any s ∈ [0, t1), which specified that I (t) = 0, for any t ∈ [0, t1). Similar to above, this is a

contradiction with the fact that I > 0 on [0, t0). Therefore, we infer that ∥∆u (t0)∥2 > 0. Moreover, we get

I (t0) ≥ l ∥∆u (t0)∥2 − 3b

∫
Ω

u2 (t0) ln |u (t0)| dx.

From (3.75) and by using Lemma 3.1, we obtain

I (t0) ≥

[
l − 3bc3∗

(
6E (0)

l

)1/2
]
∥∆u (t0)∥2 .

Recalling (3.71), we conclude that I (t0) > 0, which contradicts the assumption I (t0) = 0. Thus, t0 = T and then

I (t) > 0, ∀t ∈ [0, T ) .

Consequently, we completed the proof of Theorem 2.9. □

4 Asymptotic behavior

Proof of Theorem 2.10:

In this part, by constructing a suitable Lyapunov functional, we get asymptotic behavior result for our problem.
Firstly, we define the functional as follows

L (t) = NE (t) +N1F1 (t) + F2 (t) +N2F3 (t) , (4.1)

where N , N1 and N2 are positive real numbers.

Next, we define the following functionals:

F1 (t) =
1

ρ+ 1

∫
Ω

|ut|ρ utudx+

∫
Ω

∇ut∇udx, (4.2)

F2 (t) =

∫
Ω

(
∆ut −

1

ρ+ 1
|ut|ρ ut

)∫ t

0

h (t− σ) (u (t)− u (σ)) dσdx, (4.3)

F3 (t) =

∫
Ω

∫ 1

0

∫ τ2

τ1

se−sκ (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dsdκdx. (4.4)

To get our main result, we need the following lemmas:

Lemma 4.1. Suppose that (A1)-(A3) and (3.71) hold and let ε0 ∈ (0, 1). Let

0 < E (0) <
elπ

4
. (4.5)

Then, the functional L (t), for N sufficiently large, satisfies

λ0E (t) ≤ L (t) ≤ λ1E (t) , ∀t ≥ 0, (4.6)

where λ0 and λ1 are positive constants depending on N1, N2 and N . Hence, L ∼ E and for any t0 > 0, there exists a
positive constant m, such that

L′ (t) ≤ −mE (t) + c∗ (h ◦∆u) (t) + cϵ0 (h ◦∆u)
1/(1+ϵ0) (t) , ∀t ≥ t0. (4.7)

Proof . The proof is similar to [2, 32], hence, we omit it. □

Lemma 4.2. Assume that (u, z) be a solution of problem (2.16). Then, the functional F1 (t) satisfies

F ′
1 (t) ≤ 1

ρ+ 1
∥ut∥ρ+2

ρ+2 −
(
1− β − η − 2ηC2

s

λ
µ1

)
∥∆u∥2 +

(
1 +

C2
sµ1

4η

)
∥∇ut∥2

+
β

4η
(h ◦∆u) (t) +

1

4η

∫
Ω

∫ τ2

τ1

|µ2 (s)| z2 (x, 1, s, t) dsdx+ b

∫
Ω

u2 ln |u| dx, (4.8)
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for η > 0.

Proof . Taking the derivative of F1 (t), from (2.16) and integrating by parts, we get

F ′
1 (t) =

1

ρ+ 1

∫
Ω

(|ut|ρ ut)
′
udx+

1

ρ+ 1

∫
Ω

|ut|ρ+2
dx+

∫
Ω

∇utt∇udx+ ∥∇ut∥2

=
1

ρ+ 1
∥ut∥ρ+2

ρ+2 + ∥∇ut∥2 +
∫
Ω

(|ut|ρ utt −∆utt)udx

=
1

ρ+ 1
∥ut∥ρ+2

ρ+2 + ∥∇ut∥2 −
∫
Ω

(
∆2u−

∫ t

0

h (t− σ)∆2u (σ) dσ

)
udx

−
∫
Ω

(
µ1ut +

∫ τ2

τ1

µ2 (s) z (x, 1, s, t) ds− bu ln |u|
)
udx

=
1

ρ+ 1
∥ut∥ρ+2

ρ+2 + ∥∇ut∥2 − ∥∆u∥2 +
∫
Ω

∆u

∫ t

0

h (t− σ)∆u (σ) dσdx

−µ1

∫
Ω

uutdx−
∫
Ω

∫ τ2

τ1

µ2 (s) z (x, 1, s, t)udsdx+ b

∫
Ω

u2 ln |u| dx. (4.9)

