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Abstract

The idea of almost convergent sequence was introduced by G. G. Lorentz [§]. In this paper, some new generalized
sequence spaces on Ay-almost null and Ajy-almost convergent sequences by Orlicz function are introduced and ex-
tended them to the paranormed sequence spaces. Some inclusion relation has also been established between the new
spaces. In addition, the a-, 8- and ~-duals of these spaces, and the characterization of (Ax(f)(A,M,q):v) and
(v : Ax(f)(A, M, q)) of infinite matrices are also given.
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1 Introduction

Throughout this paper, the set of all complex sequences will be denoted by w. The notations ¢, ¢ and ¢y and
¢, (1 < p < 00) are used for the sequences spaces of all bounded, convergent, null and absolutely p-summable sequences,
respectively.

Furthermore, we denote ¢1, bs and cs for sequence spaces of all absolutely convergent series, bounded series, and
convergent series respectively.

A K-space on any sequence space F with linear topology is defined as a map ¢, : E — C, where C denote the set
of complex field and N = {0, 1,2, ...} such that ¢.(z) = z, is continuous V r € N. A complete linear metric K-space
is called an FK-space. An F K-space is called a BK-space whose topology is normable. The spaces {,, ¢ and ¢y are
BK-spaces endowed with the sup-norm as ||z|| s = sup,.cy |z,|. (for details cf. [6, 9]).

The shift operator D on w is defined by (Dx), = 41 ¥V n € N. A Banach limit F is defined as a non negative
linear functional on ¢, such that F(Dx) = F(z) and F(e) = 1. A sequence (z,) is said to be almost convergent to

the generalized limit ¢ if all Banach limits of x are equal to &, and is denoted by f —limx, = £. Lorentz [8] proved
Tn4r
k+1

the criterion for almost convergence, that is, f — limx, = & iff limg_ o Zl::o = ¢ uniformly in n.
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The notations fy and f are used to define the spaces of all almost null & almost convergent sequences as follows:

k
1
fo= {x =(z,) Ew: klggo 1 Tz::()mnﬂ = 0 uniformly in n}

k
1
f= {x = (xr) cw: klig)lo m ;%H_T = [ uniformly in ’n,}

Definition 1.1 (Matrix Transformation). [4] Let U and V be two given sequence spaces and A = (a,,) is an
infinite matrix of real entries. Then the function A : U — V defined a matrix transformation between two sequence
spaces, U and V as

(Ax)n = Zanrxr (11)

provided the series on the right hand side of (1.1) is convergent for each n € N. We call Az as A-transformation of
sequence z. By (U : V), we shall denote the collection of all infinite matrices from U into V.

Here, and in what follows, the summation without limits runs from 0 to co.

Further the notion
Us={zx=(x,) cw: Az € U}. (1.2)

is called the matrix domain A in a sequence space U, which itself is a sequence space.

In this work we continue to study the spaces of difference sequence and also the concept of all almost null & all
almost convergent sequences by using the matrix transformations Ay, where A = (\,.) is strictly increasing sequence.

For two arbitrary sequence spaces U and V. Define the set
SU, V)y={a=(a,) €w:za=(xra,) €V Yz eU}
is called the multiplier space of the spaces U and V. The a—, f— and y—duals of subset U C w, are defined as
U*=58(U, ), U’=5(U,cs), UY=S(U,bs)

2 Aj-almost null and Aj,-almost convergent sequence spaces

Throughout this paper, let A = (\,) is a strictly increasing sequence of positive reals tending to infinity, that is,
0< A <AL <A< ... and lim,_, o, A\, = 00.
We introduce the matrix Ay = {an,(\)} by

Ar—=2 142

o2 0<r<n

ane () = { e (2.1)
0, r>n

for all 7, n € N.
Take (Ax,) € w and n > 1. Then (2.1)) gives by a short calculation that

n

1
Az, — (AyAz), = pY—— > (=201 + Aa)(Azy, — Azy)
n n— r=0
1 n—1
= Ar — 201 + Nr2) (A, — Az,
g D
1 n—1 n
= ﬁ Z()\T — 2\ _1 + )\T,Q) Z (Axl — A.’Eifl)
n— An=l g i=r+1
n 1—1
1
=— Z(Aﬂfz — Az;_q) Z(Ar —2X 1+ Ars2)
An = An-1 i =0
1 n

