N
A

Toeplitz-plus-Hankel matrices with perturbed corners

Maryam Shams Solary*

Department of Mathematics, Payame Noor University, Po Box 19395-3697 Tehran, lan

(Communicated by Haydar Akca)

Abstract

This paper examines suitable borderings and modification techniques for finding some special properties of a class of
real heptadiagonal symmetric Toeplitz matrices and anti-heptadiagonal persymmetric Hankel matrices with perturbed
corners as the zeros of explicit rational functions. An orthogonal diagonalization, inverse and determinant, and
a formula to compute its integer powers for these matrices are shown. Then, these results are expanded for the
corresponding Toeplitz-plus-Hankel matrices with perturbed corners.
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1 Introduction and preliminaries

Band matrices arise in a wide variety of applications such as the finite difference approximation to ordinary
differential equations and in certain statistical problems. The integer powers of these matrices are required in different
fields such as numerical analysis, differential equations, linear dynamical systems or graph theory. Spectral and
computational properties of symmetric Toeplitz matrices and persymmetric Hankel matrices in special cases have
been studied by several authors such as Bini, Fasino, Silva and Shams Solary, in [II, [4, 10, 12]. In brief, spectral and
computational properties of symmetric Toeplitz matrices and persymmetric Hankel matrices have been studied by
several authors such as Bini, Fasino and Lita da Silva in Bini and Capovani (1983), Fasino (1988), Lita da Silva (2016)
and Solary (2013). This motivates us to derive an orthogonal diagonalization for heptadiagonal symmetric Toeplitz
matrices and anti-heptadiagonal persymmetric Hankel matrices with perturbed corners. We say that a, b, c, d, e € R,
T,, is an n X n heptadiagonal symmetric Toeplitz matrices, H,, is an n x n anti-heptadiagonal persymmetric Hankel
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matrices with perturbed corners

e b ¢ d
b a b ¢ d
c b a b ¢ d
d ¢ b a b ¢ d
d ¢ b a b ¢ d
T, = . . (11)
d ¢ b a b ¢ d
c b a b ¢
d ¢ b a b
d ¢ b e
and
d ¢ b e
d ¢ b a b
d ¢ b a b ¢
d ¢ b a b ¢ d
d ¢ b a b ¢ d
d ¢ b e b ¢ d
c b a b ¢ d
b a b ¢ d
e b ¢ d

By using the technique of bordering for a class of simultaneously diagonalizable matrices, we made suitable submatri-
ces of the heptadiagonal symmetric Toeplitz matrices and anti-heptadiagonal persymmetric Hankel matrices. These
submatrices help us to find the integer powers, the determinant and the inverse of heptadiagonal symmetric Toeplitz
matrices and anti-heptadiagonal persymmetric Hankel matrices with perturbed corners. We generalize these results
for the following Toeplitz-plus-Hankel matrices with perturbed corners. Here we use the following notations:

2
Ak = 2d cos kT + 2ccos kT + 2bcos k. +a, (1.3)
n+1 n+1 n+1
B [ (n—2)kr (n—1Dkn nkm
k= —2d cos [ 1 2ccos 1 2b cos 1 a cos(k) (1.4)

k=1,....,n.
(a) If n is even,
Dl = dia‘g()\la)‘37' . ~7)\n71)a D2 = diag()‘Qa)‘47‘ . '7An)7

DS = diag(/j/la,u?n v 7/1/7171)7 D4 = diag(,uﬂvﬂﬁb B ,Mn),
P is the n x n permutation matrix defined by:

 flifi=2—1ori=2-n

[Pli; = { 0 otherwise. (1.5)
0 wh” 0

U= w(l Vv w(® (1.6)
0 w®? —6

U is an orthogonal and symmetric matrix n x n, since U7 = U = U~! where

0 = 2 sin il
T Vn+1 n+1l)’
: 2 + 1
wit) = (fl)lw(?) =4/ sin m(i+1)
¢ ¢ n+1 n+1




Toeplitz-plus-Hankel matrices with perturbed corners 3059

VI = s [T DG

s T : 21
Sin el S1n el
) sin ng—j:l 2 sin 7;%’:1
n n
s (n—1)w : s
sin { — } sin (n"—ﬂ)
(b) If n is odd,
D1 = diag()\l, )\3, ey )\n>, D2 = diag()\g, )\4, ey )\n71>7
D3 = diag(lulhu?n s 7:“71)a D4 = dia/g(/"LQ’M4’ s 7//571—1),
P is the n x n permutation matrix defined by:
1 df i=2—-1o0r i=2j—n—-1
Plij = { 0 otherwise. (1.8)
0 wh” 0
U= w(l A% w® (1.9)
0 w®’ 0
sin nLH sin f—j:l
) sin nST7-r1 2 sin 7;4—_:1
u= . , V= _ . (1.10)
n+1 : n+1 :
. nw . n—1)m
sin (Tﬂ) sin {(nﬂ) }
Also we have i ) )
[€)i; = [1+ (=1)"] |c — a+ e + 2d cos (nzj: 1) + 2d cos (njirl)} , i,j=1,...,n, (1.11)

where £€) is an order-preserving submatrix of £ corresponds to i, j are odd, £ is an order-preserving submatrix of
& corresponds to 4, j are even and [{];; = 0 otherwise.

€M o uu” is shown the Hadamard product of €M) and uu”, € o vv
vvT[g].

