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Abstract

Animal model is a type of mixed-effects model, where covariance among data points comes from genetic and environ-
mental effects. In this paper, the multivariate normal distribution are assumed for the genetic random effects. A new
approximate maximum likelihood method is proposed to obtain the estimates of the genetic variance components and
heritability. The effectiveness of the proposed method is illustrated through a simulation study.
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1 Introduction

Animal models are used to answer various scientific questions, from basic science to the development and evaluation
of new vaccines or treatments. These models are kind of linear mixed models popularized by [1§]. Linear Mixed Models
are a kind of generalized Linear Mixed Models (GLMMSs). In these models, the response variable is assumed to follow
an exponential family distribution, ([3]). The likelihood function of GLMMs cannot usually be given in a closed form
and the maximum likelihood estimations are very challenging. For this problem, there are numerical ways to obtain
maximize likelihood estimates of the parameters in the GLMMs, see e.g. [28], [§], [10], [22], [23] and [I]. Animal model
is a type of the GLMM with the genetic random effects and is used to model the genetic responses, see e.g. [15], [16],
17, [26], [2], [27], [25] and [19].

Whether changes in an animal trait are attributed to environmental or biological reasons is a fundamental question
in biology. In the animal model, all known relationships from a pedigree are taken as the genetic random effects
and partitioned observed variance into additive genetic variance and other (environmental) sources of variance, [16].
Obtaining an estimate of these variance components and the heritability component is one of the most important
goals in studying the animal model. Heritability value describes how much of a change in a trait is due to genetic
factors. The heritability is defined as h? = “;—g, where Vg is additive genetic effects variance and Vp = Vg + Vi is
the phenotypic variance that is equal to the sum of genetic and environmental variance in the animal models. The
restricted maximum likelihood (REML) method is useful for inferences about variance components in the animal
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model. In REML estimation, the maximum likelihood method is applied to the linear transformation of the data
K’y, where K is a matrix of full rank for which K'Z = 0 for fixed effect matrix Z. There are many articles on the
application of this method in animal models ([I1], [24] [5]). The likelihood approach in the animal model often involves
calculating intractable multidimensional integrals because the integration dimension in likelihood function is equal to
the number of genetic random effects. Consequently, it is intractable to obtain the maximum likelihood estimates
(MLE) by directly maximizing the likelihood function and an extension of REML to the hierarchical animal models
is often hampered by analytically intractable integrals. The maximization algorithms for the REML such as EM is
generally not recommended when the dimensionality of the integral is high. Laplace approximations are usually used
to approximate high-dimensional integrals in complex models ([20]), so these approximations seem to be helpful for
an animal model. In this paper, a higher-order Laplace approximation is proposed to inference and find the MLE of
the variance components and the heritabilit in the animal model.

This paper is organized as follows: In Section 2, the notations and modified Laplace approximation are defined.
The model and the proposed method of approximate likelihood inference are described in Section 3. Section 4 shows
the results of a simulation study.

2 Notation and approach

In this article, we use the notation proposed by [2I]. Let x € R™ and z; be the ith component of x, f(x) be a real
2 .
/ . The Hessian matrix is shown by f.. and %7 is the
axi('):cj

o’f
Bxilaxiz cee (’9%—”

0]
function and its derivative shown as f; = —f and f;; =

83%

(i,7) element of f! matrix. If p =iy,ia,--- iy, then f, = . The calculated value of the function f

in @ is denoted byf.

2.1 Modified Laplace approximation

According to the Laplace approximation, we have

27\ " e~ Ma(w0)
—Mg(@) J0p ~ () - M (2.1)
e T o~ , as — 00, .
/"' |gm|l/2

in which g has a minimum at zy and g, is the Hessian matrix in xg. The idea of the Laplace approximation is relevant
to using Taylor expansion around the minimum point of function g instead of ¢ in. [2I] developed the formal Laplace
approximation as follows:

I= /Rp exp {—g(x)}dx, (2.2)

when g has derivatives of all orders and is unimodal with a unique minimum at & = 0 and g = O(n). With considering
g(x) = g(0) + %gimxilm’é + %Qilmsxilxizx” + -+ be Taylor expansion of g around zero, we have

1, i1 i 1. i1 i o
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where X is the multivariate normal random vector with mean 0 and variance and covariance matrix g .. Then all
cumulants of odd order are zero and so

E[X1X"2... Xin] = > I Exx (2.4)
q1l--lg2m=Q€PF, a={i,j}€Q

Z H cov(X'X7)

q1||g2m=Q€PZ,, q={i,j}€Q

2. I ¢

q1|g2m=Q€P?  q={i,j}€Q
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So, we can write Eq. (2.3) as follows:

g gmm -1/2 - (_1)tA PPN ~dm
T=edet| TR D0 D (gmide o dnd™ 4 (2:5)
m=0 P,Q
and its logarithm is equal to
— _5 1 Jza = (71)t ~ P 54
logff—g—ilogﬁ+z mgpl'--gptgl-~-g ) (2.6)
m=1 P,Q
PVQ=1
where P and @ are partition of 2m indices such that P = pq|---|p; consists of ¢ blocks, each of size 3 or more.

