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Abstract

In this paper, we introduce generalized rational type Z-contraction maps for a single map f : X x X — X where X
is a b-metric space and prove the existence and uniqueness of coupled fixed points. We extend it to a pair of maps by
defining generalized rational type Z-contraction pair of maps and prove the existence of common coupled fixed points
in complete b-metric spaces. We provide examples in support of our results.
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1 Introduction

Banach contraction principle plays an important role in solving nonlinear functional analysis. In the direction
of generalization of contraction condition, Dass and Gupta [I3] initiated a contraction condition involving rational
expression and established the existence of fixed points in complete metric spaces.

In the direction of generalization of metric spaces, Bourbaki [10] and Bakhtin [5] initiated the idea of b-metric spaces.
The concept of b-metric space or metric type space was introduced by Czerwik [I1] as a generalization of metric space.
Afterwards, many authors studied the existence of fixed points for a single-valued and multi-valued mappings in
b-metric spaces under certain contraction conditions. For more details, we refer [2] [3, 8, [, 12}, T4} [16] 18] 23 24].

In 2006, Bhaskar and Lakshmikantham [6] introduced the notion of coupled fixed point and established the existence
of coupled fixed points for mixed monotone mappings in ordered metric spaces. Later, Lakshmikantham and Ciri¢ [19]
introduced the notion of coupled coincidence points of mappings in two variables. Afterwards, many authors studied
coupled fixed point theorems, we refer [20, [22], [25] [26].
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2 Preliminaries

Definition 2.1. [II] Let X be a non-empty set. A function d : X x X — [0,00) is said to be a b-metric if the
following conditions are satisfied: for any z,y,2z € X
(i) 0 <d(z,y) and d(x,y) = 0 if and only if = y,

(i) d(z,y) = d(y,z),
(74i) there exists s > 1 such that d(z, z) < s[d(z,y) + d(y, 2)].

In this case, the pair (X, d) is called a b-metric space with coeflicient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric space is not a metric space.

Definition 2.2. [J] Let (X, d) be a b-metric space.

(1) A sequence {z,} in X is called b-convergent if there exists € X such that d(z,,z) — 0

as n — oo. In this case, we write lim z, = x.
n— oo

(i7) A sequence {z,} in X is called b-Cauchy if d(z,, ) — 0 as n,m — oco.

(7i7) A b-metric space (X, d) is said to be a complete b-metric space if every b-Cauchy sequence in X
is b-convergent in X.

(tv) A set B C X is said to be b-closed if for any sequence {z,} in B such that {z,} is
b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.

In this paper, we denote R = [0, 00) and N is the set of all natural numbers.

Example 2.3. [15] Let X = NU {cc}. We define a mapping d : X x X — RT as follows:

0 if m=n,
L _ L1 if one of m,n is even and the other is even or oo,
d(m,n) = mo_onl . .
5 if one of m,n is odd and the other is odd or oo,
2 otherwise.

Then (X, d) is a b-metric space with coefficient s = 2.

Definition 2.4. [9] Let (X, dx) and (Y, dy) be two b-metric spaces. A function f: X — Y is a

b-continuous at a point z € X if it is b-sequentially continuous at z. i.e., whenever {z, } is b-convergent to x we have
fx, is b-convergent to fx.

Definition 2.5. [6] Let X be a nonempty set and f : X x X — X be a mapping. Then we say that an element
(z,y) € X x X is a coupled fixed point, if f(x,y) =z and f(y,z) =y.

Definition 2.6. [I9] Let X be a nonempty set. Let F/: X x X — X and ¢g: X — X be two mappings. An element
(z,y) € X x X ia called

(i) a coupled coincidence point of the mappings F' and g if F'(z,y) = gx and F(y,z) = gy;
(#4) a common coupled fixed point of mappings F' and g if F(z,y) = gz = and F(y,z) = gy = y.

The following lemma is useful in proving our main results.

Lemma 2.7. [I] Let (X,d) be a b-metric space with coefficient s > 1. Suppose that {x,} and {y,} are b-convergent
to x and y respectively. Then we have
éd(l’, y) < hnnilo%f d(Ivn yn) < limsup d(l’n, yn) < 52d(gja y)

n—oo
In particular, if 2 = y, then we have lim d(z,,y,) = 0. Moreover for each z € X we have
n—oo

Ld(z, 2) < liminfd(z,,z) <limsupd(z,, z) < sd(z, z).
n— oo

n—oo

In 2015, Khojasteh, Shukla and Radenovié [I7] introduced simulation function and defined Z-contraction with respect
to a simulation function.
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Definition 2.8. [I7] A simulation function is a mapping ¢ : Rt x RT — (—o00, 00) satisfying the following conditions:
(¢1) ¢€(0,0) = 0;

(¢2) C(t,s) <s—tfor all s,t>0;

(¢3) if {t,},{sn} are sequences in (0,00) such that lim ¢, = hm sp =1€(0,00) then

n—0o0

lim sup ((ty, sn) < 0.

n—oo
Remark 2.9. [] Let ¢ be a simulation function. If {t,}, {s,} are sequences in (0, 00) such that
lim ¢, = hm sp =1 € (0,00) then limsup ((kty, sp) < 0 for any k > 1.
n—oo n—oo

The following are examples of simulation functions.

Example 2.10. [4] Let ¢ : Rt x RT — (—o00,00) be defined by

() ¢(t,s) —)\s—tfor all t,s € RT, where X € [0,1);
ii) ((t,s) = ¢35 —t for allst€R+

111) C(t,s) =s—kt for all t,s € RT, where k > 1;
) C(t,s) =
) C(t,5) =

1+s—( )for all s,t € RT;
—t for all 5,t € Rt where k > 1.

V)

Definition 2.11. [I7] Let (X,d) be a metric space and f : X — X be a selfmap of X. We say that f is a
Z-contraction with respect to ( if there exists a simulation function ¢ such that

Cd(fx, fy),d(x,y)) >0 for all z,y € X.

Theorem 2.12. [I7] Let (X, d) be a complete metric space and f : X — X be a Z-contraction with respect to a certain
simulation function ¢. Then for every g € X, the Picard sequence {f"xo} converges in X and lim f"x = u(say) in
n—r oo

X and w is the unique fixed point of f in X.
Recently, Olgun, Bicer and Alyildiz [21] proved the following result in complete metric spaces.

Theorem 2.13. [21] Let (X,d) be a complete metric space and f : X — X be a selfmap on X. If there exists a
simulation function ¢ such that

C(d(fx, fy), M(z,y)) = 0

for all z,y € X, where M (z,y) = max{d(z,y),d(z, fz),d(y, fy), w} then for every xzg € X, the Picard
sequence {f™xo} converges in X and li_>m f"xo = u(say) in X and u is the unique fixed point of f in X.

In 2018, Babu, Dula and Kumar [4] extended Theorem 1.13 [21] to pair of selfmaps in the setting of b-metric spaces
as follows.

Theorem 2.14. [4] Let (X,d) be a complete b-metric space with coefficient s > 1 and f,g: X — X be a selfmaps
on X. If there exists a simulation function ¢ such that

((s*d(fz,gy), M(z,y)) >0

for all z,y € X, where M (z,y) = max{d(z,y),d(z, fz),d(y, gy), W}, then f and g have a unique common
fixed point in X, provided either f or g is b-continuous.