Next, utilizing Sobolev embedding and Young’s inequality, estimating the terms in the right hand side of (4.9), we
have ∣∣∣∣∫

Ω

∆u

∫ t

0

h (t− σ)∆u (σ) dσdx

∣∣∣∣
≤ (β + η) ∥∆u∥2 + β

4η
(h ◦∆u) . (4.10)

Since ∣∣∣∣∫
Ω

uutdx

∣∣∣∣ ≤ η
C2

s

λ
∥∆u∥2 + C2

s

4η
∥∇ut∥2 , (4.11)

and ∣∣∣∣∫
Ω

∫ τ2

τ1

µ2 (s) z (x, 1, s, t)udsdx

∣∣∣∣
≤ η

C2
s

λ

∫ τ2

τ1

|µ2 (s)|
∫
Ω

|∆u|2 dsdx

+
1

4η

∫
Ω

∫ τ2

τ1

|µ2 (s)|
∣∣z2 (x, 1, s, t) dsdx∣∣

≤ η
µ1C

2
s

λ
∥∆u∥2 + 1

4η

∫
Ω

∫ τ2

τ1

|µ2 (s)|
∣∣z2 (x, 1, s, t)∣∣ dsdx. (4.12)

The estimate (4.8) followed by substituting (4.10)-(4.12) into (4.9). Hence, we completed the proof. □

Lemma 4.3. Suppose that (u, z) be the solution of problem (2.16). Then, F2 (t) satisfies

F ′
2 (t) ≤ δ

(
2β2 + 1 +

1

4

)
∥∆u∥2 +

(
δ +

δa0
ρ+ 1

− h0

)
∥∇ut∥2

− 1

ρ+ 1
h0 ∥ut∥ρ+2

ρ+2 + β

(
2δ +

1

4δ
+

µ1C
2
s

2δλ
+

c

δβ

)
(h ◦∆u) (t)

−h (0)

4δλ

(
1 +

C2
s

l + 1

)
(h′ ◦∆u) + µ1δ

∫
Ω

∫ τ2

τ1

µ2 (s) z
2 (x, 1, s, t) dsdx

+µ1δ ∥ut∥2 + cϵ0,δ (h ◦∆u)
1/(1+ϵ0) (t) . (4.13)

for any δ > 0, where
∫ t

0
h (σ) dσ ≥

∫ t0
0

h (σ) dσ = h0, ∀t ≥ t0.
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Proof . Utilizing the Leibnitz formula, and the first equation of (2.16), we get

F ′
2 (t) = −

∫
Ω

(∫ t

0

h (t− σ)∆u (σ) dσ

)(∫ t

0

h (t− σ) (∆u (t)−∆u (σ)) dσ

)
dx

+

∫
Ω

∆u (t)

(∫ t

0

h (t− σ) (∆u (t)−∆u (σ)) dσ

)
dx

+µ1

∫
Ω

ut (t)

(∫ t

0

h (t− σ) (u (t)− u (σ)) dσ

)
dx

+

∫
Ω

∫ τ2

τ1

µ2 (s) z (x, 1, s, t)

∫ t

0

h (t− σ) (u (t)− u (σ)) dσdx

−
∫
Ω

∇ut (t)

∫ t

0

h′ (t− σ) (∇u (t)−∇u (σ)) dσdx

− 1

ρ+ 1

∫
Ω

|ut|ρ ut

∫ t

0

h′ (t− σ) (u (t)− u (σ)) dσdx

−b

∫
Ω

u ln |u|
∫ t

0

h (t− σ) (u (t)− u (σ)) dσdx

−
∫ t

0

h (s) ds ∥∇ut∥2 −
1

ρ+ 1

∫ t

0

h (s) ds ∥ut∥ρ+2
ρ+2

= I1 + · · ·+ I7 −
∫ t

0

h (σ) dσ ∥∇ut∥2 −
1

ρ+ 1

∫ t

0

h (σ) dσ ∥ut∥ρ+2
ρ+2 .