T is shown the Hadamard product of £ and

2 An orthogonal diagonalization of the matrix T,,

Let an n X n Toeplitz matrix similar (1.1]). The basic tool of our analysis in this paper is the bordering technique,
see [I, 2]. This technique helps us to find a class of simultaneously diagonalizable matrices which have a suitable
submatrix generating by band symmetric Toeplits matrices. Setting

a—c b—d c d
b—d a b c d
c b a b c d
d c b a b c d
Tn: '.’ '.. '.. ..
d c b a b c d
d c b a b c
d c b a b—d
d c b—d a-c
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and
c—a+e d 0
d 0 0
0 0 0
ET: ..
0 0 0
0 0 d

0 d c—a+e
Then T, =T, + ET, by Proposition 3.1 in [I] and a theoretical and computational analysis of UETU7 we deduce

UT,U = U(T, + E7)U = diag(M, Aa, ..., An) + Er

2+ (-] ([ am \ [ gr in in
[Er]ij = | sin p—— sin p—— c—a+ e+ 2d|cos oy + cos nrl

fori,j =1,2,...,n, since [Er];; = 0 whenever ¢+ j is odd, we can permute rows and columns of diag(A1, A2, ..., An)+
Er according to the permutation matrices ([1.5) and (|1.8]) for n even or n odd and other convenient relations of Theorem
respectively, which derives:

B D, +¢{WPouu? | 0 T
T, = UP ( . by remewr ) PTU (2.1)

where

Then we deduce

Theorem 1. Let T,, be an n X n matrix similar (L.1)) and \g, £k =1,...,n be given in ([1.3)),
(a) If n is even then

diag(A1, Az, ..., Ap—1) + €D o uuT ‘ 0
T, = UP fe9(r1, A3 no1) ¢ pTu. (2.2)
o ‘ diag(Ao, Ag, ..., An) + €2 0w T

where P is the n X n permutation matrix defined by (1.5)), U in (1.6]) is orthogonal matrix and u, v are given by (|1.7)).
(b) If n is odd then

diag(Ay, A3, ..., An) 4+ D) 6 uaT ‘ o
Tn_UP( fag(Mi, 23 n) +¢ uu pTu. (2.3)

0 ‘ diag(Ag, Mgy s Ap—1) + €@ o v T

where P is the n x n permutation matrix defined by (1.8), U in (1.9) and u, v are given by (|L.10).

The decomposition obtained in the above theorem can be used for finding the inverse and the spectral properties of
the matrix T,,.
Let M =&MW ouu” and N = £ o vv”, I is the identity matrix (with convenient dimension).
According to Sherman-Morrison-Woodbury formula [7} 0], we have
(D; +M)'=D;' -D;'(I+MD;!)'MD; !
and

(D +N)"! =D;! - D;'(I+ND;!)"'ND;

then we have

—17 _ —1y—1 -1
Tt _up (D [I- (1+MD;})'MD; 0 PTU. (2.4)
0 | Dy'I-a+ND;) 'MD; ]

By taking the determinant of both sides of ([2.1]) and using [5], we have

det(Dy + eM) = det(Dy)(1 + € trace(D7'M)) + O(€?),
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for any complex e sufficiently small in modulus.
Then for n even we have

4 3 (c—a+e+4dcos[ (2i— I)TrD [QZ 1)‘"]
| }

det (Tn) =4q1+ :
{ n+ 1 —1 2dcos [gi(%’z.%ﬁr] + 2ccos [2(27’ 1)m + 2bcos [(21 1)7r] +a

x{1+ni1§: (c—a+e+4dcos<n+1>>sm2[31”1] ]+a}

1 2d cos [3(22”7} + 2ccos [Q,ELJr)l ] + 2bcos [31’”1

n . 2. .
X {chos ( Sim ) + 2ccos (i) + 2bcos (L) +a} (2.5)
1 n+1 n+1 n+1

and for n odd, we deduce

(c—a+e+4dcos [(Zz Dpi

4 2
det (Tn) =41+ E -
n+1 =7 2dcos [3@72;11”

)sm [(21 1)’7]

]
] +QCCOS[ 2i- 1)#] + 2bcos [<21 1>7T} +a

n—1

4 2
1—"_n—i-l Z

i—1 2dcos {3(2_’3”’] + 2ccos [2(22)77

(c—a+e+4dcos(2“r))s [33—7{1]
+

2b cos [

n+1 ]
XH{Qdcos( )+26cos( )+Zbcos<
i=1 +1 n+

2.1 Spectral properties for TN

=] +a

) + a}. (2.6)

The results of the preceding section allow us to find straightforward spectral properties of heptadiagonal symmetric
Toeplitz matrices with perturbed corners. In this section we are concerned with separation properties of the eigenvalues,
structure of the eigenvectors and finally the development of efficient methods for finding eigenvalues and eigenvectors
of integer powers of these matrices. Let us point out that this problem was studied where the eigenvalues are simple if
the diagonal matrix has multiple eigenvalues then deflation can be used just as in [3] [6] to eliminate them converting
the original problem into another one where the eigenvalues are simple, thus ensuring that the hypothesis holds.

Lemma 2. Let T, in (1.1) be an n x n heptadiagonal symmetric Toeplitz matrices with perturbed corners and

3k 2k k
A = 2d cos 2F + 2ccos il + 2bcos o +a, k=1,....,n
n+1 n+1 n+1

(a) If n is even, u, v and £ are defined by (1.7) and (1.11} . ) respectively,

i. A1, A3,..., A\,_1 are all distinct then the eigenvalues of
diag(M, s, ..., An—1) + €W o uuT are the zeros of the rational function

c—a+etddcos | BV g2 [ Qi
n+1 n+l

7t — 2dcos [w] — 2ccos [%] 2b cos [%] —a

(2.7)

M w3

4
1= n+1

1
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Moreover, the eigenvalues 81, fBa, ..., Bz of diag(Ai,A3,..., An_1) + €W o uu’ are all simple and
(c7a+c+4dcos<n11>) sin(#)
z (c7a+c+4d cos[(zf;ll)"Dz sir.?[(m’l)”]

(21 1)”%@ B]}Q

{chos( + >+2ccos( + )+2bco>( T )+a75j} igl 2d cos

(c7a+e+4duos<n3fl>) sir.(f—L)
e—atetdd COS[(2:;1111)WD2 Sinz{(%;l)w}
(21 1)ﬂ]+a B]}Q