= ;(Mq —Ai—2)(Az; — Aziq)
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Thus for every (Az,) € w, we have
Az, — (ArAZ), = (AAZ), VneN (2.2)

where AAz = (AAx),, is as follows
ﬁ Z:}:l()\rfl - )\r72)(AfL‘r - Axrfl); n Z 1
n=>0

(AAx), = {0

9

Moreover we have the following result:
Theorem 2.1. Suppose f-lim Az, = & for Az, € w and & € C. Then f-lim(AyAz), = & holds if and only if

AAz € f.
Proof . First consider that f-lim Az, = f-lim(AyAz), = ¢ Then, from equation (2.2)), the equality
1 & 1 &
Z[Azn-&-r = (ANAZ) ] = k1 Z(AA:U)TWT (2.3)

k+1 s
holds for all n,r € N. Thus by passing k& — oo uniformly in n, the left hand side of equation approach to zero

which yields that
k
im —— Z(AAI)n+r = 0, uniformly in n.

k—oo k + —0

Therefore, AAx € fp.
On the contrary suppose that AAzx € fy and take f- lim Ax, =&
n—oo

By taking limit in the equality (2.3]), we obtain
k

leHQlQ m ;)[AZ‘R_A'_T — (AAAl')nJ,_T] =0

This yields that
1
1 Z(AAAx)n-‘rr =¢.

Hence the result [

We approach on the construction of new sequence spaces Ax(fo)(A, M) and Ax(f)(A, M) of all Ay-almost null
& Ajx-almost convergent sequences by means of difference sequence and Orlicz function M, [3]. In [7], Lindenstrauss
and Tzafriri introduced a sequence space [ which consist of an Orlicz function M as follows,

EM:{xew:ZM<|:E;> <oo7forsomep>0}

r=1

p>0: ZM

The Orlicz sequence space £ under the norm
2| = lnf{ (|xr|) Sl}
r=1

is a Banach space which is called an Orlicz sequence space
We define the spaces Ax(fo)(A, M) and Ax(f)(A, M), as the set of all Ay-almost null & Aj-almost convergent

sequences of complex numbers, respectively as follows
k
A\A
,\l”|n+r> = 0, uniformly inn,p > 0}

. 1
A(fo)(A, M) = {@‘r) wslim g 2 ( g
K
M (A/\Aﬂ””) = [, uniformly inn,p > 0} .
p
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With notation of ([L.2)) the spaces Ay (fo)(A, M) and A)(f)(A, M) can redefine as the matrix domain of triangle
A, in the spaces fp and f, respectively.

Throughout the text, y = (y,) = (Ay,) will be used as the Ay-transform of a sequence = = (x,.) = (Az,), that is,

Ar— 201+ A
1+ 2A:u>

; (2.4)

1 n
) = (At = 55— > M (
for all n € N.

Theorem 2.2. The sequence space Ay(f)(A, M) is a Banach- spaces under the norm defined as

. |A)\Az|n+r
”'THAA(f)(A, M) = [ESeT PN My =inf¢p>0: ksugNTnkM I <1lp.

A)\ASC 1 k (AxAz), .
where Tnk./\/l< P ) =i ;::OM (%)

Proof . Let {°} be any Cauchy sequence in Ax(f)(A, M), where z}, = (xf, 23,23, ....) € Ax(f)(A, M) for all s € N.
Let § be fixed and ¢ > 0, then 3 a positive integer ng such that

-l < £
NG, M) S 5o

S

H:E V s,t>ng

Thus by using norm definition, we have

k v |Ax(Az® — Azt)],,, .
o \lle* =2t v (k1)

sup
n,reN —

)Sl,Vs,thoandkeN

k
>
r=0

Choose ¢ > 0 with M (%) > 1 so that

iM< Ax(Aa® — At ) - M (qj)

=0 2% = 2|l 4, (5ya, ay (B +1)

[Ax(Az® — Az,
. n <L,Vn,reNand s, t>ng, keN
25 =2l 4, (pyca, 2 (B +1)

Since M is non-decreasing and z; is convergent in R for each ¢ € N. Let lims_,o 2] = z; for each ¢ € N. Using
the continuity of Orlicz function M and modulus, it yields that (Axz® — Az) € Ax(f)(A, M), it follows that z €
AN()(A,M). O

Remark 2.3. Note that the absolute property on the sequence spaces Ax(f)(A, M) and Ax(fo)(A, M) is not true,
ie, [[2]la,(pya.nm) Z 2] 4, (#)(a,nm) for at least one sequence in each of these spaces, and this means that the spaces
Ax(f)(A, M) and Ax(fo)(A, M) are BK-spaces of non-absolute type.

