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Abstract

In this paper, we aim to prove the existence, uniqueness of the solution to the random delay differential equation of
fractional order involving the successive approximation method. Moreover, using the Gronwall inequality, we study
the continuous dependence of solution in the mean square sense of the problem. Finally, the fractional e-approximate
solution in the mean square sense is also considered.
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1 Introduction and Preliminaries

Many dynamic systems can be characterized in detail through fractional differential and integral equations (FDIEs).
A several models can be found in Physics [11] , Chemistry [20], Biology [13], Engineering [23], and Economics [2].
Hence the study of these equations has a widespread interest.

Researchers in these last two decades have vigorously studied the theory of the FDIEs. We can refer to the
monographs [I4] and the papers [T, 14 [15], 18] [19]. Unfortunately, the FDIEs may be limited because the uncertainties
inherent in dynamic systems may not be mentioned. As a result, fractional random differential and integral equations
(R-FDIEs) have been used more and more over the years (see [4, [6], 16 [1I'7, 25, [12]). Therefore, it makes sense to
develop a fractional calculus that considers the “randomness” of this situation.

In 2001, Hafiz et al. [J] established the theory mean square fractional calculus, which transfers from the deter-
ministic fractional calculus to a mean square setting. The mean square fractional integration and differentiation for
mean square continuous second-order stochastic processes in the sense of Caputo are introduced by themselves in [9].
Next, Hafiz [§] studied the mean square fractional integration in the sense of Riemann—Liouville for mean square
integrable stochastic processes. The properties of the mean square fractional derivative in the sense of Caputo and
Riemann—TLiouville are also discussed.
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El-Sayed et al. [5] considered the following the delay stochastic differential equation of fractional order:

T'(t) = F(t,T(¢1(t)), DPY(¢a(1))),
T(0) = Yo.

where ¢1,¢2 : [0,T] — [0,T] are continuous functions satisfy ¢1(t), ¢2(t) < ¢ and F satisfies Lipschitz condition. The
authors proved the existence local of the mean square solution to this problem. Besides, the continuous dependence
on initial data also established. Afterward, Vu and Hoa [24] showed that the technique used in [5] could be applied to
yield existence results in the mean square sense for the problem as follows:

Y'(t) = ( T(t),DPY(t)), te0,t1]U(0,t2]U...U(0,T],

AY (k) = I, (Y(tr)), k=1,2,...,
T(0) = To.
Using mean square random calculus, Bouros et al. [3] constructed the fractional forward Euler-like method to solve

the following random fractional dlfferentlal equation

DY (t) = F(t,Y(t)), te][0,T],
Y(a) = Yo,

where F is mean square continuous function and satisfies Lipschitz condition. Besides, the mean square convergence of
this method also proved. Base on the Maximum Entropy Principle, the authors discussed an approach to approximation
the first probability density function of the mean square solution of the above problem.

Yirah et al. [7] proved the existence and uniqueness of solution of the high order random fractional equation with
nonlocal conditions in the Banach space as follows:

DAY (t) = B(t)F(Y(t)) + C(t)G(DP1Y(¢),..., DT (1)
Yo ="(0) + > j—y ax T (1),
Y; =79(0), j=1,2,...,n—1,

where 8 € (n—1,n],n =[f]+1and n =0,1,2,..., ar are non-negative constant, B,C : [0,T] = R and F : L2(Q) — R,
g : (Lg(Q))nf1 — R satisfy some suitable conditions. In the proofs, the Banach’s fixed point theorem is used.
The continuous dependence on the initial condition of solution and high order fractional derivative dependence also
discussed. Before, Slimane el al. [21] also considered this problem in cases n = 0.

To the best of our knowledge, the existence and unique solution of the random delay differential equation of
fractional order in mean square sense is not still considered. From the above discussions, in this paper, we will
consider this problem. The outcomes of our work include the following new features:

e Using the successive approximation methods, we prove the existence and uniqueness of the mean square solution
of the random delay differential equation of fractional order.

e The dependence of solution of the random delay differential equation of fractional order in mean square sense is
considered.

e We establish the e—solution of the random delay differential equation of fractional order in mean square sense.