Recently, Bindu and Malhotra [7] proved the existence of common coupled fixed points as follows:

Theorem 2.15. Let (X, d) be a complete b-metric space with parameter s > 1 and let the mappings S, T : X x X — X

satisfy
d(z,u)+d(y,v) d(z,S(z,y))d(u,T (u,v)) d(u,S(z,y))d(z, T (u,v))

d(S(z,y), T(u,v)) < 1 T=257052 4 Qo T City o) T (a5 Geg)) T O3 ThGe ) Fd(y o) T 5(a))

+a d(S(z,y), T (u,v))d(z,u) + o a(S(z,y), T (u,v))d(y,v)

4 1+d(rd7z)+qgl€y v;;gz(u ?‘(w,y)) 5 1+d(93d7z)+§i((y v)))t;(l(u ?(r,y))
u, T (u,v Y,V u,S(z,y T, U
T Q6 T q@u)+d(y.0) +d(w,S@ ) T VT TR, u)+d(y,0)+d(w,9(w.))
d(u,S(z,y))d(y,v

+ ag T+d(z, u()+d((y Zgz;,_(g?(/u ;‘(x,y)) + ag max d(“v S(l’, y))7 d(S(‘T, y)v T(ua ’U))

for all z,y,u,v € X and a; > 0,9 =1,2,...,9 with sa; + as + a4 + a5 + ag + sag < 1 and

a1+ az+ag + a5+ ar+ ag+ ag < 1. Then S and T have a unique common coupled fixed point in X.
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Motivated by the works of Bindu and Malhotra [7], in Section 3, we introduce generalized rational type Z-contraction
maps for a single map f: X x X — X where X is a b-metric space and we extend it to a pair of maps. In Section 4,
we prove the existence and uniqueness of coupled fixed points and common coupled fixed points in complete b-metric
spaces. Examples are provided in support of our results in Section 5.

3 Generalized rational type Z-contraction maps

The following we introduce generalized rational type Z-contraction maps for a single and a pair of maps in
b-metric spaces as follows:

Definition 3.1. Let (X,d) be a b-metric space with coefficient s > 1 and f: X x X — X be a map. We say that f
is a generalized rational type Z-contraction map, if there exists a simulation function ¢ such that

C(S?’d(f(x,y),f(uw)),M(x,y,um)) >0 for all z,Y,u,v € Xa (31)

where
_ d(zuw)+d(yw)  de.f(@.y))d(uf(uv)) d(u.f (.9))d(z. f (uv))
M(z,y, u,v) = max{ 2s ' Thd(w,u)+d(y,v)+d(u,f (z,9))* THd(@,u)+d(y,0)+d(u,f(7,9))
d(f (2,y) . f (u0))d(z,u) d(f () o f (u,0))d(y,v) d(u,f (u,))d(y,v)
T d(a,u)+d(y,0)+d(u, (@) THd(a,u)+d(y,0)+d(u,f (@) THd(@,u)+d(y,0)+d(u,f(@9))
d(u,f (w,y))d(z,u) d(u, f (z,y))d(y,v)
T+ d(z,u) +d(y,0)+d(u,f(@,9)) THd(@,u)+d(y,0)+d(u, [ (Z,9))

max{d(u, f(z,y)), d(f(z,y), f(u,v))}}.

Remark 3.2. Tt is clear that from definition of simulation function that ((a,b) < 0, for all
a > b > 0. Therefore if f satisfies (3.1]), then

Example 3.3. Let X =[0,1] and let d : X x X — R" defined by
. 0 if x=y
d(w,y) = { (x+y)? if v#y.
Then clearly (X, d) is a b-metric space with coefficient s = 2. We define f: X x X — X by f(z,y) = W for
all € 0,1] and

1
C:RT xRt = (—o0,00) by ((ts)= §sft,t20,520.

We have s2d(f(z,y), f(u,v)) 16

z+u)® + (y +v)?]

[8([log(1+z2+y2) + log(lJr1u2+v2)]2
(d(r u)+d(y v) )
(

| /\

rol ol ool I

max {d@c Wtdye) _d@.f (ey)d(uf (u)
25 TEd(wu)+d(y,v)+d(u, f@y)
d(u.f(2.9))d(e.f (u.v)) d(f (2.y).f (u.0))d(@,0)
Td(z,u)+d(y.0) +d(u. f(9)) " THd(zan)+d(y.0)+d(uwf (@)
d(f (2.y).f (u.0))d(y.v) d(u.f (u.v))d(y.v)
TFd(w,u)+d(y.0)+d(u. fly)) " TFd(euw)+d(,0)+d(uwf @)’
d(u.f (@.y))d(z.u) d(u.f (2.9))d(y.0)
Td(@ u)+d(y,0)+d(u. f(@y)) * THd(@u)+d(,0)+d(uwf @)

max{d(u, f(z,y)),d(f(x,y), f(u,v))}}).

Therefore f is a generalized rational type Z-contraction map.

IN

Definition 3.4. Let (X, d) be a b-metric space with coefficient s > 1 and f,g: X x X — X be two maps. We say
that the pair (f, g) is a generalized rational type Z-contraction maps, if there exists a simulation function ¢ such that

C(s3d(f(z,y), g(u,v)), M(z,y,u,v)) >0, for all z,y,u,v € X, (3.2)

where
_ d(z,u)+d(y,v) d(z, f(z,y))d(u,g(u,v)) d(u, f(z,y))d(z,g(u,v))
M(z,y,u,v) = max{ 2s » Td(@,u)+d(y,0)Fd(u, F(2,9)) * 1+d(@,u)+d(y,v)+d(u, f(z,9))°
d(f(z,y),9(u,v))d(z,u) a(f(z,y),9(u,v))d(y,v) d(u,g(u,v))d(y,v)
1+d(z,u)+d(y,0)+d(u, f(z,y)) > 1+d(z,u)+d(y,v)+d(u, f(2,y)) 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(u, f(z,y))d(z,u) d(u, f(z,y))d(y,v)
1+d(z,u)+d(y,v)+d(u, f(z,y)) * 1+d(z,u)+d(y,v)+d(u, f(z,y))’

max{d(u, f(z,y)),d(f(z,y),g(u,v))}}.
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Remark 3.5. Tt is clear that from definition of simulation function that ((a,b) < 0, for all
a > b > 0. Therefore if f satisfies (3.2]), then

s*d(f(z,y), g(u,v)) < M(z,y,u,v), for all z,y,u,v € X.