Next, we discuss the following Theorem showing the isomorphism between the sequence spaces Ax(f)(A, M), Ax(fo)(A, M)
and f, fy respectively.

Theorem 2.4. The sequence space Ay (f)(A, M) and Ax(fo)(A, M) of non-absolute type are linearly norm isomor-
phic to the spaces f and fy respectively.

Proof . We establish the result Ax(f)(A, M) = f. The fact Ax(fo)(A, M) = fy can be proved in the similar lines.

We show the existence of a linear bijection between the space Ax(f)(A, M) and f. The mapping P from
Ax(f)(A, M) to f by o =y = Pz = Ax(f)(A, M)z is linear (by equation (2.4])). Further, Px = 6 implies x = 6.

Let y = (y,) € f and the sequence x = (x,.) defined as
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Then,

)\ — 21+ Ap—2 _;i 1 Aj— Ao
Az, = —1)ri— R Ay,
)\nJrj - )\nJrjfl v Z Z ( ) M ()\7‘ - 2)\7‘71 + )\r72p Y >

n+j 1 (()\r - )\kfl)Ayr — (>\r71 - )\7‘72)Ay7‘71 p)
Antj = Antj-1

1
= ﬂpAyTH*j

Since, M is continuous and for some p > 0, then

P 201+ Ar_2
r—1 T
Az, = 1 Ay
kaock—FlZZ ( n+j_>‘n+J—1)) ‘ 1I1010k+12 Ynts

7=0 r=0
and
k
1 ANAZT |y , . .
ler{:o Tl ]E:OM <|>‘Z|+]> = f — limyg = [ uniformly in n.

This shows that € A\(f)(A, M) and consequently P is surjective. Hence, P is a linear bijection. Also, by Theorem
(2.2)), P preserves the norm and then Ay(f)(AM) =~ f. O

Theorem 2.5. As the Orlicz function M which satisfy As-condition. Then
(a) AX(f)(A) € Ax(f)(A, M)
(b) Ax(fo)(A) € Ax(fo)(A, M)

Proof . (a) Let x € Ax(f)(A). Then 3 some C > 0 such that |AyAz|pqr < C, V n,r. Thus, for some p >0

M (lAAMw) <M (C) < K.LM(C), by Az — condition.
p p

Hence

sup TnpM <

n,keN

This proves that Ax(f)(A) C Ax(f)(A, M). Proof of (b) follows similarly. O

AAAiE"n_‘_T) < 00
P

Theorem 2.6. The inclusion Ax(fo)(A, M) C Ax(f)(A, M) strictly holds.

Proof . Take z = (z,) € Ax(fo)(A, M). Then AyAz € fo(M). Since fo C f, we have AyAz € f(M), and hence
x € Ax(f)(A, M). Therefore the inclusion Ay (fo)(A, M) C Ax(f)(A, M) is strict.
Next take the sequence x € Ax(f)(A, M) as defined by x = (Axz,) =1 Vr € N. Then

k
klggok‘j-ljz_:oM (%) =1#0.
Thus z € Ax(f)(A, M) but not in Ay(fo)(A, M). Hence, the inclusion Ay(fo)(A, M) C Ax(f)(A, M) is strict. O
Theorem 2.7. The inclusions Ay (c)(A, M) C Ax(f)(A, M) C Ax(l)(A, M) strictly hold.
Proof . Consider the sequence x € Ax(c)(A, M), then AyAz € ¢(M). Since ¢ C f, we have AyAz € f(M),

that is, z € Ax(f)(A, M). Therefore, Ax(c)(A, M) C Ax(f)(A, M). Now, take y = (y,) € Ax(f)(A, M). Then
A\Ay € f(M) and f C I, we obtain AyAy € loo(M). Hence Ax(f)(A, M) C Ax(loo)(A, M) holds. O
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3 Kothe-duals of the space A)(f)(A, M)

In this section the Kothe duals (a-, 8- and y-duals) of the space Ax(f)(A, M) have been dteremined and studied
thoroughly.