Q = q1] - - - |gm consists of m block each of size 2 and the graph of PV @ that means union of P and () is a connected
graph. For example if P be i1i2i4]isisir|igigiioty and Q be i1islizig|isis|izis|ioiig, we can draw P, Q and PV Q as

follows
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Often the main difficulty in applying the above formula is finding the minimum of g when the dimension of x is
large. [21I] suggested to consider function g(x) = h(x) + €(x) such that h(x) is a quadratic approximation to g in
around of the minimum and e(x) and its first and second derivative be small in the neighbourhood of that point. In
this case, Eq. can be written as

1 Pcx 1 .
= —— — == [— — qa ., .. pham
logl =—§ 5 log{det < o )} + ; @m)! % (—1)lep, -+ €p, KT -+ - W9, (2.7)
PVQ=1
This can be a good idea for [4] to provide a generalization of Laplace approximation with a bit of change in assumptions.

They suppose that h(x) = O(n) has a minimum at 0 and f(z) and its derivatives are O(1). Taylor expansion of h
around 0 gives

1 1.
h(X) =h+ glﬂlxw hi1i2 + §$“$l21’13hi1i2i3 +- (2.8)

such that sums are over all indices from 1 to n. f(x) also has a Taylor series around 0,

P 1 .. 1 .
f(x) =f+ It fjl + axhxh fj1j2 4 Qxhzjzxﬁfﬁhj’a R (2.9)
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Now, we have

I= /Rp exp {—g(x)}dx
= /Rp exp {— (h(x) + f(x))}dx

1
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where X ~ N (0, hxx). From Eq. (2.5
—1/2
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therefore from Egs. (2.4]) and (2.7) we can write

p PVQ=1
logl =—§— f — 710 | mm\ + Z Xp1*** Xpe-9™ g™, (2.10)

m=

such that in above formula x,, = fpi for p; < 3 and xp, = fpi — Gp, for p; > 3.

3 Model

Let y = (y1,y2, - yn)T be the vector of n observations, then the classic form of the animal model can be written
as follows

y=Z"B+u+e, (3.1)

where Z = (21,22, , 2n), 2i = (21, 2i2, - ,Ziq.}rl)T are covariates and 3 = (B, - - - ,ﬁq)T is vector of fixed effects.
The vector of random effects u and € are the additive genetic and the environmental origin random effects, respectively.
We called v as hidden variable and € as residuals that are independent. Hidden variables are correlated with a
relationship matrix A, but residuals are independent, and I is n x n identity matrix. In this study we assume that
u~N (O7 Aai) and € ~ N (O, I 02). For the animal model with normal observations and variance-covariance matrix
2
Y= ( U’E)A 0(2) I ) , the direct heritability (h2) is defined as follows
e

2
(o
h2: u

u 2 27
oy +0oz

which is in proportion to the phenotypic variance. The parameters of the model (3.1)) are gathered in ® = (87,02, 02)7.

This study aims to estimate the unknown parameters ® using the approximate likelihood function with a modified
Laplace method.
We know that

yilui ~ N(2I B + ug, 02e), (3.2)

then fy|, = I, fyilu;, and the likelihood function can written as follows

0) = / H Fyitus - fu(w)du

/\/W o{mE ziT"‘“”Q}
\/WdetAl/z {
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Let A~! = [ag], ., then we have

1
(2m)" (0202)"~ det A1/2
-1\ T 2 Gy -1
X exp 202 < (yz -z B- Uz) + Eui Za”u uj
=1 © i
Here, we reparametrize the residual variance as 02 = ko2, where k is equal to any positive value. Then according
2
1
to the heritability formula h2 = Tu__ _

= , and the heritability only depend on k. With this selection, the
o240 14k
likelihood function (3.3) can be written as follows

1
L(®) = 3.4
(®) (2702,)™(k)™/2 det AL/2 (34)
-1 & . — 28 B —u; 2 _
X /exp { 207 Z (v szﬁ ;) + aiiuz} exp 502 Za”uzu] du.
i=1 U 5

By using the modified Laplace formula for approximating the integral in Eq. (3.4]), we have

1(©®) =log (L(®)) = —nlog (27m w) — ﬁ1 (k) — = log (det (A)) (3.5)

B) 0g
n 2
+log/exp{ Z ( ) —I—aiiu?}
=1
Z ai;uiu; o du.