Example 3.6. Let X =[0,1] and let d : X x X — R™ defined by

B 0 if x=y
d(m,y)—{ (x+y)? if v#y.
Then clearly (X, d) is a b-metric space with coefficient s = 2. We define f,¢g: X x X — X by
oa(vet) i 4y e [0, 1) =i aye o)
— 16 Y )3 d — B Y )9
flz,y) { é if o,y e [% 1] an 9(377?4) { log(x—I—y) if @,y€ [%71].
C:R+XR+—>(—oo7oo)by§(t,s)—100 —t,t>0,s>0.
Case (i). z,y,u,v € [0, 3).
log(14+a+ ue”
sd(f (). g(u,v)) = S[W T
< g0 (@ +u)* + (y +v)°]
= 99 d(, u)+d(y v))
5 d(ﬂc U)+d(y v) d(z, f(z,y))d(u,g(u,v)) d(u, f(z,y))d(z,9(u,v))
99 , Sz, 1,9 (u, S (x, 9(u,
< 10 (max{ * THd(z,u)+d(y,0)+d(u, f(@,9)) Trd(e,u)+d(y0) +d(u. fz.9))’
d(f(z.y).9(u, ))d(fr u) d(f(2,y),9(u,v))d(y,v) d(u,g(u,v))d(y,v)
1+d(ﬂf7u)+d(yvv)+d(u»f(ﬂc7y)) > 14d(@,u)+d(y,0)+d(u, f(z,y)) > 1+d(z,u)+d(y,0)+d(u, f(z,y))’
d(u, f(z,y))d(z,u) d(u, f(z,y))d(y,v)

I+d(z,u)+d(y,v)+d(u,f(z,y))  1+d(z,u)+d(y,v)+d(u, f (2,y))’
max{d(u, f(z,y)), d(f(2,y), 9(u, v))}}).
Case (ii). z,y,u,v € [3,1].
(S () gl.0) = 8T+ Tog(u + )
9 2
< 400[(I+u) +(y+v) ]

_ (d(ﬂc u)+d(y,v) )
~ ) rd(ye)  d(ef@y)d(ug(w0) o, ()9 (,0))
99 CE u Y,v z,J\z,y u,g(u,v u, T,y z,g\u,v
< o (max { ) T ) TR Faty o) P
4 F (). 9(u,0)) A ) 0 F(2) 9(u.))d(y.0) (g (,0))d(y )
TFdCe ) +d(y,0) 0 f () TTaGeu) (o) Tl (r9))* TFaCEu)td(y )+l TG0
donsf (2,))l(z0) don f (2r))l(,0)

I+d(z,u)+d(y,v)+d(u, f(z,y)) * 1+d(z,u)+d(y,v)+d(u, f(2,y))
max{d(u, f(z,y)),d(f(z,y), g(u,v))}})
Case (iii). z,y € [3,1],u,v € [0, ).
s*d(f(2,y), g(u,v)) = 8[1¢ + “P° ,
< 400[($+u) + (y +v)7]

d(z,u)+d(y,v)
19090( 2s )

< 90 (e HEWTA@) _d S y)dg() (s f (2.9)) (2,9 (u,0))
= 100 2s ' 1+d(z,u)+d(y,v)+d(u, f(z,y))* 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(f(=,y),9(u,v))d(z,u) d(f(z,y),9(u,v))d(y,v) d(u,g(u,v))d(y,v)
I+d(z,u)+d(y,v)+d(u, f(2,9)) 1+d(z,u)+d(y,0)+d(u, f(z,y)) > 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(u, f(=,y))d(z,u) d(u, f(x,y))d(y,v)

1+d(z,u)+d(y,v)+d(u, f(2,y)) > 1+d(z,u)+d(y,v)+d(u, f(2,y))’
max{d(u, f(z,y)),d(f(x,y), g(u,v))}})
Case (iv). z,y € [0,3),u,v € [3,1].
P, 5), ,0)) = SPEEED  1og(z +)P
< 2@+ w? + (y+ )7
= 99 d(z, u)+d(y7v))

100 28
99 (z,u)+d(y,v) d(z, f(z,y))d(u,g(u,v)) d(u, f(z,y))d(z,9(u,v))
< 100 (max{ 2s ) T d(z,u)+d(y,0) Fd(u, J(z,9) * 1+d(@,u)+d(y,v)Fd(w, f(z,9))’
d(f (2.9),9(uv))d(w.u) d(f (2.9),9(uv))d(y.v) d(u.g(u.v))d(y.v)
T d(w,u)+d(y,0)+d(u,f (2,9)) * TFd(@,u)+d(y,0)+d(u, f(2,5)) THd(@,u)+d(y,0)+d(u, [ (@)’
d(u.f(2.y))d(e,u) d(u.f(z.y))d(y.v)

I+d(z,u)+d(y,v)+d(u, f(z,y)) * 1+d(z,u)+d(y,v)+d(u, f (z,y))’

max{d(u, f(xa y))a d(f(:[:, y)v g(ua ’U))}})

Therefore the pair (f, g) is a generalized rational type Z-contraction maps.

4 Main results

Theorem 4.1. Let (X, d) be a complete b-metric space with coefficient s > 1 and f : X x X — X be a rational type
Z-contraction map. Then f has a unique coupled fixed point in X.
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Proof . Let 2o and yo be arbitrary points in X. We define x; 11 = f(x;,y;) and y;01 = f(ys, x;) for i = 0,1,2,....
We consider

((sgd(xn+1, Tpg2), M(Tn, Yn, Tng1, Yny1)) = C(s3d(f(a:n, Yn ), [(Tnt1,Ynt1)), (4.1)
M(mna Yn s Tn+1, ynJrl)) >0,
where ( )+d( ) (zn, f( ))d( f( )
_ Azn,Tnt1)+d(Yn,Yn A(@n, f(@n,yn))d(@nt1,f (Tnt1,Yn
M(-Tm Yns Tn+1, yn+1) = HlaX{ H 2s = ’ 1+d(wn,mn+1)+d(y",y":11)+d(z:41r1,fJ(rxl,,L,y,,L)) ;
d(@nt1,f (@n,Yn))d(@n, f(Tnt1,Yn+1)) A(f (@n,yn ). f (#Fnt+1,Yn+1))d(@n,Tnt1)
1+d(zn,2n+1)+d(Yn,Ynt1)+d(@nt1,f (Zn,yn)) ? 1+d(@n,Tnt1)+dYn Ynt1)+d(@nt1,f (@n,yn))’
d(f(wnyyn)y.f(wn+1yyn+1))d(yn;yn+1) d($n+1:f(wn+17yn+1))d(yn>yn+l)
1+d(zn,Tn+1)+d(Yn,ynt1)+d(@nt1,f (Tn,yn)) * 1+d(@n,2nt1)+d(Yn,Ynt+1) +d(@nt1, £ (Tn,Yn))
A(@nt1,f(Tn,Yn))A(Tn,Tnt1) A(@n+1,f(Zn,Yn))d(Yn Yn+1)

1+d(zn,zni1) +d(Yn Ynt1) Fd(@np1, f(@n,yn))’ 1+d(@n,Tnt1)+dWn,Ynt1)+d(@ni1, f(Tn,yn))’
max{d(mnﬂ, f(xna yn))v d(f(.’En, yn)v f($n+1, ynJrl))}}

_ maX{ d(@n,Tni1)+dYn,Ynt1) A(Tn,Trnt1)d(Tni1,Tni2)
2s P 14+d(Zn,Tnt 1) +A(Yn,Ynt1) Fd(Tntr1,Tnt1)
A(Tn41,Tn41)d(Tn,Tny2) d(Tn41,Tn42)d(Tn,Trni1)
1+d(zn,2n+1)+d(Yn,Yn+1)+d(@n+1,Tn+1) ’ 1+d(@n,2nt1)+dWYn Ynt+1)+d(@n+1,8n41) "
d(Znt1,Tn+2)d(Yn,Ynt1) d(Tnt1,Tnt2)d(Yn,Ynt1)
1+d(zn,Tn+1)+d(Yn,Yn+1)+d(@n1+1,Tn4+1) 7 1+d(@Zn,Tn+1)+d(Yn,ynt+1)+d(Tn4+1,Tn41)
d(Zn+1,Zn41)d(Tn,Tn11) A(@n+1,2n+1)d(Yn Yn+1)