Lemma 3.1. [12] A = (an,) € (f : £1) if and only if

DD aw

neNrekK

sup < o0 (3.1)

K,NeF

Theorem 3.2. The a-dual of Ax(f)(A, M) is the set a1 (), where

k
1 A — Arl1
A) = = (a, : — Aa, 3.2
o) =o€ 3 (525 o < 2
Proof . Define the matrix B = (b,,) with the aid of a sequence a = (a,) as follows
n—r_1 Ar—Ar_
bnr = (_1) M (AT_QAT71+;7"2) pAar, n-1 S " S " (33)
0, 0<r<n—-1lorr>n

Then = = (z,) € Ax(f)(A, M), we have

T

.1 i —Ailq
rdy = Up -1 — d J r = B r . 4
ot = 3 0 (S ) e = (B e (3.4

j=r—1

Therefore, ax = (a,z,) € 1 whenever © € Ay\(f)(A, M) iff By € ¢; whenever y € Ax(f)(A, M). This yields that
a € {Ax(f)}* iff B € (f:¢). By Lemma (3.1)) this is possible iff

DD bur

neNrekK

sup < 0 (3.5)

K,NeF

It follows that equation 1) holds iff 37, L (ﬁ) pla,| < co which gives that {Ax(f)(A, M)}* = a;(N).
O

Lemma 3.3. A= (ap,) € (f : o) iff

Theorem 3.4. The 7-dual of the space Ax(f)(A, M) is the set dy N dgy, where

sup Z |an,| < 0. (3.6)
1 pay
—A Ar — A

nENTZ:O M ()\r - 2/\r—1 + /\r—2> ( 1>

neN "~
<oo}
1 )\n_>\n71
dy = = (a, P — n ls
2 {“ (ar) € w M(An—Z)\n_lJr)\n_gpa)G }

Proof . Take a = (a,) € w and considering the equality obtained with (2.5) between the sequences x = (x,) and
y = (yr) that

n n 1 A )\
I — , 1) — I ;
goa x ;a Z (-1) M ()\r—2>\r1+)\r2>pyj

n—1
1 a, 1 pan(Ap — Ap—1)
= —A Ar = A r v n
7';) M ()\r - 2)\r71 + )\'r2> ( 1)py + M <)\n — 2)\7;—1 + )\n2> Y

By)n, Vn € N, (3.7)

n—1
dlz{a:(ar)Ew:sup

—~
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where, B = (by,,-) is defined as

HA Aszr SES W Z)p()\r—)\r,l, 0<r<mn-1
_ an(An—An—1) _
bnr ﬁ ()\p—Q)\n - )\nl 2) s rTr=mn (38)
0, r>n

V r,n € N. Thus from (3.7), az = (a,2,) € bs whenever z = (z,) € A\(f)(A, M) iff By € {o, whenever y € f. Hence
by Lemma ({3.3) that {Ax(f)(A, M)} =diNdy. O

Lemma 3.5. [11] A = (an,) € (f : ¢) iff equation (3.6) holds and there are §,, 5 € C such that

lim a,, =B, forallr €N (3.9)
n— oo
lim > tne =8 (3.10)
and
nlggoz |A(any — Br)] = 0. (3.11)

Theorem 3.6. Define the sets ds, ds and ds as follows:

| o1 pay -
dg—{a—(ar)Efw.M<>\ _2>\r 1+>\T_1()\T )\Tl))ec},

_ Py _ .
dy = {“ = (ar) €w: lim Z M (AT “2h 1+ AT_2> (e =Ar1) emts} ’

ds = {a = (a,) €w: {’A/ U/lA (Ar — 2;111 +AT2) (A — /\r_l)} '} € cs}.

Then, {Ax(f)(A, M)} =N, d;.

Proof . Take any a = (a,) € w. From equation (3.7) that az = (a,x,) € cs whenever z = (z,) € Ax(f)(A, M) iff
By € ¢ whenever y = (y,) € f, that is (a,) € {AA( (A,M)}ﬂ iff B € (f:c). Therefore, by Lemma (3.5)), we have
{ANHA MY =n)yd;. O
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