%}+2c cos[r"@;;ll)"hzb cos

|| Mol

{2dco>( + >+2ccos( + )+2bcos< + )+a B} .
i

1 {2d cos %}4»20 cos{2(2;lll)"}+2b cos

]
Il

(p a+tet4d cos[K”Tlf"D sin[w}

n+1

B B N n c—atetdd cos| ZiZLIT])? o[ GizDm
(2 cos[ 2B o cos[ 202D ] gy cou[ (217 40 ) él {chos{s(zéllnﬂ HCCOS{L(%E)J})HbCOE[@:”UJF]H BJ}2

n

is an eigenvector associated to f;, j =1,..., 3.

il. Ao, Ag,..., A\, are all distinct then the eigenvalues of
diag( Az, M, ..., An) + D o vvT are the zeros of the rational function
o1 5 (C—a+€+4dcos(23'_7"1))9112(2;"1)

=] -
of diag( Az, M4, ..., M) + @ o vvT are all simple and

n+ 1721t 2dcos [%] — 2ccos [2(27)“] 2b cos [

Moreover, the eigenvalues v1, y2, ..., 7z

<(‘—a+f+4dco§( 2_:1>)Sin(%)
(c a+e+4dco<( 24 ))2 sinz( 2im )
(oot e (B o) o) | 2 O SPION ETCTES PPV 1651 Foou (€7 o
an

(oo saeo () ()
(c—orertoo 2 (2
1 {Qd COal:3<2i)7r ] +2¢ 005[2(2+L)’" } +2b COb( 3;“1 )+a vj }

)

i Mw\:

{2{1(‘0%( i )+2(‘Co§( 4+ )+2b(‘o§( 2, )+a 'yj}

— i
g5 =

(c—a+e+4d cos(n”fl)) <m( "Il)
[ (2 ‘ N (c—aerideon( 2i%))? ond [ 2ig
{2d cos( 812 ) +2¢ cos (282 ) 426 cos (;2F7 ) +a—; } = {2dcos[s<z+b)ﬂ]Hccos[z(%w}ﬂbcos( 241 ) fa w,}

o

R

NS
:\

| Mol

is an eigenvector associated to v;, j =1,..., 7.

(b) If n is odd, u, v and £@) are defined by (1.10) and (1.11) respectively,

i. A1, A3, ..., A, are all distinct then the eigenvalues of
diag(A, A3, ..., An) + D ouu” are the zeros of the rational function

Z (cfa+e+4dcos [%])sm [%]
f) =1+ — v -
n+1 7 t — 2d cos [73(271;11)7{} — 2ccos [72(2;;11)"] — 2bcos [7(2;111”] —a

i=1

Moreover, the eigenvalues (1, Bs, ..., B% of diag(A1, Az, ..., An) + €W o uu’ are all simple and

(c-atesacon ) o %1)

% (cfa+e+4dcos[(2;i1111)ﬂj|)2sinz[(Zill)w}

2d cos +2c cos +2bcos( I ) +a—8; > - - >
{ ( F1 ) ( 11 ) ( + ) } i=1 [94 cos 3(2;;11”]+2CCOS[2(2;;11M}+%COQ[(21 1)7r]+a 8; }

(C a+e44d cou("+1 )) sin(%)

1Ml

i

i—)m )2 i—1)m
{2dcos< + )+20005( + >+2bcos< + )+a /5]} (C*a+e+4dcob[(2 1) ]}) sin [(2 1) }

(cfa+e+4d cos( TEay )) sin( TEay )

1 {Qdcos{g(%f;ll)ﬂ-:|+2cco>|:2(21 DL +2bcob[( i 1)”]+a 3J}2

e, }J (bt tdco| E=DN)7 2 G ] 2

3n on
{2d cos[ 387 ] 42¢ cos| 227 ] 426 cos [ 27 2 {zd605[3(2;:11“]Jrhcos[z(z;;ll)w]+2bwh[(21 1)w}+a 5]}

n+1

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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is an eigenvector associated to 3;, j =1,..., 241

ii. Ao, Ag,...,A\,_1 are all distinct then the eigenvalues of
diag(Aa, Mgy .oy An—1) + €W o vvT are the zeros of the rational function

g(t)_1+ "Tl (c—a+e+4dCOS(n+1))Si“2 (%) (2.13)
i=1 t — 2dcos [%] — 2ccos {253_;)11\'} 2bCOs(3:_ﬂ'1) _a. .
Moreover, the eigenvalues 71, 72, ..., Vo1 of diag(Ag, M, - s An—1) + €@ o vvT are all simple and
(e ervadcon (225 sin(287)
n—1 i 2
5 (c a+te+4d cos(ﬁ:ﬁ)) sinz(ﬁi’&)
d cos c beos ‘T 22
L2 A P B I PSS 1 PP T oo
(emrvessdeon () on i)
—1 2 i
n- (c—atetadcos( 205 ))" sin? (2im)
2d cos +2c cos 2bcos + by
I I e T B ovmo 1 5 pow 16 wrrvew e @

3

(c—a+e+4d cos[ (nnlll) ]) sin {%]
n—1

{2d 005[3(211)7(]+26€os[2(:tli)w}+2b cos[w}#ﬂz Y3 }J é

) e (255)

]+2bco<[2+ }-Fa »YJ}Q

|

(c—a+e+adcos( 2 2,
1 {2dco§[3(27)w}+2rco<{2( i)m

>|

is an eigenvector associated to 7y, j =1,..., ”T_l

Proof . (a) and (b) can be proven in the same way, then we only prove (a). Let n € N be even.
i. Suppose u given by |D ,/n—ﬂ sin [(21 DLy ] #0fori=1,...,5 and A, A3,..., A1 in |D all distinct, then

(A2i—1 — t)

*mw\:

Il
_

det [diag(/\l,)\g,...,)\n_l) +¢W o yuu” —t[%} — )

(2

for this work, we use Equation (3) in [5] and [6].
The eigenvalues of diag()\l, Ay eeey )\n,l) + &M ouu’ can be computed by finding the zeros of f(t).