1+d(zn,Tn+1)+d(Yn,Yn+1)+d(@nt1,8n+1) ' 14+d(@n,Tn+1)+d(Yn,Ynt1) +d(@nt1,Tn41)
max{d(Tni1, Tnt1), d(Tny1, Tni2)}}
< max{ d(m"’m"“);;d(y"’y"“) yd(Tpy1, Tpyo)}
If M(zn, Yn, Tnt1sYnt1) = d(Tnt1, Tny2) then from , we have
0 < C(8°d(Tnt1, Tny2), M(Tn, Yns Tng1s Ynt1)) = C(8°d(Tpir, Tnya), d(@ny1, Tni2))
< d(Tny1, Tnga) — Sd(Tng1, Tngo),

which is a contradiction. Therefore

d(xnv $n+1) + d(yna yn—i-l)

d(Tn+1, Tpta) < 75 (4.2)
for all n =0,1,2,.... Similarly, we can prove that
d ny In + d :I;n, :I"n
At ) < D bts) + A, ) (4.3

2s
for all n =0,1,2,.... Adding the inequalities (4.2)) and (4.3)), we have

d(Tny1, Tnre) + d(Ynt1; Ynt2) < b[d(Tn, Toy1) + d(Yn, Yni1)],

where h = 2—15 < 1. Also, it is easy to see that
d(l‘na xn-i—l) + d(ynv yn+1) < h[d(mn—la xn) + d(yn—la yn)]

Therefore
d(anrlvanrQ) + d(yn+1a yn+2) < h2[d($n717xn) + d(yn—l,yn)]-

Continuing in the same way, we get that

d(Tnt1; Tnt2) + d(Yni1, Ynt2) < A" [d(20, 21) + d(yo, y1)]-

For m > n,m,n € N, we have
d(ifn, xm) + d(yn7 ym) S S[d(xnv 5rn+1) + d(mn+17 xm)] + S[d(yna yn+1) + d(yn+1a ym)]
< s[d(zn, Tnt1) + d(Yn, Yns1)] + SQ[d($n+1, Tpt2) + d(Tni2, Tm)]
+ 8 d(Yn+1,Ynt2) + dYnt2, Ym)]
= s[d(Tn, Tnt1) + d(Yn, Ynt1)] + SQ[d(mn-&-la Tpy2) + d(Ynt1, Yns2)]
+ 52[d($n+2, zm) + d(yn+2> ym)] ey Smin[d(xm—la xm) + d(ym—la ym)]
< [sh™ + &2hnH 4 smT T [d (2o, 1) + d(yo, y1 )]
< sh™[1 + sh+ (sh)?...+ (sh)™™ 1 +...])[d(zo, 1) + d(yo,v1)]
= sh™ (7= )[d(zo, 21) + d(yo,y1)] — 0 as n — oco.

Therefore {x,} and {y,} are b-Cauchy sequences in X. Since X is b-complete, there exist z,y € X such that
Zp, — x and y, — y as n — oco. We now prove that x = f(z,y) and y = f(y,z). On the contrary suppose that
x # f(x,y) and y # f(y,z). We now consider

C(sPA(f (@, y), 1), M (@, y, 2y yn)) = (A (,), (@, Yn)), M (2,9, 20, y0)) 2 0, (4.4)
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where M(Z', Y, T, yn) — maX{ d(wvxn);‘d(y»yn) d(z, f(z,y))d(@n, f(Tn,yn))

5 ? 14d(z,30) +d(Y,yn) +d(zn, f(z,y))
d(@n, f(z.y))d(@,f(Tn,yn)) d(f(2.y),f(@n,yn))d(z,2n)
1+d(I7wn)+d(y,yn)+d(93n»f(w,y)) ’ 1+d(w7wn)+d(y;yn)+d($n;f(wxy)) ’
d(f(2,y),f(Zn,yn))d(y,yn) (@, f(Tn,Yn))d(Y,Yn)
1+d(z,2n)+d(y,yn) +d(@n, f(2,9))’ 1+d(2,20)+d(y,yn)+d(zn, f(2,y))’
d(1n7f($7y))d(xrlln) d(lnvf(wvy))d(yvyn)

I4d(x, 25 ) +d(y,yn)+d(@n, f(z,y)) ? 14+d(@,20)+d(y,yn)+d(@n, f(z,y))’

max{d(zn, f(x,y)), d(f(,y), f(zn,yn))}}
d(z,2n)+d(Y,yn) d(@, f(#,y))d(Tn,Tni1)
2s P 1+d(z,2n)+d(y,yn) +d(@n, f(2,9))

d(zn,f(z,y))d(T,Tnt1) a(f(z.y),Tnt1)d(z,3n)

1+d(a77wn)+d(yyyn)+d($nyf(w:y)) ’ 1+d(z7wn)+d(y)yn)+d($n)f(w)y)) ’
a(f(z,y),Tn+1)d(Y,yn) &0, Tnt1)d(Y,Yn)

1+d(a77wn)+d(yyyn)+d($nyf(w:y)) ’ 1+d(z7wn)+d(y)yn)+d($n)f(w)y)) ’

d(zn, f(z,y))d(z,2n) d(@n, f(2,y))d(Y,yn)
1+d(z, 20 )+d(y,yn) +d(@n, f(2,y)) * 1+d(@,25)+d(y,yn)+d(2n, f(z,y))

max{d(zy, f(z,y)), d(f(z,y), Tnt1)}}-
On taking limit superior as n — oo in M(z,y, Zn,yn), we have

= max{

limsup M (2, y, Zn, yn) < sd(x, f(x,y)).

n—0o0

On letting limit superior as n — oo in (4.4)) and using the Lemma 2.7, we have
0 < limsup ¢(s*d(f(2,), 1), M (2,9, T, Yn))
n—oo

= limsup M (z,y, Zn, yn) — liminf s3d(f(2,y), Tni1)
n—oo

n— o0
e L B
a contradiction. Therefore = f(x,y). Similarly we can prove that y = f(y,z). Therefore (x,y) is a coupled fixed
point of f. Let (z,y’) € X x X be another coupled fixed point of f with (2/,y") # (x,y). We consider

((sPd(@,2"), M(2,y,2",y")) = ((s°d(f(2,y), f(2',y)), M(z,y,2",y)) > 0,

where
I — d(z,z")+d(y,y") d(z, f (z,y))d(z’ f (' y")) d(a’, f(z,y))d(z, f(z',y"))
M(z,y,2',y") = max{ =570, o o T @ F o)) THGea) +d(y ) F (e F )
d(f(z,y),f (=" ,y")d(z,a") d(f(zy),f (=" ,y")d(y,y")
1+d(z,2")+d(y,y")+d(z’, f(z,y)) * 1+d(z,z")+d(y,y")+d(2’, f(z,y))’
d(z’, f (' y"))d(y,y") d(z’, f(z,y))d(z,z")

1+d(mvigif;fgz,z’)));r(d;z’/)f(ryy)) > 1td(m,a’)+d(y,y ) +d(a’ f(z,y))
e Ly vt der gy max{d(a’, f(z,y)), d(f(z,y), f(=',y)}}
< max{id(w’x/);d(y’y/) d(z,2')}.