Next, we present some important theorems, definitions, and notations related to the mean square calculus of the
stochastic process, which will be used throughout this paper.

The triplet (€2, F,P) will denote a complete probability space. A random variable Y (¢ {T t,w)|t € 0,a],we Q}
is called a second order random variable, if

E[T%(t)] := /QTzdIP < o0,

where E[-] is the expectation operator. If T(¢) is a second order random variable, then Y (¢) is termed a second order
stochastic process.
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The set Ly(Q) = {Y: Q - R : E(Y2(t)) < oo} of all the second order random variables endowed with the norm
IT®)]2 = VE[T2(t)].
It is easy to see that Lo(Q2) is a Banach space.
Let {Y),}m>0 be a sequence in L2(2). We say that {Y,, }m>0 is converges in the mean square to T € Ly(€2), if
lim ||T,, — Y|, = 0.

m—r o0

Let C := C(]0, a], L2(€2)) denotes the space of all second order stochastic processes, which are mean square Riemann
integrable on [0, al, i.e.

/ E[Y%(t)]dt < oco.
[0,a]

Denote C([0,a], L2(92)) as the Banach space of all mean square continuous functions from [0,a] x © into R with
the norm

[T]lc = max [[T(t)]]2-
t€(0,a]

Definition 1.1. ([22]) Let Y(¢) be a second order stochastic process. We say that Y(¢) has a mean square derivative
at ¢, denoted by Y'(¢), if

T+h) =T _ T'(t)|| =o0.

2

lim
h—0

Theorem 1.2. ([§]) Let Y(¢) be a second order stochastic process. The stochastic mean square Riemann-Liouville
fractional integral of Y(t), denoted by Ig+T(t), of order 8 € (0, 1] is defined by

I§+T(t):ﬁ/0 (t — 5)P=10(s)ds,

where I' is the Gamma function.

Definition 1.3. (|8]) Let Y(¢) be a second order stochastic process. The stochastic mean square Caputo fractional
derivative of Y (¢), denoted by Dg+T(t), of order 8 € (0,1] is defined by

DT = B 5 T0 = g [ (=9 T (s

where Y'(¢) denotes the mean square derivative of Y(t).

Theorem 1.4. ([§]) Let 8 > 0 and ¢ € [0,a] . If stochastic process Y(¢) is mean square differentiable with mean
square integrable second order derivative, then

i) I§+D§+T(t) =T (t) — Y(0);
ii) DOLIO,Y(t) = T(b).

Lemma 1.5. ([I0], Lemma 7.1.1) Let a(t) be continuous function and b(t) is a positive, integrable function on [0, 7.
Assume that there is constant ¢ > 0 such that

a(t) < b(t) + C/o (t —s)P~la(s)ds, B e (0,1].

Then, there exists a constant K = Kz such that

a(t) < b(t) + KBC/Ot(t —5)7tb(s)ds, Vte[0,T].
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2 Existence and Uniqueness of solution

Given o > 0, we denote by C, := C([—0,0], L2(£2)) is the Banach space of the mean square continuous functions
from [—7,0] into L2(Q2) with the distance metric as follows:

0|| = o).
lol, = mas, ool
Let § € C([—7,a], L2()). For any t € [0,a], then we denote by 6, is an element of C,, given by 6,(s) = 6(t + s), for
any t € [—o,0].

We consider the following random delay differential equation of fractional order:

{D&ﬂ — F(1e), 1<) (0.1

t)
(t) = () t € [~o,0],

where Dg+ ®(t) is stochastic mean square Caputo fractional derivative of ®(¢) of order 8 € (0,1]; F : [0,a]xCy — Lo(Q)
is mean square continuous on [0,a] and & : [—0,0] — Ly(€2) is a random variable satisfying E($?) < co.