. Consider v given by , ﬂ/n+1 blIl ) #0fori=1,...,5 and A, Ay, ..., Ap in 1| all distinct, then

det [diag()\g, Moo An) + €D oyyT = ﬂ%} = g0 [z — 1.

2
i=1

The eigenvalues of diag(Xa, M4, . .., A\n) + @ ovv” can be computed by finding the zeros of ¢(t). O Now we suppose
that eigenvectors corresponding to distinct eigenvalues 3;, j = 1,..., § in Lemma [2[ for (a) n even are such that

| £5|=1forj=1,..., 5, we can deduce that {f,...,fa} is an orthonormal set, then we have an 5 x % orthogonal
matrix
c—a+e+4d cos (2k=-1)m sin 2k=1)m
n+1 n+1
Fn = L B@E=Dr] o, [2(k—1)m o [@Een],. 2 (c—a+e+4dcos (21':_11)"])2 s;n2[<2i:_11)7r] (2.15)
I e e At B A [2d cor 3207 20 con 2<2E;;>w]+zbcos K_ngl;llw]ﬂ_ﬁjf .
Analogously, we have the § X 5 orthogonal matrix
(c7a+e+4dcos<72l’jr’i>) sin(%)
Gn = - - . z (c atetad L%( 2im )>z sin?(zi”r ) . (2.16)
2 {2dcos[3(2k) }+2CCO§{M}+2bCOS<Zi1)+a77j}li§1 {Qdcos( 2+14)7rJ+2ccos[24(27£3)+2bcos< trl )+‘1 7]}2 k.,j
©5J

We repeated the simulations above with sample (b) n odd, so that for i. we have an orthogonal matrix

c—atetddcos| BETDTN G [RE—1)m
n

F1 nf1
F _ o B B n41 . atetdd ,(2771)7r 2 . of(2i=1)m (2.17)
% {ZdCOS(W)+2ccos[2(2:+11)7"}+2bcos[(2l:z+ll)ﬂ]+ﬂBJ}J é1 {2d°°s{3(%}§ﬂi2°CC‘)?Q(%;})JJ)*;:;‘L[(Ziriﬁ)lﬁafﬁj}z
k,j
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analogously, for ii. we deduce

(cfa+c+4d Cos[

i) n 245

no1 32k 2k n-l (e—ate+adcos| 2+1)]2 ain2[3i7" ] (2.18)
| e o) | e e B |

i

by the column vectors and (| -

Theorem 3. Let T, in (1.1)) be an n x n heptadiagonal symmetric Toeplitz matrices with perturbed corners,

(a) If n is even, A1, A3,..., \,_1 are all distinct and Ao, A\g,..., A\, are all distinct, Bi, B2, ..., Bz are the zeros of
s Y15 Y25 ..., Yz are the zeros of (2.9), P is the n x n permutatlon matrix ( , U is the n x n matrix in (1.6)),
Fw and Gy are the matrices (2.15) and (2.16) respectively, then
Fn 0 FL 0 .
= 2 ) n n 2
T, =UP 0 Gy dzag(ﬁh B2, -y Byt 2, s 75) 0 GI P U.
2
(b) If n is odd, A1, As, ..., A, are all distinct and Ag, Ay, ..., A,—1 are all distinct, 51, Ba, ..., 5%1 are the zeros of

1D Vi Y2, -ees Yns1oare the zeros of 1’ P is the n X n permutation matrix ||

U is the n x n matrix in 1 , F a1 and G a1 are the matrices 1) and li respectively, then

Frnil 0 Fh1 0
T, = UP 2 diag(/:?l, Ba, -ois Bpgl v1s Y20 - ’Y@) 2 pTu.
0 Gna 2 2 0 GL
Proof . (a) According to (a) of Lemma 2] and (2.15)), we have
diag(M, A3, dn_1) + D ouu” = F 1 diag (51, Ba, ..., 5%) Fg (2.19)
where (517 Ba, ..., B%) are the zeros of 1| and the matrix Fz is orthogonal. We can also show
diag(A2, Aa, ..., An) + 5(1) ovv’ = Gz diag (’yl, Y2y eee 7%) Gg (2.20)
where (”yl, Y2, ..., *yn) are the zeros of and the matrix G= is orthogonal. Therefore, from (a) of Theorem
and Equations (2.19|) and (| - we obtam
Fn 0 ) F:% 0 T
T.=UP| Gy diag (1, B, v By v vg) | - PTU. (2:21)
(b) The proof of (b) follows the same steps of (a). According to (b) of Lemma [2] for n odd and Aq, A3, ..., A, are all
distinct and Ao, Aq, ..., A\,,_1 are all distinct. In the same way, we have
diag(Ay. Az, . A1) + €0 o uu” = F oy diag <B1, Bar .., mH) T (2.22)
where (ﬁl, Ba, ..., /BnTJrl) are the zeros of (2.11) and the matrix FnTJrl is orthogonal. We can also write
diag(Aa, Mg, ..o Ap—1) + W oyyT = GnTadiag (71, V25 e 7%1) Gl (2.23)
2
where ('71, Y2y ey '771 1) are the zeros of (2.13)) and the matrix G not is orthogonal. Therefore, from (b) of Theorem
1| and Equations (2.22|) and - we obtain
Fri1 0 F"l@ 0
T, = UP 2 diag ([31, ces Bl - ’yn71> 2 pTu. (2.24)
0 Gh1 2 Tz 0 cT |
2 2
O

We finish this section with more general results on spectral properties of heptadiagonal symmetric Toeplitz matrices
with perturbed corners T,.
We need the following theorem of [13]:
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Theorem 4. Let A, B, C be nxn symmetric matrices with eigenvalues z;, y;, z;, respectively, arranged in increasing
order, and A = B+ C; then y; + 2z, < z; < y; + z;.