Now, we will estimate I1, · · · , I7. Hence, for δ > 0, we obtain

|I1| ≤ δ

∫
Ω

(∫ t

0

h (t− σ)∆u (σ) dσ

)2

dx

+
1

4δ

∫
Ω

(∫ t

0

h (t− σ) |∆u (t)−∆u (σ)| dσ
)2

dx

≤ 2δ

(∫ t

0

h (σ) dσ

)2

∥∆u∥2

+

(
2δ +

1

4δ

)∫ t

0

h (σ) dσ (h ◦∆u) (t)

≤ 2δβ2 ∥∆u∥2 + β

(
2δ +

1

4δ

)
(h ◦∆u) (t) .

In a similar attitude,

|I2| ≤ δ ∥∆u∥2 + β

4δ
(h ◦∆u) (t) ,

|I3| ≤ δC2
sµ1 ∥∇ut∥2 +

βC2
sµ1

4δλ
(h ◦∆u) (t) ,

|I4| ≤ δ

∫
Ω

∫ τ2

τ1

|µ2 (s)| z2 (x, 1, s, t) dsdx+
βµ1C

2
s

4δλ
(h ◦∆u) (t) ,

|I5| ≤ δ ∥∇ut∥2 +
1

4δ

∫
Ω

∫ t

0

−h′ (s) ds

∫ t

0

−h′ (t− s) |∇u (t)−∇u (s)|2 dsdx

≤ δ ∥∇ut∥2 −
h (0)

4δλ
(h′ ◦∆u) (t) ,
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|I6| ≤ δ

ρ+ 1

∫
Ω

||ut|ρ ut|
2

+
1

4δ (ρ+ 1)

∫
Ω

(∫ t

0

h′ (t− σ) (u (t)− u (σ))

)2

dx

≤ δ

ρ+ 1

∫
Ω

∥ut∥2ρ+2
2ρ+2 −

h (0)C2
s

4δλ (ρ+ 1)
(h′ ◦∆u) (t)

≤ δa0
ρ+ 1

∥∇ut∥22 −
h (0)C2

s

4δλ (ρ+ 1)
(h′ ◦∆u) (t) ,

where a0 = C
2(ρ+1)
s (2E (0))

ρ
.

To estimate I7, we apply (2.13) for s = |u|, use the embedding of H2
0 (Ω) in L∞ (Ω), for any δ∗ > 0 and any

ε0 ∈ (0, 1), we obtain

|I7| ≤ −b

∫
Ω

u ln |u|
∫ t

0

h (t− σ) (u (t)− u (σ)) dσdx

≤ b

∫
Ω

(
u2 + dϵ0 |u|

1−ϵ0
) ∣∣∣∣∫ t

0

h (t− σ) (u (t)− u (σ)) dσdx

∣∣∣∣
≤ c

∫
Ω

∣∣u2
∣∣ ∣∣∣∣∫ t

0

h (t− σ) (u (t)− u (σ)) dσ

∣∣∣∣ dx+ δ∗

∫
Ω

u2dx

+cϵ0,δ∗

∫
Ω

∣∣∣∣∫ t

0

h (t− σ) (u (t)− u (σ)) dσ

∣∣∣∣2/(1+ϵ0)

dx

≤ cδ∗ ∥∆u∥2 + c

δ∗

∫
Ω

∣∣∣∣∫ t

0

h (t− σ) (u (t)− u (σ)) dσ

∣∣∣∣2 dx
+cϵ0,δ∗

∫
Ω

∣∣∣∣∫ t

0

h (t− σ) (u (t)− u (σ)) dσ

∣∣∣∣2/(1+ϵ0)

dx,

then, putting δ/4 = cδ∗ and utilizing Hölder’s inequality and from Lemma 2.7, we have

−b

∫
Ω

u ln |u|
∫ t

0

h (t− σ) (u (t)− u (σ)) dσdx

≤ δ

4
∥∆u∥2 + c

δ
(h ◦∆u) (t) + cϵ0,δ (h ◦∆u)

1/(1+ϵ0) (t) .