Remark 2.1. We say that the second-order stochastic process ® : [—o,a] — La(2) is a mean square solution of (2.1])
if ® satisties ®(t) = ®(t) for t € [—0,0] and DOB+(I>(t) = F(t, ®,) for ¢ € [0,a).

Lemma 2.2. Let ® : [—0,a] — L2(Q) be a second-order stochastic process and F : [0,a] X C, — L2(2) is mean
square continuous function, then the problem (2.1)) is equivalent to the random fractional integral equation as follows:

(1), t € [~o,0],
0= 4(0) + ﬁfé(t — $)F1F (s, ®,)ds, € [0,d].

(2.2)

To prove the below theorems, we introduce some assumptions for the function F : [0,a] x C, — La(2) as follows:

(A1) There exists a positive constant M such that

17 (2, @1) = F(t, @2) |, < M|21 = 2],

I,
for any t € [0,a] and @1, P, € Cy;
(A2) There exists a positive constant K such that

|7t ), < K,

I,
for any t € [0,a] and ® € C,.

Now, we will show the existence and uniqueness of the mean square solution of the problem (2.1)) by using the method
of Picard’s successive approximation.

Theorem 2.3. Assume that F : [0,a] X C, — L2(€) is mean square continuous function and it satisfies the assump-
tions (A1)—(A2). Then the problem (2.1)) has unique mean square solution ® : [—o,a] — La(Q).

Proof . Now we construct a sequence mean square continuous function ®,, : [—o,a] — L2(Q), m = 0,1,..., as
follows: for m =0

(2.3)

and for m > 1,

(2.4)
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For m = 0, then by the assumption (A2) and (2.3)), we obtain
@' () — @°(t)||, =0, Vte[-0,0]

and
o600l < | [ 6o Flssat)as
27 [T(B) Jo TS )
1 ' B—1 0 K8

< [ F ) s < s e ol .
For m > 1. Let us suppose that

J#7 () — 2@, < A0 vie o

2 — 1“(1_|_/8)7 5 .

This yields that .7-'(8, @;”) is defined on [0, a], and since .F(s, @T) is mean square continuous function on [0, a], we
have

H(I)m—‘_l(t) - (I>0(t)||2 =< Hlﬂ(lﬂ)/o (t— 5)6_1-7:(8, 7 )ds .
i ¢ . B—1 s m s Kitﬁ a
< w57 [ =9 F .82 s < s, Ve ua) (2.6

This mean that (2.3)) and (2.4)) are well-defined.
Combining (2.4) and the assumption (A1), for m > 1 we have

o+ () — o (1)), < HF<1/3)/0 (t— )0~ F (s, 8™ )ds — L/O (t— )1 F (5,87 V) ds

L(8) 2
L ' — 8 -1 S my S m—1 S
< 5 [ =T o)~ Fla o)
M

Mo — )P em () — ™)l ds
gm)/oa Y| () — @) d

M t
< — t—35)%"t max ||[®™(s+7)—d" (s +r)|.ds
£ [ = max 87 ) -0 )

M t
< — t—s)1 max |®™(n) — em ! ds. Vtel0.a].
B F(ﬁ) /(; ( ) ne€ls—o,s| H (7]) (n)H2 [ ]

From the estimation (2.5) and assumption (A1), one obtain

2(¢) — ot ﬁtfsﬂflmax 2(n) — @t S
826 = 810, < 5y [ =" max ([ 20) 81 )]

M [ 51 KnP
<t )0 e (m +/3>) o

L ME e K () .
<Rz e 3ty 0

Furthermore, if we assume that
(pt?)"

m m— K
570~ "0, < 3 T ongy

vt € [0, al,

then

mA1  am Mt — a1 max (K M s
[emFi(t) - @ (t)Hz < T(B) /0 (t =) nels—o,s] (M x F(1+m6))d