Moreover, we observe that if D = diag(A1,..., ;) and u € R™, u; #£ 0, ¢ = 1,2,...,n where A\; > A\y... > )\, the
eigenvalues 75, i = 1,2,...,n of D + uu” arranged in non-increasing order, are such that:

>‘1+||u||227-12)\17 Ai—lZﬁ'Z)\i, i:2,3,...,n

Furthermore, interchanging the roles of D and uu? we have p; > A\, + || u ||%.

Applying these bounds to the submatrices Dy +£M ouu” and Dy +£® ovv” from decomposmon and .,
then we obtain

Lemma 5. Let

e b ¢ d
b a b c d
c b a b c d
d ¢ b a b c d
d ¢ b a b c d
T, = . .
d c b a b c d
d ¢ b a b ¢
d ¢ b a b
d c b e
its eigenvalues are partitionable into two subsets (517 Ba, ..., B%), (71, Y2y e 'y%), for n even,

(Bl? 527 sy 6%“)7 (717 Y25 - ’7%), for n odd.

We only give the results for n even, the same way is shown for n odd.
Considering the polynomial n(t) = dt® + ct* + (b — 3d)t + (a — 2¢) [1, [{1], and assuming that n {2 cos (n”rl)} for
i =1,2,...,n with Ag9;_1 and Ag;. Then we have

A2ic1 < Bi < Xxoigrr A2 <y S Aoige, =12,

|3

At | 5(1) ouu” ||22 Bi > max{As, An—_1+ | 5(1) ouu’ HQ}

Dot [ €% o vvT P29 = max{Ay, Aot || € ovvT |7}
from decomposition (2.2)) and ( .

Theorem 6. Let n, m € N and T, in (1.1) be an n x n heptadiagonal symmetric Toeplitz matrices with perturbed
corners

) If n is even, A1, As,..., A1 are all distinct and Ay, A\y,..., A\, are all distinct, B1, B2, ..., Pz are the zeros

of . Y1, V25 -, Yo are the zeros of (2.9), P is the n x n permutation matrix (1.5), U is the n x n matrix in (1.6),
Fz and Gz are the matrices and ({2.16]) respectively, T,, is nonsingular then for every integer m, we have

(b) If n is odd, A1, As, ..., A, are all distinct and Mg, Ay, ..., \,—1 are all distinct, 51, Bo, ..., ani are the zeros of

1) Vi) Y2y -e Ymoa are the zeros of 1 , P is the n X n permutation matrix l ,
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U is the n x n matrix in || F% and G% are the matrices 1) and 1} respectively, T,, is nonsingular then
for every integer m, we deduce

T
Foptl 0 Fot1
m ] m m m m
T, = UP 2 dzag(/il s Bhg1 s s »yn,1> 2
0 G,_1 2 2

2

Proof . We can prove these results by applying (a) and (b) of Theorem [3| O

3 An orthogonal diagonalization of the matrix H,,

Let an n x n Hankel matrix similar (1.2). The algorithm obtained in the Section [2| can be extended to anti-
heptadiagonal persymmetric Hankel matrices with perturbed corners. This algorithm helps us to find a class of simul-

taneously diagonalizable matrices which have a suitable submatrix generating by band symmetric Hankel matrices.
Let

d ¢c b—d a-c
c b a b—d
d ¢ b a b c
d ¢ b «a b c d
I:In: . ..' ..'
d c b a b c d
c b a b c d
b—d a b c d
a—c b—d ¢ d
and
0 d c—a+e
0 o0 d
0 o0 0
By — o
0 0 0
d 0 0

c—a+e d O

Then H,, = H,, + EH, by some theoretical aspects in computational analysis of UEZU and
UH, U = U(H, + Ey)U = diag(p1, pi2, . .., ptn) + Egt

where

—1)tti i j T i+ )T i— j)mw
[EH]ZJ = 72[1 +n(+11) i sin (n T 1) sin (nj+ 1) [c —a+e+4d (cos {(2:1)2 ] cos [(Qn j)2 ]):|

fori,j =1,2,...,n, since [Eg];; = 0 whenever ¢+ j is odd, we can permute rows and columns of diag(pi1, pio, . . . , tin) +
Ep according to the permutation matrices (1.5)) and ((1.8)) for n even or n odd and other convenien relations of Theorem
respectively, we have

B D;+¢{WPoun” | 0 T
H, — UP ( ' B emawr ) P'U (3.1)

Thus we have the following theorem:

Theorem 7. Let H,, be an n X n matrix similar (1.2)) and pg, &k =1,...,n be given in (1.4]),
(a) If n is even then

: 1) T
diag(py, 13, - - n )+ E( o uu ‘ o
H, = UP ( Ehat) n-1

pTu. (3.2)
o ‘ diag(pg, pa, - - - un) — €@ o v T
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where P is the n X n permutation matrix defined by (1.5)), U in (1.6]) is orthogonal matrix and u, v are given by (|1.7)).
(b) If n is odd then

di B3, 4 ) 6 uuT ‘ o
H, — UP ( iag(py, 13 Hun) + € uu pTu. (3.3)
T

o ‘ diag(pg, pg, - - pp_1) — €3 ovy

where P is the n X n permutation matrix defined by (1.8]), U in (1.9) and u, v are given by (|1.10]).