□

Lemma 4.4. [32] The functional F3 (t) defined by (4.4), satisfies

F ′
3 (t) ≤ −m

∫
Ω

∫ τ2

τ1

(|µ2 (s)|+ ξ) z2 (x, 1, s, t) dsdx

−m

∫
Ω

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dκdsdx

+µ1

∫
Ω

u2
tdx, (4.14)

where m = e−τ2 .

Now, we give the proof of the Theorem 2.10:
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Proof . Hence, from (2.18), (4.1), (4.8), (4.13) and (4.14), we arrive at

L′ (t) ≤ −N

(
µ1 −

∫ τ2

τ1

|µ2 (s)| ds−
ξ (τ2 − τ2)

2

)
∥ut∥2

− 1

ρ+ 1
(h0 −N1) ∥ut∥ρ+2

ρ+2 − ξ

(
N

2
+mN2

)∫
Ω

∫ τ2

τ1

z2 (x, 1, s, t) dsdx

−
(
mN2 −

N1

4η
− µ1δ

)∫
Ω

∫ τ2

τ1

|µ2 (s)| z2 (x, 1, s, t) dsdx

−
(
N

2
h (t) +N1

(
1− β − η − 2ηC2

s

λ
µ1

)
− δ

(
2β2 + 1 +

1

4

))
∥∆u∥2

−
(
h0 − δ − δa0

ρ+ 1
−N1 −

N1µ1

4η
− µ1C

2
s (1 + δ)

)
∥∇ut∥2

+

(
N1β

4η
+ β

((
2δ +

1

4δ
+

µ1C
2
s

2δλ
+

c

δβ

)))
(h ◦∆u) (t)

+

(
N

2
− h (0)

4δλ

(
1 +

C2
s

ρ+ 1

))
(h′ ◦∆u) (t)

+bN1

∫
Ω

u2 ln |u| dx+ cϵ0,δ (h ◦∆u)
1/(1+ϵ0) (t)

−mN2

∫
Ω

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dκdsdx.

By taking N1 < h0, δ > 0 sufficiently small and N2 large enough so that mN2 − N1

4η − µ1δ > 0

γ0 =
1

ρ+ 1
(h0 −N1) > 0, γ1 = h0 −N1 −

N1µ1

4η
− δ

(
1 +

a0
ρ+ 1

)
− µ1C

2
s (1 + δ) > 0.

γ2 =
N

2
h (t) +N1

(
1− β − η − 2ηC2

s

λ
µ1

)
− δ

(
2β2 + 1 +

1

4

)
> 0,

γ3 = ζ

[
N

2
− h (0)

4δλ

(
1 +

C2
s

ρ+ 1

)]
−
[
N1β

4η
+ β

(
2δ +

1

4δ
+

µ1C
2
s

2δλ
+

c

δβ

)]
> 0,

N

[
µ1 −

∫ τ2

τ1

|µ2 (s)| ds−
ξ (τ2 − τ2)

2

]
> 0, mN2 −

N1

4η
− µ1δ > 0.

Therefore, by letting γ4 = mN2, we obtain

L′ (t) ≤ −γ0 ∥ut∥ρ+2
ρ+2 − γ1 ∥∇ut∥2 − γ2 ∥∆u∥2 − γ3 (h ◦∆u) (t)

−γ4

∫
Ω

∫ τ2

τ1

∫ 1

0

s (|µ2 (s)|+ ξ) z2 (x, κ, s, t) dκdsdx

+bN1

∫
Ω

u2 ln |u| dx+ cϵ0,δ (h ◦∆u)
1/(1+ϵ0) (t) .