If M(z,y,2',y') = d(z,2’) then we have

C(sPd(x,2'), M(z,y,2",y)) = d(x,2') — s*d(z,2") > 0,

which is a contradiction. Therefore J , y ,
d(x,x,) S (I7x);9 (y7y). (4.5)

Similarly, we can prove that

i) < {0 W)

Adding the inequalities (4.5)) and (4.6]), we get that

d(z,2') +d(y,y')
2s

d(z,2') +d(y,y") < <d(z,z") +d(y,y')

it is a contradiction. Therefore (x,y) = («’

,y') is the unique coupled fixed point of f in X. O

Proposition 4.2. Let (X, d) be a b-metric space with coefficient s > 1 and f,¢: X x X — X be two maps. Assume
that the pair (f,g) is generalized rational type Z-contraction maps. Then (u,v) is a coupled fixed point of f if and
only if (u,v) is a coupled fixed point of g. Moreover, (u,v) is unique in this case.

Proof . Let (u,v) be a coupled fixed point of f. Then v = f(u,v) and v = f(v,u). Suppose that u # g(u,v). We
now consider

C(s*d(u, g(u,v)), M (u,v,u,v)) = ¢(s*d(f(u,v), g(u,v)), M(u,v,u,v)) >0, (4.7)
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where
_ d(u,u)+d(v,v) d(u, f(u,v))d(u,g(u,v)) d(u, f(u,v))d(u,g(u,v))
M (u, v, u,v) = max{ 2s » T d(u,u)+d(v,0)Fd(u, F(u,w) > T+d(u,u)+d(v,0)+d(u, f(u,u)) *
d(f(u,v),9(u,v))d(u,u) d(f(u,v),g(u,v))d(v,v) d(u,g(u,v))d(v,v)
1+d(u,u)+d(v,v)+d(u, f(u,u)) ’ 1+d(u,u)+d(v,0)+d(u, f(u,uw))? 1+d(u,uw)+d(v,0)+d(u, f(u,un))?
d(u, f(u,v))d(u,u) d(u, f(u,v))d(v,v)

14+d(u,u)+d(v,v)+d(u, f(u,uw)) ? 1+d(u,uw)+d(v,0)+d(u, f(u,u))’
max{d(u, f(u,v)),d(f(u,v), g(u,v))}} = d(u, g(u,v)).
From the inequality , we have

0 < ¢(s°d(u, gu,v)), M(u,v,u,v)) = d(u, g(u,v)) — s’d(u, g(u, v)),

which is a contradiction. Therefore u = g(u,v). Similarly, we can prove that v = g(v,u). Hence, (u,v) is a coupled
fixed point of g.

In the similar lines as above, it is easy to see that (u,v) is a coupled fixed point of f whenever (u,v) is a coupled
fixed point of g. Let (u,v), (uv/,v") € X x X be two coupled fixed points of f and g with (u.v) # (u/,v"). We consider

C(sPd(u,u'), M (u,v,u’,v")) = ¢(s3d(f(u,v), g(u',v")), M (u,v,u',v")) >0,

where
AN d(u,u’)+d(v,0") d(u, f(u,0))d(u’,g(u",v")) d(v, f (u,0))d(z,g(u’v"))
M (u,v,u',v") = max{ 25  Thd(u,u) T d(v,0 ) +d(, F(u,0))° I+d(u,u ) +d(v,0”)+d(w , f(u,0))
d(f (u,0),g(uw’v"))d(u,u’) d(f (u,0),9(u’,v"))d(v,0")
I+d(u,u’)+d(v,v")+d(u/, f(u,0)) * 1+d(u,u’)+d(v,0")+d(w/, f(u,v))’
d(u',g(u w"))d(v,0") d(u', f(u,0))d(u,u’)

T+d(u,u’)+d(v,0")+d(u’, f(u,0)) 7 1+d(u,u’)+d(v,0’)+d(u’, f(u,v))’

d(u’, f(u,v))d(v,0’
l+d(u,u(’)+{1gv,v’)))+(d(u’,)f(u,v)) ) max{d(u’, f(ua U))? d(f(u7 U)7 g(u/a UI))}}
< max{w d(u,u')}.

2s ’
If M(u,v,u,v") = d(u,u’) then we have

C(s*d(u, '), M(u,v,u',v)) = d(u, v) — s*d(u, u') > 0,

which is a contradiction. Therefore J , J ,
d(u,u’) < (u,u );_ (v, ) (4.8)
s

Similarly, we can prove that
d(u,u") + d(v,v")

d(v,v") < 95 . (4.9)

Adding the inequalities (4.8]) and (4.9)), we get that

d(u,u’) + d(v,v")
2s

d(u, ) + d(v,0) < < d(u, ) + d(v,0'),

it is a contradiction.
Therefore (u,v) = (u’,v’) is the unique coupled fixed point of f and g in X. O

Theorem 4.3. Let (X,d) be a complete b-metric space with coefficient s > 1 and the pair (f,g) be a generalized
rational type Z-contraction maps. Then f and g have a unique coupled fixed point in X.

Proof . Let ZTo and Yo be arbitrary points in X. We define T2i4+1 = f(ﬂjgi,ygi)7y2i+1 = f(yQi,.TQi) and T2i4+2 =
9(T2i41, Y2i+1),Y2i+2 = 9(Y2i+1, T2i+1) for i =0,1,2,.... We consider

C(Sgd(z2n+17 l‘gn+2), M(xQna Y2n, T2n41, y2n+1)) = C(Sgd(f(:EQn, y2n); g(gj27l+1a y2n+1))a

4.10
M (22n, Y2n, T2n+1, Y2nt1)) > 0, (4.10)
where
M(me Yom, Toni, y2n+1) _ maX{ d(x2n5x2n+l);‘;d(y2n7y2n+l) 7
d(x2n, f(T2n,Y2n))d(T2n+1,9(T2n41,Y2n+1))
1+d(z2n,22n+1)+d(Y2n,Y2n+1)+d(T2n+1,f (T2n,Y2n))
d(2n+1,f(T2n,Y2n))d(T2n,9(T2n41,Y2n+1))
1+d(z2n,T2n+1)+d(Y2n,¥2n+1)Fd(T2nt1,f (T2n,Y2n))
d(f (®2n,Y2n),9(T2n+1,Y2n+1))d(T2n,T2n41)
1+d(zon,T2n+1)+d(Y2n Y2n+1)+d(@2n41,f (@2n,y2n))’
d(f(2n,Y2n),9(T2n+1,¥2n+1))d(Y2n,Y2n+1)
1+d(z2n,22n+1)+d(Y2n,92n+1) +d(T2n+1,f (T2n,Y2n))
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d(z2n+1,9(T2n+1,Y2n+1))d(Y2n,Y2n+1)
14+d(z2n,Z2n+1)+d(Y2n,Y2n+1)+d(@2n+1,f (Z2n,Y2n))
d(z2n+1,f(T2n,Y2n))d(T2n,T2n41)
1+d(z2n,T2n+1)+d(Y2n,Y2n+1) +d(T2n+1,f (T2n,y2n))
d(x2n+1,f(T2n,Y2n))d(Y2n,Y2n+1
1+d(z2n,Z2n+1)+d(Y2n,¥2n+1)Fd(T2nt1,f (T2n,Y2n))

max{d(xQn—‘rla f(xQny y2n)), d(f(x2n, y2n)7 g($2n+1, y2n+1))}}
d(22n,T2n+1)+d(Y2n,Y2n11)