KM™ t Bo1.mB
< Tt J, ¢
B (7‘ rtﬂ)m+1
“ M Tarmiog e @7
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oo
By the mathematical induction, the inequality (2.7)) is true for any m > 0. Therefore, the series Z | @™ (t)—2™ (t) H2
m=0
is uniformly convergent in mean square for any ¢ € [0, a]. That means, the sequence {®,, }°_, is uniformly convergent
in mean square for any ¢t € [0,a]. It follows that there exists a mean square continuous function @ : [0,a] — L2(Q)
such that

@™ — @[, =0 as m — oo
From the assumption (A1) and for any ¢ € [0, a], we imply

17 (5, @) — F(5,®,)||, < M@ — @, < M max |07 () — @.(2)],.

||2 te[0,a]

So, we conclude that ||f(s, <I>;”) - .7-"(3, (I>s) ||2

On the other hand, we have the following estimation

uniformly converges in mean square sense to zero, as m — oo.

L t _5,3_1 s my _ s 5 .
SF(ﬁ)/o(t )P F (s, @) = F(s, @) ,ds, Vi€ [0,a].

2

From here we infer
1 -1 e -1
— | (t—95)"" F(s, @ ds%—/(t—s)‘fs,@s ds, (2.8)
) (527045 = 53 (o)
in mean square sense, for any m > 0 and ¢ € [0, a.

Combining (2.4) and (2.8)), we obtain

d(1), t€[-o,0],

®(t) = <i>(0)+ﬁfé(t—s)ﬁ‘l}'(s,@s)d& t€0,d,

and hence ® is a mean square solution of the problem ([2.1)).

Finally, we prove the unique solution in the mean square of the problem (2.1). Assume that ¥ is another mean
square solution of the problem (2.1]).

For any ¢ € [0, a] and by the assumption (A1), we obtain

_ L t . B—1 s _ s <
o) ¥ )], < 575 /O (t = 51| F(5,2) — F(5, 0] d

% ' _ &)1 max B 5

: L'(B) /0 t=2) nels—o,s] @) \D(n)sz :

If we put A(s) = max,e[s—q,s] H(b(n) —U(n) ’2 for any s € [0, t], then by the Gronwall inequality 1} one get A(t) <0
for any ¢ € [0, a]. The proof is completed. O

3 Continuous Dependence of solution

In this section, in the mean square sense, we will study the dependence of solution of the problem (2.1]) on the
history condition and the right-hand side.

Let us consider the following two problems:

{n@@( =F(t,®;), te[0,a, (3.1)

t)
B(t) = d(t) t e [~0,0],
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and
DS, o™(t) = F (¢, &), t € 0,d], (32)
O™ (t) = d™(t), te[-o,0, m=0,1,2,..., '
where F, F™ : [0,a] x Cy — Lo(Q) are mean square continuous on [0, a] and &, ™ : [—0,0] — Ly(2) are a random

variables satisfy E($?) < oo and E(($™)?) < oo, respectively.

Theorem 3.1. Let m =0,1,2,.... Assume that the functions F, F™ satisfy the assumptions (A1) and

i) ||<i>m(t) —d t)H2 converges to zero in mean square sense, for any ¢ € [—o,0];

(i) ||[®™(0) — <i>(0)”2 converges to zero in mean square sense;

(iii) Hfm (t q)m) (t, <I>t) H2 converges to zero in mean square sense, for any ¢ € [0, a.

Then, ||®™(t) — <I>(t)||2 converges to zero in mean square sense, for any ¢ € [—o, al.

Proof . Let ®™(t), ®(¢) be mean square solution of the problem (3.1)) and (3.2), respectively. For any t € [—0, 0], the
assumptions (ii) and (A1), we have

@™ (t) - o™ (1) — (1)

-0, m=0,1,2,..., (3.3)

)”2 = ||2

and for any t € [0, a] and the assumption (iii), one get
I (8 @) = F (8, 20|, < |77 (8, @7") = F™ (¢, 0)
+[|F(#,0) - F( t)||2
< M|| ||, + || F™(t,0) = F(t,0)],, m=0,1,2,.... (3.4)