Thus, we have

L′ (t) ≤ −m1E (t) +
(
N1 −

m1

2

)
b

∫
Ω

u2 ln |u| dx

+
(
c+

m1

2

)
(h ◦∆u) (t) +

m1b

4
∥u∥2 + cϵ0,δ (h ◦∆u)

1/(1+ϵ0) (t) .

Utilizing the Logarithmic Sobolev inequality (2.10), we obtain

L′ (t) ≤ −m1E (t)−
(
N1 −

m1

2

) b

2

(
2 (1 + ln a)− ln ∥u∥2

)
∥u∥2 +

(
c+

m1

2

)
(h ◦∆u) (t)

+
(
N1 −

m1

2

) ba2

2π
∥∆u∥2 + m1b

4
∥u∥2 + cϵ0,δ (h ◦∆u)

1/(1+ϵ0) (t) .
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Choosing m1 and b small enough and from (3.11), for

m1 ≤ N1 ≤ m1

2
(b+ 1) ,

we get
m1b

4
≤
(
N1 −

m1

2

) b

2
.

Thanks to (A3), this selection is possible. Hence, we obtain

L′ (t) ≤ −m1E (t)−
(
N1 −

m1

2

) b

2

(
1 + 2 ln a− ln ∥u∥2

)
∥u∥2

+c∗ (h ◦∆u) (t) + cϵ0 (h ◦∆u)
1/(1+ϵ0) (t) . (4.15)

Recalling that E′ (t) ≤ 0 and I (t) > 0 and by (2.17), (3.67) and (4.5), we get

ln ∥u∥2 ≤ ln

(
4

b
J (t)

)
≤ ln

(
4

b
E (t)

)
≤ ln

(
4

b
E (0)

)
≤ ln

(
elπ

b

)
.

By taking a satisfying

max

{
e−3/2,

√
lπ

b

}
< a <

√
2lπ

b
.

(So (3.11) is satisfied), and we guarantee

1 + 2 ln a− ln ∥u∥2 ≥ 0.

From (2.17), (4.7) and (4.15), we get
L′ (t) ≤ −αE (t) , ∀t ≥ 0, (4.16)

for some α > 0. By combining (4.6) and (4.16) satisfies

L′ (t) ≤ −k1L (t) , ∀t ≥ 0, (4.17)

where k1 = α/α1. Thus, a simple integration of (4.17) over (0, t) yields

L′ (t) ≤ L (0) e−k1t, ∀t ≥ 0. (4.18)

As a result, a combination of (4.6) and (4.18), we get (2.24) with k0 = α1E(0)
α0

, hence, the proof is completed. □

5 Conclusions and open problems

In recent years, there has been published much work concerning the wave equation with constant delay or time-
varying delay. However, to the best of our knowledge, there were no local existence, global existence and asymptotic
behavior results for the logarithmic viscoelastic plate equation with distributed delay. In this work, we used the energy
method combined with Faedo-Galerkin method to establish the local and global existence, moreover, by introducing
a suitable Lyapunov functional we proved the asymptotic behavior of the solution with the logarithmic source term
f (u) = bu ln |u| type. We like to point out that the local existence, global existence and asymptotic behavior of

solutions to problem (1.1) with the logarithmic source term f (u) = u |u|p−2
ln |u|k type is still open problem.

The problem (1.1) may be studied with variable exponents and logarithmic source term as follows:{
|ut|ρ utt +∆2u−∆utt −

∫ t

0
h (t− σ)∆2u (x, σ) dσ + µ1ut (x, t) |ut|m(x)−2

(x, t)

+µ2ut (x, t− τ) |ut|m(x)−2
(x, t− τ) = bu ln |u| .

Also, this equation could be studied with m ≡ m (x, t) instead of m ≡ m (x) under different initial and boundary
conditions. Furthermore, different mathematical behavior such as blow up, attractor... etc. may be established for
the equation (1.1).
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