= max{

2s
d(2n,T2n+1)d(T2n41,Z2n+2)+d(Tan41,T2n41)
1+d(z2n,T2n+1)+d(Y2n,¥2n+1)+d(T2n+1,T2n+1)
d(Z2n+1,%2n+1)d(T2n,Tony2)
1+d(zon,T2n+1)+d(Y2n Y2n+1)+d(T2n+1,Z2n+1)
d(T2n+1,T2n+2)d(T2n,T2n+1)
1+d(z2n,22n+1)+d(Y2n,¥2n+1)+d(T2n+1,T2n+1)
d(T2n+41,%2n42)d(Y2n,Y2n+1)
1+d(z2n,T2n+1)+d(Y2n,¥2n+1)+d(T2n4+1,T2n41)
d(332n+17J¢2n,+2)d(y2my2n+1)
1+d(zon,T2n+1)+d(Y2n Y2n+1)+d(T2n+1,82n+1)
d(T2n+1,T2n+1)d(T2n,T2n+1)
1+d(z2n,22n+1)+d(Y2n,¥2n+1)+d(T2n+1,T2n+1)
d(T2nt1,%2n41)d(Y2n,Y2n+1)
1+d(z2n,T2n+1)+d(Y2n,¥2n+1)+d(T2n+1,T2n41)

maX{d($2n+17 $2n+1), d($2n+1, $2n+2)}}
< max{ d(172n,I2n+1)2+sd(y2n7y2n+1) , d($2n+17 x2n+2)}.
If M (z2n, Y2n, T2nt1, Yont1) = d(T2n41, Tant2) then from , we have
0< C($3d($2n+175€2n+2), M(IQn,y2n7$2n+17y2n+1)) = C(Sgd(I2n+1,$2n+2), d($2n+1,$2n+2))
< d(Zant1, Tany2) — 53d(»’£2n+1, Tont2),

which is a contradiction. Therefore

d(x2n, Tan+1) + d(Y2n, Y2nt1)
2s

d(T2n+1, Tant2) < (4.11)

foralln=0,1,2,....
Similarly, we can prove that

d(y2n7 y2n+1) + d(l‘gn, $2n+1)
2s

for all n =0,1,2,.... Adding the inequalities (4.11)) and (4.12)), we have

d(Tant1, Tant2) + A(Y2nt1, Yont2) < hld(Ton, T2nt1) + d(Yon, Y2nt1)]s

d(Y2n+1, Yant2) < (4.12)

where h = % < 1. Also, it is easy to see that
d($2n+2, $2n+3) + d(y2n+2, y2n+3) < h[d($2n+1, 302n+2) + d(y2n+17 y2n+2)]-

Therefore
d($n, anrl) + d(yna yn+1) S h[d(mnfla xn) + d(ynfla yn)]7

for all n =1,2,3,.... Continuing in the same way, we get that
d(Zn, Tny1) + d(Yn, Yng1) < W [d(20, 21) + d(yo, y1)]-

For m > n,m,n € N, we have
d(’l,’n, l’m) + d(yna ym) < S[d(xna xn—i—l) + d(xn—i-h xm)] + S[d(yn; yn+1) + d(yn—H; ym)]
< sld(@n, Tng1) + d(Yn, Ynt1)] + 82 [d(Tni1, Tng2) + d(Tpia, 2]
+ s [d(yn+17 Ynt2) + d(yn+2a ym)]
= sld(zn, Tnt1) + d(Yns Ynt1)] + 52[d(xn+1a Tpy2) + d(Ynt1, Yni2)]
=+ SQ[d(xn-‘rQ) mm) =+ d(yn+27 ym)] st Sm_n[d(xm—la xm) + d(ym—la ym)]
< [sh™ + s2hn Tl + 4+ sm ™ [d (2o, 21) + d(yo, y1))
< sh™[1+ sh+ (sh)?...4+ (sh)™ ! + .. [d(xo,x1) + d(yo, y1)]

= sh™ (1= )[d(z0, 21) + d(yo,y1)] — 0 as n — oco.

Therefore {x,} and {y,} are b-Cauchy sequences in X. Since X is b-complete, there exist x,y € X such that
Zn — x and y, — y as n — oco. We now prove that © = f(z,y) and y = f(y,x). On the contrary suppose that
x # f(z,y) and y # f(y,x). We now consider

C(Sgd(f(l‘, y)7$2n+2)7 M(l‘, y7x2n+1ay2n+1)) = C(Sgd(f(xay)79($2n+17y2n+1)), (4.13)
M(z,y, ont1, Y2nt1)) > 0, '
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where ( )+d( ) (@, f(z,y))d( ( )
_ d(z,x2n+1)+d(Y,Y2n+1 d(z,f(z,y))d(T2n+1,9(T2n+1,Y2n+1
M(I, Y, Ton+1, y2n+1) = max{ 2s ) THd(z,m2nt 1)+ Y2nt1) Hd@2nt 1, F (2,9))
d(z2n+1,f(2,y))d(z,9(T2n+1,Y2n+1)) d(f(z.y),9(Z2n+1,Y2n+1))d(T,T2n41)
1+d(z,22n4+1)+d(Y,Y2n+1)+d(@2n+1,f(2,9)) * 1+d(z,22n+1)+d(Y,Y2n+1)+d(@2n+1,f (2,9))
d(f(z,9),9(T2n+1,Y2n+1))d(Y,Y2n+1) d(x2n+1,9(T2n+1,Y2n+1))d(Y,Y2n+1)
1+d(z,x2n+1)+d(Y,Y2n+1)+d(@2ni1,f(2,y))? 1+d(x,22n41)+d(Y,Y2n+1)+d(@2nt1,f(2,y))”
d(z2n+1,f(2,y))d(z,T2n41) d(z2n+1,f(2,y))d(y,Y2n+1)
1+d(z,22n4+1)+d(y,y2n+1) td(@2nt1,f(2,y)) 1+d(z,22n+1) +d(Y,¥2n+1) +d(T2n+1,f(2,9))
maX{d(xQTl'i‘h f(l‘v y))) d(f(.T, y)7 g(an’n-‘rlv y2n+1))}}
_ max{ d(x,T2n41)+d(Y,y2n+1) d(z,f(z,y))d(T2n+1,T2n+2)
2s > 14+d(z,22n+1)+d(Y,y2n+1)+d(T2n+1,f(2,y))
d(@2n+1,f(z,y))d(x,T2042) A(f(2,y),T2n+2)d(T,T2n+1)
1+d(z,220+1)+d(Y,Y2n+1) +d(@2n+1,f (2,9)) * 1+d(z,22n+1)+d(Y,Y2n+1)+d(@2n+1,f (2,9))
d(f(z,y),%2n+2)d(Y,Y2n+1) d(2nt1,%2n42)d(Y,Y2nt1)
1+d(z,22n4+1)+d(Y,y2n+1) td(T2nt1, f(2,y)) ) 1+d(z,220+1)+d(Y,y2n+1)+d(22n41,f(2,y))
d(z2n+1,f(2,y))d(T,T2n41) d(x2n+1,f(2,y))d(Y,Y2n+1)
1+d(z,22n+1)+d(y,y2n+1) +d(@2n+1,f(2,9)) * 1+d(z,22n41)+d(Y,Y2n+1)+d(@2n+1,f (2,9))’

max{d(x2n+17 f(.’L‘, y))) d(f(l‘, y)7 x2n+2)}}-

On taking limit superior as n — co in M (z,y, Ty, y,) and using Lemma 2.7, we have

limsup M (z,y, p, yn) < sd(z, f(z,y)).