Hz + ||fm(t,0) _]:(t 0)“2

I

Performing the calculations as in Theorem (2.3)), and applying Lebesgue dominated convergence theorem and the
estimation (3.4)), for any ¢ € [0, a] we obtain

L ¢ _Sﬂfl m (¢ o s < _—
P(ﬁ)/o(t VTHIF™ (s, @) = F (s, @s) |5 = 0, 0,1,2,.... (3.5)

Observe that

m m H 1 ! -1 m m
o) 000, < [970) - S0, + 5 [0 7) ~ Fo,2)

< om0~ 80, + g [ @ {1 (07) - P00

| F (5, @5) = F(s,0,) |, }ds
. M [t
< [070) = 6O, + 735 | =" max ) - (),
[ F (5, 25) = F(s,0,) |, }ds (3.6)
From the assumption (ii) and and the Gronwall inequality , we infer that ||®™(t) — ‘1>(t)||2 — 0 in mean

square sense, for any m = 0,1,2,... and t € [0,a]. Together with the estimation (3.3, we can conclude that
||<I>m(t) - t)||2 — 0 in mean square sense, for any m =0,1,2,... and ¢t € [—0,a]. The proof is completed. O

Consider the following problem:
D ®(t) = F(t,®;), Vtel0,al, (3.7)

with respect to the history conditions.

Let us denote by ®(-; ®) the mean square solution of (3.7) with history condition ®(t) = ®(t) and ®(-; ¥) the mean
square solution of (3.7) with history condition ®(t) = W(t).
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Theorem 3.2. Assume that F satisfies the all assumption of Theorem (2.3). If

0< Ma? <1
F b

(1+5)
then there exists a non-negative constant M such that

|@(t; &) — (8 D)||, < M| &~ ¥|., Vte[-o,a].

Ho Vu, Le Si Dong

Proof . Let ®(;; 'i>) and ®(+; \i/) be mean square solution of the problem 1' with history conditions, respectively.

From Lemma [2.2] we obtain

) i)(t)7 t € [—o,0],
PP =1 4(0) + ﬁfg(t—s)ﬁ‘l]—"(s,d)f’)ds, t €10,a].
and
) U(t), t € [—o,0],
oY) = U (0) + ﬁ fot(t s)P7LF (s, @Y)ds, te[0,q]

Observer that
|@(t; @) — 20|, = || () — ¥(1)|, < [|®—¥||, VteE[-0,0]
and

|®(t; @) — @(t; 0) ||,

< ci>(0)—@(0)|]2+ﬁ/0 (t— 8)77 Y| F (s, 8%) — F(s,®Y)]| ,ds
< |¢>(0)_@(0)|12+%/0 (t = 5)P 0% — @, ds
< |é>(0)—@(0)||2+%/0 (t=)"" max |2 ®) = 2(n; ¥),ds,

From this, for any t € [0, a], we get

. . P MtP
| (t; #) — @0 D), < &~ ]|, +

m“@(t; o) — o(t; )],

MaP
L(1+23)

Since by the assumption 0 < < 1, then we infer

~ o Maﬁ -1 o ~
|0(t: &) — @(t; D), < <1 - r(1+5)) |& &, Vielo.a
Combining (3.8) and (3.9), we can conclude that

|@(t; @) — ®(t; D)||, < M||& — |, Vtel[-o.al,

Maf N\
a )> } The proof is completed. [J

here M = L1l ——
wnere max{ ( F(1—|—B

vt € [0, al.

(3.8)



Existence, uniqueness and continuous dependence of solution to random delay differential equation of fractional ordfes

4 e— Approximate solution

In this section, we discuss the e— solution of the problem (2.1)) in the mean square sense.
Definition 4.1. A mean square solution of the random delay differential inequality of fractional order of the form
IDy, @(t) — F(t,®:)||, < e, Vtel0,al,

with the history conditions ®(t) = <i>(t), Vt € [~0,0], is called a e—approximate solution in mean square of the problem
(2.1)) on [0, a] with with the history conditions ®(t) = &(t), Vt € [—a, 0].