Y oitj
and let )
1 P — T3 — i 1
(u) = 202 Dy (s = =i kﬁ i) + azu? and 7(u) = 202 > izj @ijuiuj, then we can write Eq. {D as follows
1
1(®) = —nlog (2m02) — glog (k) - 5 log (det (A)) (3.6)

+log/exp{—ﬁ(u)}.exp{—T(u)}d'u,.

Now, consider the following divisions

dh 1 T
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dh; 1
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§ dui kO’Q( + ka )
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T
and the maximum point of the function h at @ such that 4; = %7 we can write Eq. 1| as follows
Qi
1 ~
1(©) = —nlog (2102) — glog (k) = 5 log (det (4)) =€ — 7
—3 <—”10g(k0124) - ;log(l + kam‘)) t3 ;; (rimj = 7ij) €7 + -+

= —nlog (27) — nlog (ow) — %log (det (A)) — E—7

1 . 1 2 #it
5 D log (L kaw) + 5 Y m%€" + o0

i=1 =1

The estimates of the variance components parameters can be obtained by differentiating the function [(®) with respect
to the o, and k as shown below

A®©)  n 2 5 2 IS g
dow —*Z*E(Uu(*§*7+§;Tzf ) =0,

P R it
a©) (TN 57)
dk du dk 1+kay; ’

i=1

4 Simulation

In this Section, we present one simulation study to illustrate the proposed methodology in the animal model and
this method is compared with the REML approach.

For this simulation study, the pedigree file of [27] has been used. This data set consists of the records of 1309 for
animals. It is used to create a relationship matrix of 1084 animals for which the effects set is available, according
to [27]. The codes related to the production of the relationship matrix A are written in Mathematica software and
inverse matrix calculations are also performed. R programming was used for the analyses with the modified Laplace

approximation method. The results are compared with estimated values with the REML method from R package
"MMA4LMM?” .

In the following, we generate 1084 random samples based on the pedigree. Different values for additive genetic
variance (02) and environmental (02) are considered to examine the performance of the modified Laplace approxima-
tion method in various heritability levels (high, medium, and low heritability). First, we generate the random effects
u from the normal distribution u ~ Nygg4(0,02A).

The environmental random effects (€) are generated from Nijogs(0,02I). Also, the parameters By and j3; are
assumed to be the fixed effects coefficients. Then, the observations y are created by the proposed animal model as
yi =2z B+ui + e

Keeping the design fixed, the above data generation scheme are carried out for 100 data sets in each case. Now
we can estimate the averages of mean square error (MSE) and averages of estimates of the parameters by using the
proposed approximate method. Each simulated data set is analyzed by the modified Laplace approximation approach
under the assumptions of the random effects are normal. By maximizing the approximate likelihood function

3 s 1 - 1 - 2 i
L(0>——nlog(ou)—§—T+§;10g(1+a“)+§;ns :

The approximate values are obtained, and the simulation results are reported in table[l} The proposed approximate
maximum likelihood technique is used for 1084 x 100 simulated datasets with different values for the variance component
parameters. Furthermore, in every approach, the time spent calculating has been measured.

The results are summarized in Table [1] for a low heritability level. In this situation, although the estimation of o2
in REML seems good, but significant bias for o2 caused a wrong estimation for heritability (h?). However, the results
for the variance components seems not good, but the heritability (h?) estimation has more appropriate performance
in modified high Laplace approximation (Tabl. The fitted values of responses are calculated, and the Mean Square
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Table 1: Simulation study based on 100 data set for low heritability (h2 = 0.138)

Modified Laplace Approximation Method REML Method
Parameter Real Value  Ave. Est. Ave. MSE Ave. Bias Ave. Est. Ave. MSE  Ave. Bias
ai 0.8 0.149 0.425 0.651 0.924 0.026 -0.124
0'§ 5 0.828 17.406 4.172 0.059 24.421 4.941
Bo 1 0.989 0.015 0.011 0.989 0.009 0.011
B1 1 0.999 0.003 0.001 1.002 0.002 -0.002
h? 0.138 0.153 0.001 -0.009 0.938 0.644 -0.800
MSEP 1.731 3.671
Time 66” 394"

ariance (Ta”)

L Modified Laplace
F REML

/ h?=0.138

Genatic Variznce :5.52 ]

Figure 1: The high Laplace approximation and the REML results for the maximum likelihood (¢2 = 0.8 and o2 = 5)
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Table 2: Simulation study based on 100 data set for medium heritability (h? = 0.231)