n—00

On letting limit superior as n — oo in (4.13]) and using the Lemma 2.7, we have
0 < lim sup C(s?’d(f(x, y)v x2n+2)7 M((E, Y, Tan+1, y2n+l))

n—oo

= lim sup M(l’, Y, Tan+1, y2n+l) — lim inf Sgd(f(l‘, y)7 x2n+2)
n—00 n—00

< sd(z, f(z,y)) — S L),
a contradiction. Therefore x = f(x,y). Similarly we can prove that y = f(y,z). Therefore (z,y) is a coupled fixed

point of f. By Proposition 4.2, we have (x,y) is a unique common coupled fixed point of f and g in X. O

5 Corollaries and examples

Corollary 5.1. Let (X, d) be a complete b-metric space with coeflicient s > 1. f: X x X — X be two maps. Assume
that there exist two continuous functions ¢, : [0,00) — [0,00) with ¢(t) <t < (t) for all ¢ > 0 and p(t) = ¥(t) =0
if and only if ¢ = 0 such that

D(s(f(x,y), f(u,0)) < o(M(2,y,u,v))

where
_ d(zu)+d(yw)  dz,f(@.y))d(u,f(uv)) d(u,f (2,y))d(x, f (u,v))
M(z,y,u,v) = max{ 2s ' THd(e,u)+d(y,0) +d(u,f () TTd(@,u)+d(y,0)+d(u, [ (2,9))
d(f (z,y). f (u0))d(x,u) d(f(2.y).f (u.0))d(y,) d(u, f (u,0))d(y,)
T d(@,u)+d(y,0)+d(u, [(2,9)) > THd(@,u)+d(y,0)Fd(u, [ (@) * TFd(@,u)+d(y,0)+d(u,f(@9))’
d(u,f (z,y))d(z,u) d(u, f (z,y))d(y,v)

TFd(@,u)+d(y0)+d(u. f(y)) * (@) +d(,0)+d(uw @)’
max{d(u, f(z,y)),d(f(,y), f(u,v))}}, for all z,y,u,v € X.

Then f has a unique common coupled fixed point in X.

Proof . Follows from Theorem 4.1 by choosing ((s,t) = ¢(t) — 9 (t) for all ¢,s € [0,00). O

Corollary 5.2. Let (X,d) be a complete b-metric space with coefficient s > 1. f,¢g : X x X — X be two maps.
Assume that there exist two continuous functions ¢, : [0,00) — [0,00) with ¢(t) < t < (¢), for all ¢ > 0 and
o(t) = (t) = 0 if and only if t = 0 such that

(s (f(z,9), 9(u,0)) < @(M(x,y,u,v))

where
_ deu)rduw)  dlef(@y)dug(un)) (. (@.9)) (9 (120)
Mz, y,u, v) = max{ =25 75 g iy o) T d(u F(g)) ThaGe ) d(y,0) Fd(u FCrm)
(). g () d () 0(F (). g () y0) (g (0))d(y.0)
T (e )+ (o) dCur F () TFa(e )k d(y,0) Fd(u, o)) TFa(e ) +d(y.0) +dCuf wa))
(1, f (o))l ) (o f () d(y.0)

TFd(z,u)+d(y,0)+d(u, f(@,9)) * THd(@,u)+d(y,0)+d(u, f(@9) °
max{d(u, f(z,y)), d(f(z,y),g(u,v))}}, for all z,y,u,v € X.

Then f and g have a unique common coupled fixed point in X.

Proof . Follows by taking g = f in Corollary 5.1. J
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The following is an example in support of Theorem 4.1.

Example 5.3. Let X =[0,1] and let d : X x X — R™ defined by

0 if xt=y
d(x,y):{ (x+y)? if z#uy.

Then clearly (X,d) is a b-metric space with coefficient s = 2. We define f,g: X x X — X by

SR i e o))
f(x7y 32 1 xﬂye [27 ]

0 otherwise

¢:RY xRt — (—00,00) by ((t,8) = 25— t,t > 0,5 > 0.
Case (i). z,y,u,v € [0,3).

53d(f(aj,y),g(u’ru)) — lgé-‘%y LU -‘év ]

Sl + )+ (y +0)?)

99 (M)

100

\/\g

< 9 (max {du ) Hd(y0) (@ (), f () A f (2, (o (,0))
— 100 2s ' 1+d(z,u)+d(y,v)+d(u, f(z,y)) * 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(f(z,y), f(u,v))d(z,u) d(f(z,y),f(u,0))d(y,v) d(u, f (u,v))d(y,v)
I+d(z,u)+d(y,v)+d(u, f(2,y))? 1+d(z,u)+d(y,0)+d(u, f(2,y)) * 1+d(@,u)+d(y,v)+d(u, f(2,y))’
d(u, f(z,y))d(z,u) d(u, f(z,y))d(y,v)

I4d(z,u)+d(y,v)+d(u, f(z,y))* 1+d(z,u)+d(y,0)+d(u, f(z,y))’
max{d(u, f(2,y)),d(f(,y), f(u,v))}}).
Case (ii). z,y,u,v € [3,1].
) =

s2d(f(x,y), g(u,v 5
[(z +u)?+ (y + v)?]

= 400

_ (d(ﬂc u)+d(y,v) )

= 100 2s

< 99 (max { (@,u)+d(y,v) d(z, f(z,y))d(u, f(u,v)) d(u,f(@,y))d(@, f(u,v))

= 100 2s P 14d(z,u)+d(y,v)+d(u, f(z,y)) > 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(f(z,y),f(u,v))d(z,u) d(f(z,y), f(u,v))d(y,v) d(u, f (u,v))d(y,v)

1+d(z,u)+d(y,v)+d(u, f(z,y)) ’ 1+d(z,u)+d(y,v)+d(u, f(z,y))’ 1+d(z,u)+d(y,v)+d(u,f(z,y))’

d(u, f(@,y))d(z,u) d(u, f(z,y))d(y,v)

I+d(z,u)+d(y,v)+d(u, f (z,y)) * 1+d(z,u)+d(y,0)+d(u, f (2,y))’

max{d(u, f(z,y)),d(f(z,y), f(u,v))}})-
Case (iii). z,y € [3,1],u,v € [0, 3).