Theorem 4.2. Assume that J satisfies the all assumption of Theorem (2.3). Let @< (¢), (i = 1,2), be ¢;—approximate
solution in mean square of the problem (2.1) on ¢ € [0,a], corresponding to the history conditions ® (t) = &€ (¢),
Vt € [—o,0]. Then

Mt28 P
1+28) " F(1+B)>

()

Proof . Since ®%(t), (i = 1,2), be ¢;—approximate solution in mean square of the problem (2.1)) on ¢ € [0,a], then
we have

J#2(0) - 02 ()], < (1 +.a) = (

®(0) — 1 (0)||,, Vt € [0,al.

27

Dy, @< (t) — F(t, @)

|2§Ei7 Vit € [07(1}.
Applying the fractional integral Ig+ () on both sides of the above inequality, one obtain

17, DG 0% (1) — F(t.97)|
Based on Lemma[2.2) and Theorem we infer

,<If e, Vte(0,a].

N 1 t 8
‘fbfi(t) — o (0) — —F(m /0 (t— s)ﬁflf(s,‘ﬁii)ds < 71_‘(; j_ 3’ vt € [0, a).
2
On the other hand, we have
. 1 t
‘ 2 (t) — (0) — ) /0 (t— )1 F (s, @2)ds
2
- t B
+ [|@er () — 31 (0) — F(lﬁ)/o (t— )P F(s, @ )ds| < m vt € [0,a].
2

By the inequalities |A — B| < |A| + |B]| and |A| — |B| < |A — B|, we get

[ () — 22 ()], < T(1+8) +[@2(0) — 2 (0)]],
L t 75B*1 s €2\ 5. dE1 s a
g | = (5. 82) = P02 s e 0.a)

Form the above estimation and the assumption (A1), we obtain

€1 € B A N
Hq)Gz(t) — o4 (t)HZ < (1_‘(;__'_2% + H(I)ez(o) _ e (0)H2
" %/0 (t B 8)6_1 WEI[ISl?z{,s] HCI)E2 (77) - (77)H2d5’ vt € [Ova]-

(e1 + e2)t

B N A
If we put v(s) = max,efs—q,s HCDE? (n) — @El(n)HZ for any s € [o,t] and w(t) = T+ 5) + H@"" (0) — @El(O)Hz for

any t € [0, a], then we obtain

v(t) <w(t) + M /t(t — )P l(s)ds, VYt e |0,
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By using Gronwall inequality (1.5)) to the above estimation, one obtain

M o[ -
v(t) <w(t) + Kg x F(,@’)/O (t —s)P"Yw(s)ds, Vtel0,al.

So we have
M8 th
O (1) — B (1)]|, <
o a0l < (@ + ) * (71525 * e 7)
+ <1 + MtB) x || (0) — @1 (0)||,, V¢ € [0,a].
I(1+p) o ’
O
5 Example
Let us consider the following random delay differential equation of fractional order:
O(t—1)
Do) = ———— te0,1
or 2() = 9+d(t—1) €1 (5.1)
o(t) =1, te[-1,0].
We see
O(t—1)
t,®(t) = ——— t 1
(o) = gy e 0

o(t)=1, Vtel[-1,0].
1
It is easy to see that F satisfies Lipschitz condition with L = R Indeed, for any ®, P, € C([—1,1], L2(2)) we have

Dy(t—1) Pyt —1)
9+ dy(t—1) 9+ (t—1)|,
2] - |2 — @4,

THo+® 9+ @ille [[(9+ 219+ o).

|t ®a(t)) — F(t, 310, = H

IN

1”0'

STH% -
Moreover, for any ® € C([—1, 1], L2(£2)) we obtain
o(t—1) ) 1
F(t, D(t —_— — —.
| M, = H9+<I>(t—1) 2_H9+‘I> c 9

All the assumptions of Theorem are satisfied. It follows that the problem (5.1) has a unique mean square solution
n [—1,1].
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