The above theorem can be used for finding the inverse and the spectral properties of the matrix H,,.
By M =MW ouu” and N = —£@ ovvT | I is the identity matrix (with convenient dimension) and Sherman-Morrison-
Woodbury formula:
(D3 +M)"' =D;' - D; ' (I+MD;')"'MD;"*
and
(D, +N)"'=D;'-D;'I+ND;")"'ND; !,

then we dedude

—10_ —1y-1 —1
j _yp [_Dal(l-(1+MD; ) 'MD; ) 0 Ty 5
0 | Dy'@-@+ND;!)'ND; )
Also from (3.1)) and using [B], for n even we deduce
4 % {c — a + e+ 4dcos ( (2;111)7")} sin? [(2:'1111)7(]
det (Hp) =1 — - ~ - -
et (Hn) n+1 =] 2dcos [7(71722;31171)”] + 2ccos {7(n7131(f§71)"] + 2bcos [7742;;11)"] —a
4 % [cfa+e+4dcos(3i"l)} sin? [%}
At n+1 Zl 2d cos [721’(11—2)-”} + 2ccos {72i("’_1)ﬂ] + 2bcos {me] +a
i= nt+1 n+1 n+1
x l;f[l {2dcos [("7;2)1”} 4 2ccos [%] + 2bcos (nnrl) + (4)%} (3.5)
and for n odd, we deduce
dot (E) 4 nTH [cfa+e+4dcos [%Hsinz {%} L
t n) = - - - -
© n+1 7= 2dcos {7("_21(571’_1)”] + 2ccos [7(7’_131/(5;_1)"} + 2bcos [7(27/;_&)1"”} —a
4 n;l [c—a+e+4dcos(3$’1)} sin? [%}
x 1+’ﬂ+1 Zl 2dcos[M}+2ccos {M]+2bcos{2i’"7]+a
i= nt+1 n+1 n+1
X Llill {Qd cos [%] + 2ccos [%} + 2bcos (nnj»ﬂl) + (—l)ia} . (3.6)

3.1 Spectral properties for Hp

We consider the spectral properties of anti-heptadiagonal persymmetric Hankel matrices with perturbed corners.
Let us point out that this problem was considered where the eigenvalues are simple if the diagonal matrix has multiple
eigenvalues then deflation can be used just as in [3} [6] to eliminate them converting the original problem into another
one where the eigenvalues are simple, thus ensuring that the hypothesis holds.

Lemma 8. Let H,, in (1.2) be an n x n anti-heptadiagonal persymmetric Hankel matrices with perturbed corners,
for k=1,...,n, we have

_ (n=2)km] (n—=1Dkr] nkm \
i = —2d cos {7n+1 2c cos Tl 2b cos I a cos(km).
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(a) If n is even, u, v and €M) are defined by (1.7) and (1.11) respectively,

i p1, 43, .., o1 are all distinct then the eigenvalues of
diag(py, ph3y - -+ fin—1) + €M o uuT are the zeros of the rational function

21 1) .2 2i—1)m
(c—a+e+4dcos [%Dsm {%]

A B
r(t)=1- : , : : (3.7)
+1z=: 2d cos [%] + 2ccos [%} + 2bcos [%} —a+t

Moreover, the eigenvalues oy, az, ..., az of diag(p1, g3y - fin—1) + €W o uu” are all simple and

((, atet4d Cob( ntl )) Sm(#)

- 2 -
n - 4d cos| 2=V )2 o[ (2i-D)m
(n—2)m (n—1)m nx 2 cratet [ ntl | ntl
2d cos| =T | +2c cos| T~ |+2b cos - it - - -
{ coa[ CEST }-%— ccoq[ nFi }-%— co<[n,+1] a+a]}ji=1 2d cos (n_QL,(fi_l)w]‘*'QCCOS (n_ly),,(_ﬁ_l)w]‘*'%cos n(zy:-:f)ﬂ _a_*_mj}?

(Cfa+e+4d COS( nigll )) sin( 713:1 )

S ]
n(zl 1)«]) a+w}

(cfa+e+4d cos
("*in’l)" ]+2(: cos| (= 1Lf§’1)" ]+zb cos

{2 con[ 3B |42 con[ ERDT | 2t con( 382 ) 0t} | £

1 {2dcos

] oo

<p atetdd cos|

(2:-;11”})2 S‘“Zi(ziﬁrﬁ)”]

n
[(n=2)(n=1) cos| (221 (=tynm]_, o V|2 catetddeos
{chos[ n=2)(n. WHQMOS{ n— ‘”]+2bcob nnﬂnﬂ a+a;}J,;Zl {Qdcos[(7,727{(3;71)“%20605 (n717)b(+2«if1)7r]+2b005 n(%flll)w]*aJraj}Q
(3.8)
is an eigenvector associated to oy, j =1,..., 5.
ii. po, la, - -, iy are all distinct then the eigenvalues of
diag(pia, pia, - . . pin) — € o vvT are the zeros of the rational function
4 B (c—a+e+4dcos(§fl)>sin2 (31”1)
s(t)=1+ : ; , . (3.9)
n+1= 92qcos [%} + 2ccos {w} + 2bcos (ffff) +a+t
oreover, the eigenvalues 61, 65, ..., 0~ of diag(ueo, tta, ..., Un) — ovv' are all simple an
M the eigenvalues 6, 6 02 of diag(pa, U @) T 1 simple and
(cfa+e+4dcos( )) sln< )
n im \\2 2im
on[2=D ]y [2(n—D)m on( 207 ) ruro )| 2 (r a+e+4dcoq( 2+1)) sin (n+1)
{m [A;HH }+2 [J—L+ ]+2b ( )+ +9J} =1 12 dgos{21£s+ 2)7]+2c(_05 27.(7L+1)1r}+2b(405( £)rats; }z
<c7a+e+4dcos(n4ll) sm<n+1)
o[A=2)m ] FA(n—T)m o . 5 (c—ate+ddcos( 23:1))2 sinZ(%)
{2 cos[ R [ +2c cos[ 1717 [ 420 coo( 28T ) +ate; ) i1 [2d cos| 2UB2IT | o cos| 2enl)m "]+2bco<(%j$f)+a+ej}2
55 = (3.10)
(c a+e+4dcos(nnfl)> sin(n"fl)
NICES . 2PN CES (. T wro;)| £ (c=atetad con( 237" ein? (275
{2d { ntl }+2 [ ntl }*'Qb (ﬂ+1)+ i }Jqu {Qdcos 2iln_Bm WJ‘FZCCO& 2t D "]+2bcos HT )+ato; }
is an eigenvector associated to 0;, j =1,..., 3.
(b) If n is odd, u, v and £@ are defined by (1.10) and (1.11) respectively,
i. u1, i3, ..., Uy are all distinct then the eigenvalues of
diag(py, phay - - fin) + €W ouu are the zeros of the rational function
ntl (2i—1)m . (2i—1)7
2 (c—a+e+4dcos[ :’1+1 })sm2[ ;+1 ] a1