$2d(f(z,y), g(u,v)) = 8]z + L55)2
< B ¥ u) + (y+ )7

z,u)+d(y,v
19090( L )25 . ))

< 99 (ax{dewtdy.v) d(z, f(z,y))d(u, f (u,)) d(u, f(z,9))d(@, f (u0))

= 100 2s P 1t+d(z,u)+d(y,v)+d(u, f(2,y)) ? 1+d(@,u)+d(y,v)+d(u, f (2,y))’
d(f(@,y),f(u,v))d(z,u) d(f(@,y),f(u,0))d(y,v) d(u, f(u,0))d(y,v)

I+d(z,u)+d(y,v)+d(u, f(2,9)) T+d(@,u)+d(y,v)+d(u, f(z,y)) * T+d(z,u)+d(y,0)+d(u,f(2.9))’
d(u, f(z,y))d(z,u) d(u,f(z,y))d(y,v)

I+d(z,u)+d(y,v)+d(u, f (z,y)) * 1+d(z,u)+d(y,v)+d(u, f (2,y))’
maxtd(u, f(z,y)), d(f(2,y), f(u,v)}}).

Case (iv). 2,y € [0,1),u,v € [3, 1].

sgd(f(x,y),g(u,v)) - S[x;;jy + ]
< B+ )2 + (y +0)?

— 400[
= 99 d(z, u)+d(y v))
w i, W) | dle S (eg)df (o) d(u,f () d(x, f (u0))
99 ;U 5 5 5 5 s s s s
< 1op (max{ » Thd(w,u) +d(y,0) +d(w, [ (2,9))’ TTd(@,u)+d(y,0)+d(u,f(z9)’
d(f (z,y).f (u, v))d(m ) d(f (2.y).f (u.))d(y,v) d(u, f (u.0))d(y.v)
T+ d(z,u) +d(y,0)+d(u, f(2,9)) * THd(@,u)+d(y,0)Fd(u, F(@,5) * 1+d(@,u)+d(y,0)+d(u,f@9))’
d(u,f (w,y))d(z,u) d(u,f (,))d(y,)

I+d(z,u)+d(y,v)+d(u, f(z,y)) * 1+d(z,u)+d(y,v)+d(u, f (2,y))’

max{d(u, f(z,y)),d(f(z,y), f(u,v))}}).

Therefore f satisfy all the hypothesis of Theorem 4.1 and (0, 0) is a unique coupled fixed point of f.

The following is an example in support of Theorem 4.3.
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Example 5.4. Let X =[0,1] and let d: X x X — R* defined by

0 if =y
d(x,y):{ (x+y)? if z#y.

Then clearly (X,d) is a b-metric space with coefficient s = 2. We define f,g: X x X — X by

log(dety) 4 5 4 e 0,2
se={ T ey
32 7y 27

and

e it oz y €0, 1)
_ ] ) 72

¢ :RT xRt — (—o00,00) by ((t,s) = 190905715 t>0,s>0.
Case (i). z,y,u,v € [0, 3).
Sd(f (@), gu,v) = B[RELGEL 4 g2
< oo l(z +w)? + (y +v)?]

d(z,u)+d(y,v)
19090( 2s £2)

< 90 (o (A tdn) _defy)d(mg(e0) d(u,f (2,9))d(@,9(u))
= 100 2s ' 1+d(z,u)+d(y,v)+d(u, f(z,y))* 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(f(z,y),9(u,v))d(z,u) d(f(z,y),9(u,v))d(y,v) d(u,g(u,v))d(y,v)
I+d(z,u)+d(y,v)+d(u, f(2,y)) 1+d(z,u)+d(y,0)+d(u, f(z,y)) 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(u,f(@,y))d(z,u) d(u, f(=,y))d(y,v)

T+d(z,u)+d(y,v)+d(u, f(2,y)) * 1+d(z,u)+d(y,v)+d(u, f(2,9))

max{d(u, f(z,y)),d(f(z,y), g9(u,v))}}).
Case (ii). z,y,u,v € [3,1].
s%d(f(x,y), g(u,v)) = 8[3&9+ log(u + v)]?

< 400[($+u) (y‘i'v) ]
= 90 d(z, u)+d(y, )
100
< 29 (max { i) +d(y.0) d(z, f(,y))d(u,g(u,v)) d(u,f (z,y))d(@,g(u,v))
= 100 2s P 1t+d(z,u)+d(y,v)+d(u, f(2,y))  1+d(@,u)+d(y,0)+d(u, f (2,y))’
d(f(®,y),9(u,v))d(w,u) d(f(z,y),9(u,v))d(y,v) d(u,9(u,v))d(y,v)
T+d(z,u)+d(y,v)+d(u, f(z,y)) T+d(z,u)+d(y,0)+d(u, f (z.y)) T+d(@,u)+d(y,v)+d(u, f(2.y))’
d(u, f () d(x,u) d(u,f(z,y))d(y,v)

T+d(z,u)+d(y,0)+d(u,f(z,) " T+d(@,u)+d(y,0)+d(w,f(z.))’
max{d(u, f(z,y)),d(f(z,y), 9(u,v))}})
Case (iii). z,y € [3,1],u,v € [0, ).

s3d(f(z,y), g(u,v)) = 8% wt%“]2
< 490%[(x+u) + (y +v)?

d(z,u)+d(y,v)
19090( 2s £2)

< 99 (ma { (z,u)+d(y,v) d(z, f(z,y))d(u,g(u,v)) d(u, f(z,y))d(z,g(u,v))
= 100 2s ' 1+d(z,u)+d(y,v)+d(u, f(z,y))* 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(f(z,y),9(u,v))d(z,u) d(f(z,y),9(u,v))d(y,v) d(u,g(u,v))d(y,v)
I+d(z,u)+d(y,0)+d(u, f(2,9)) 1+d(z,u)+d(y,0)+d(u, f(z,y)) 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(u,f(=,y))d(z,u) d(u,f(z,y))d(y,v)

TFd(z,u)+d(y,0) Fd(u, F(7,9)) * TFd(@u)+d(y,v)+d(wF(@9)
max{d(u, f(z,y)),d(f(z,y), 9(u,v))}})
Case (iv). z,y € [0,3),u,v € [1,1].
ﬁaﬂ,wng»faﬁﬁﬂﬁLﬂ%@+>}

< 200 [(fﬂ +u)® + (y +0)?

= 99 d(z,u)+d(y, v))
100 2s
< 90 (e HEWTAED) _df @ y)dg) (s f (2,9)) (2,9 (u,0))
— 100 2s ' 1+d(z,u)+d(y,v)+d(u, f(z,y)) * 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(f(z,y),9(u,v))d(z,u) d(f(z,y),9(u,v))d(y,v) d(u,g(u,v))d(y,v)
I+d(z,u)+d(y,v)+d(u, f (z,y)) * 1+d(z,u)+d(y,0)+d(u, f(2,9)) > 1+d(z,u)+d(y,v)+d(u, f(z,y))’
d(u,f(z,y))d(z,u) d(u, f (z,y))d(y,v)

I+d(2,u)+d(y,v)+d(u, f(z,y)) * 1+d(z,u)+d(y,v)+d(u, f (2,y))’

max{d(u, f(z,y)),d(f(z,y), 9(u,v))}})
Therefore the pair (f,g) satisfy all the hypotheses of Theorem 4.3 and (0,0) is a unique common coupled fixed
point of f and g.
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