Modified Laplace Approximation Method REML Method
Parameter  Real Value  Ave. Est. Ave. MSE Ave. Bias Ave. Est. Ave. MSE  Ave. Bias
o’i 0.9 0.231 0.451 0.0.679 0.976 0.032 -0.076
O'g 3 1.021 3.923 1.979 0.0226 7.706 2.774
Bo 1 1.006 0.025 -0.006 1.004 0.016 -0.004
B 1 0.991 0.007 0.009 0.993 0.004 0.007
h? 0.231 0.185 0.004 0.046 0.808 0.342 -0.577
MSEP 0.478 4.030
Time 637 3947
Table 3: Simulation study based on 100 data set for medium heritability (h2 = 0.4)
Modified Laplace Approximation Method REML Method
Parameter  Real Value  Ave. Est. Ave. MSE Ave. Bias Ave. Est. Ave. MSE  Ave. Bias
o’i 4 2.0722 3.866 1.928 3.970 0.284 0.134
o’i 6 5.266 0.738 0.734 2.702 11.021 3.298
Bo 1 1.016 0.101 -0.016 0.995 0.080 0.005
B 0.8 0.794 0.027 0.006 0.802 0.023 -0.002
h? 0.4 0.282 0.016 0.118 0.594 0.041 -0.194
MSEP 8.683 10.572
Time 39” 396”7

Error of Predictions ( MSEPs) are obtained from MSEP = n=!Y (y — §)? and reported in table These results
show that the averages of the MSE and the bias are small and the accuracy of results is good. The results of the
modified high Laplace and REML methods can be seen in Figure[]] Genetic variance and environmental variance are
the axes of the shape. Heritability is also indicated by a line with a positive slope.

In medium heritability (0.15 < h? < 0.4) again, the modified the high Laplace approximation method works better than
the REML to estimate h? (Table and. Figuresandshow how the results are positioned for variance components.
In high heritability situation (h? > 0.4), REML method performs better than high Laplace approximation (Table
and Figure [4)).

Computing the running time of the modified Laplace approximation approach for 1084 x 100 iterations took less
than 180 seconds, and the computation time is significantly reduced by this method.

Environmental Variance (ora”)

I Modified Laplace
o8 F REML
— n?=0231
0.6k /
/
s
/
/
/
04l / R E
/ R
/ i R
/
/
ozt / ; ‘ﬁggélﬁ
y, TR s
;’f _£
R
/ . . . . . B T i vaans D)
0.0 0 0.4 0.6 0.8 10 1.2

Figure 2: The high Laplace approximation and the REML results for the maximum likelihood (¢2 = 0.9 and ¢2 = 3)

5 Discussion and Conclusions

In animal models and genetic studies, heritability is the most important consideration in determining appropriate
animal evaluation methods, selection methods, and mating systems. The estimates of heritability for most traits is
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Environmental Variznce (oa<)

5]

Modified Laplace
R BREML

— h?=04

L L L L L —  Genatic Variznes [y 2 Y
5 ]

Figure 3: The high Laplace approximation and the REML results for the maximum likelihood (aa =4 and 0'121 =6)

Table 4: Simulation study based on 100 data set for high heritability (h2 = 0.556)

Modified Laplace Approximation Method REML Method
Parameter  Real Value  Ave. Est. Ave. MSE Ave. Bias Ave. Est. Ave. MSE  Ave. Bias
Ui 5 4.564 0.606 0.436 5.057 0.795 -0.057
O'g 4 8.140 17.644 -4.140 6.178 5.280 -2.178
Bo 1 1.038 0.209 -0.038 0.983 0.161 0.017
B1 1 0.992 0.050 0.008 1.017 0.043 -0.017
h? 0.556 0.359 0.041 0.197 0.449 0.016 0.107
MSEP 17.806 15.555
Time 27" 394"

Envirenmentsl Varisnca (oa*)

10

L Modified Laplace
R REML

h?=05356

2
L L L L 1 — Genatic Variance (7,)

b |
.

-

w

n

Figure 4: The high Laplace approximation and the REML results for the maximum likelihood (02 = 5 and 02 = 4)
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low (h? < 0.15) or moderate (0.15 < h? < 0.4). We show in a simulation study that the modified high Laplace
approximation methods can perform better than REML in these cases.

Also, in the animal study the data size is usually too large and reducing the computation time is an important issue
in these models. In this paper, we proposed a modified Laplace approximation for estimating the variance component
parameters and heritability with the maximum likelihood method. The implementation and evaluation of the new
proposed Laplace approximate method are examined by a simulation study. The calculated results showed that our
proposed approximate likelihood method is an accurate and fast method for analyzing the animal model.

The multivariate normal distribution is usually assumed for the genetic random effects. [19] showed that misspec-
ification of distribution of genetic random effects in an animal model affects the estimation of the parameters and
used the closed skew normal distribution for modelling the genetic random effects. The family of closed skew normal
includes the normal distribution and is more flexible than the normal distribution. In mixed models [6] showed wrong
normal assumptions cause bias in the parameter estimates and affect the accuracy of spatial predictions, see e.g. [7],
[9], [12], [13] and [I4]. Therefore, as future work, we try to improve our approximate likelihood approach to the animal
models with non-normal genetic random effects.
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