4
r(t) =1-— > : . . .
L S) sdcos (BRI e cop [(mD@EZDIT ] gy cos [REET] oty
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Moreover, the eigenvalues a1, as, ..., Qg of diag(py, i3, - - -, pin) + &Y ouu” are all simple and
<c7a+e+4dcos(n11>) sin(nil)
Cave . ntl c—ate+4d cos (2;’1)” 2 gin2 (2;’1)”
{Qd COS[(nnfl) ]+2c cos{(nmrll) ]+2b coS(nnI1)7a+aj} £ {MCOS ("727)52;(71)”]*% . ("’igﬁ’])”"]ib co:i(%;f)”lfa+aj}2
(c—a+e+4dcos(n3+’“1)) sin(%)
n+41 [@i—D7rN2 . o[ (2i—1)w
2d cos| BOZDT o0 oo [BMD] 5 gos (302 ) _gqa; )| £ _(C_a+c+4dcos ntl ]J i }
. {pacor[2GPE [ r2c con X |2 con( 233 J}J T T e
(cfa+e+4dcos(nn+7rl)> sin(%)
) mar " o 2 ntl c—a+e+4d cos K—L’szl ] 25i1\2 @i-lm
{2dcos[( ni)l ]+2cc05[( 7141») }+2bcob[7l+7{ —ata; }J i§1 {2dcos (n—27)l(f1i—1)7\-]+2ccos (["71:);}3;)1)"]+2bcz:1n(2nj;11)ﬂ}fa+aj}2
is an eigenvector associated to o, j =1,..., ”T'H
il. o, fig, ..., un—1 are all distinct then the eigenvalues of
diag(pz, pay - -y fin—1) — €W o vvT are the zeros of the rational function
-1
B (e = atc+adcos (267 )) sin? (22 1)
1 i=1 2dcos [%] + 2ccos [%] + 2bcos (%L"i ) +a+t
Moreover, the eigenvalues 61, 03, ..., 0.1 of diag(pia, pia, - - pin—1) — €3 o vvT are all simple and
<c—a+e+4dcos( 2_:1)) qin(f_*’_fl)
n—2)m n—D)m nt tetad 2ix ))2 2 ( 2im
{2dc05[2(n+3) }+2cc05{2(w+}> }+zbcos[ }+a+9 } { o~ 21(n (;):]:26CO:Z((TLJFIIEL}:‘;EO:(F ) )+a,+9j}2
c— a+e+4dcos(n4I1 sln(ﬂ+1>
n—2)m 1) n_1 c u.+e+4dcos(317r ) 2si112(3i7r
{2d cos[ AR ] 400 o[ LD ] 4 con( 422 ) parto, }\ £ e Qi(ﬁjf)”}uccos l‘gﬁl))"]ubQDJ%?$TJ+Q+9].}2
(3.14)

(c—a+e+4d cos[ ("njrll)" D sin [ ("7;11)"

n—1 247 2
(n—2)(n—1) ( 1)2 (n=1) 2 (c—ate+ddcos( 2im ) sin2 (247
{2dcos[ n nfl ""}4,2(:(:0;{ n— }+2bc0<{ n— +n‘"}+a+9 } igl {Qdcos 2i(:+12)7r]+2ccos 21(11111)#]_'_22”‘::( li )+a+8 }

is an eigenvector associated to 0;, j =1,..., "7_1

Proof . Use the procedure described in Lemmafor proof (a) and (b). 0 We consider the eigenvectors corresponding

to distinct eigenvalues oy, j = 1,..., § in Lemma [§| for n even such that || r; ||= 1 for j = 1,..., &, we have
{r1,..,rn} is an orthonormal set, then we have an 7 x 3 orthogonal matrix
(c—atetta cos| G201 o @b=bin] o
Ryp = {2dcos[3(2k_;11)7r}+26605[2(2k;11)ﬂ]+217‘305[(zklll)ﬂ]#»a—aj}J % { (C(n+€‘-){-4d(‘o; 22111;]) gm( [(21,)111)ﬂ] }2 (3.15)
" n " i=1 [2d cos +2c cos +2b cos ta—aj;
+1 +1 +1 Fi k,j
Analogously, we have the § x § orthogonal matrix
(c a+e+4dcos<5i’;)) sin(iiﬁ)
Sn = . . . n tetad 2( 2 (3.16)
87 ol e 2 e () 20-)| ], s ST )
7 .
We repeated the simulations above with sample n odd so that for i. we have an orthogonal matrix
(e—artetad cos 2D o[ @h=Din 2
Rpq1 = s i e nil c—atetadcos| ZZDT ) g2 (2i-Lim (3.17)
2 {2d°°s[3(2:+11) }“”05[2(2:“1) ]Hbcos[(QiJrll) }Jr“*aj}J él {mis( +1>+2Ccol§( +11)+]2)bcos( [11)43;7]@1}
: fd
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Analogously, for ii. we define

(c7a+e+4d cos( 5’1’; )) sin(

%)

c— a+e+4dco>( ST ) sin ( 1) . (3.18)

RPN e s e

(

'2 {QdCOS[M]+ZC605[2(2+k)"}+2bcos( TES) )+a 0., }J _%1 {Qd (
= cos

Theorem 9. Let H,, in (1.2]) be an n x n anti-heptadiagonal persymmetric Hankel matrices with perturbed corners,

(a) If n is even, ji1, u3, ..., fin—1 are all distinct and pg, jua, . . ., i ave all distinct, aq, ag, ..., az are the zeros of
(3.7), 01, 02, ..., On are the zeros of (3-9), P is the n x n permutation matrix (1.5), U is the n x n matrix in (1.6),

Rz and Sz are the matrlces ) and (3.16) respectively, then

Rn 0 RrRY o .
H, = UP 2 diag (al, az, ..., an,01, 02, ..., 9@) 2 P U (3.19)
0 Sn 2 2 0 sT.
2 2
(b) If n is odd, p1, s, ..., 4y, are all distinct and po, pi4, . . ., pn—1 are all distinct, aq, o, ..., Qng1 are the zeros of

1D 01, 09, ..., enT—l are the zeros of 1) P is the n X n permutation matrix Ij

U is the n X n matrix in 1} R% and S o1 are the matrices l} and Q) respectively, then
R, 0 RrRY 0
HnUP( =t )diag(al, B I Y2 P en,l) ( N )PTU (3.20)
0 Sno1 2 T2 0 sT_,
= n-1

Proof . (a) In Lemma[g] we have

diag(pi, us, - -, fin—1) + 5(1) ouu’ = R%diag (al, as, ..., ag) Rg (3.21)
where (al, g, ..., a%) are the zeros of Gi and the matrix Rz is orthogonal. We can also show
diag(p2, pa, - .-, fin) + f(l) ovv’ = Sz diag (01, 02, ..., 0%) Sg (3.22)
Where (01, 92, ey 92) are the zeros of (3.9) and the matrix Sz is orthogonal. Therefore, from (a) of Theorem [7|and
and ( we obtain
Ry 0 ‘ R, 0 .
H, = UP o S% dzag(ah Qg, ..., a%,el, Oz, ..., 0%) o s%‘ P U.

The same method can also be used to prove the part (b). [0 Now we are in a position to extend the results of Theorem
[ for anti-heptadiagonal persymmetric Hankel matrices with perturbed corners.

Lemma 10. Let

d ¢ b e
d ¢ b a b
c b a b c
d ¢ b a b ¢ d
d ¢ b a b ¢ d
H, = . . 3
d ¢ b e b ¢ d
c b a b ¢
b a b ¢ d
e b ¢ d

its eigenvalues are partitionable into two subsets
(al, g, ..., ag), (91, Oa, ..., 9%), for n even,



Toeplitz-plus-Hankel matrices with perturbed corners 3071

(al, g, ..., OénTH), (91, Oa, ..., 9%1), for n odd.

We only extend the results for n even, the same way is shown for n odd.

Considering the polynomial ¢(t) = —dt3 —ct?—(b—3d)t—(a—2c), and assuming that ¢ {2 Cos (
with po;_1 and po;. Then we have

)}forz—l 2,.

3

poim1 <oy < poipr prog <0 < oo, 1=1,2,...,

0o |

pit €Y oua” [°> a; > max{pu, pp—r+ || €Y ouu” |7}

pot | €2 ovvT |22 6; > max{ua, pat | €2 0wy 7).

Theorem 11. Let n, m € N and H,, in (1.2) be an n x n anti-heptadiagonal persymmetric Hankel matrices with
perturbed corners,

) If n is even, p1,ps,...,un—1 are all distinct and ps, pig, ..., pn, are all distinct, ai, g, ..., az are the zeros
of . br, O, ..., On are the zeros of (3.9), P is the n x n permutation matrix (1.5, U is the n x n matrix in (1.6)),
Rz and Sz are the matrices and (3.16) respectively, H,, is nonsingular then for every integer m, we have

) Ran 0 ) RrRL 0 T
H' = UP 2 diag <a§", abt, ..., an, o7, 65, ..., e’ﬁ) 2 P U.
0 s 2 2 0 st

(b) If n is odd, p1, s, ..., 4y, are all distinct and po, pia, . . ., pn—1 are all distinct, aq, a9, ..., Qng1 are the zeros of
1D 01, 09, ..., enT—l are the zeros of 1) P is the n x n permutation matrix 1]
U is the n x n matrix in 1’ R np and S n1are the matrices 1D and l| respectively, H,, is nonsingular then

for every integer m, we deduce

Proof . We can easily deduce these results by Theorem [0] O

4 Final Comments

In this section, an orthogonal block diagonalization of the matrix T,, + H,, is introduced by T,, and H,, that are
the heptadiagonal symmetric Toeplitz matrices and anti-heptadiagonal persymmetric Hankel matrices, both having
perturbed corners. The representations and yield results for computing the inverse, the determinant and
eigenproblems for this class of matrices. Also, these relations help us to find an orthogonal block diagonalization of
the matrix T,, + H,,:

Theorem 12. Let T,, + H,, be an n x n Toeplitz-plus-Hankel matrix with perturbed corners

e b c d d c b e
b a b c d d c b a b
c b a b c c b a b ¢
d c b a b c d d c b a b c d
(4.1)
d c b a b c d d c b a b c d
c b a b c d d c b a b ¢
b a b c d d c b a b
e b c d d c b e
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that the following Toeplitz matrix and Hankel matrix are shown in (1.1]) and (1.2)). Then the following relation holds:

(4.2)

Tn+Hn:UP< D1—|—D3—|—2(§(1)ouuT) ‘ 0 )PTU

0 | 0

Proof . Here we prove this theorem using Theorem [3|and Theorem [0} We should collect Equations (2.21)) and (3.19)
for n even, and Equations (2.24)) and (3.20)) for n odd. Then

M o wuT
Tn+Hn:UP( D, + D5 +2 (( ouu’) ‘g >PTU.

0 |

O
Also,

Corollary 1. Let T, + H, be an n x n Toeplitz-plus-Hankel matrix with perturbed corners (4.1)) and m € N, then
by using Theorem [6] and Theorem [I1] are shown:

(1) Ty\1m
[Tn+Hn]m=UP( D1 +Ds+2 (7 0w ) 0 )PTU.

These updating methods may yield faster performance or improved accuracy, either for sequential or for parallel
computations in similar cases.
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