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Abstract

In this paper, a new approach for finding common element of the set of solutions of the variational inequality problem
for accretive mappings and the set of fixed points for asymptotically nonexpansive mappings is introduced and studied.
Consequently, strong convergence results for finite families of asymptotically nonexpansive mappings and variational
inequality problems are established in the setting of uniformly convex Banach space and 2-uniformly smooth Banach
space. Furthermore, we prove that a slight modification of our novel scheme could be applied in finding common
element of solution of variational inequality problems in Hilbert space. Our results improve, extend and generalize
several recently announced results in literature.
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1 Introduction

Throughout this paper, we assume, unless otherwise specified, that C' is a nonempty, closed and convex subset of a
Banach space E whose dual space is represented by E*, D(T) and R(T) are the domain and range of T, N, R, R, —
and — will denote the set of natural numbers, the set of real numbers, the set of nonnegative real numbers, strong
convergence and weak convergence respectively. In what follows, the mapping J : E — 2F" defined by

J(@) ={z" € E: (z,27) = [lz|[[l«"]], =]l = [l="[]}, (1.1)

is called normalised duality mapping, where (.,.) denotes the generalized duality pairing of elements between E and
E~*. Tt is well known that E is smooth if and only if J is single-valued, uniformly smooth if and only if each duality
map J is norm-to-norm uniformly continuous on bounded subset of E. ( see [3], [40] for more details on the duality
mapping and its properties).

A Banach space is said to have a weakly continuous duality map, in the sense of Browder [9], if there exists a guage
function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that the duality map J with the guage function ¢ is single-valued
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and is weak-to-weak* sequentially continuous; that is, if {z,} C E,z, — z, then Jy(z,) EN Jp (). It is known that
?P(1 < p < o) has a weakly continuous duality map with guage function ¢(t) = t?~1, see for example [3] for more
details.

Let C be nonempty subset of a real Banach space E. Let S,T : C — C be two given nonlinear mappings. The
set of common fixed point of the two mappings S and 7" will be denoted by F = F(S) N F(T).

Definition 1.1. Recall that a nonlinear mapping 7" is said to be:

(a)

Lipschitizian if there exists a constant L such that
[Tx — Tyl < L|jz — yl|, Va,y € D(T), (1.2)

where L is the Lipschitizian constant of T. If L € (0,1) in (1.2)), then T is called contraction. Note that (1.2)) is
equivalent to the following property: for each n € N, there exists a constant k, > 0 such that

|72 = Tyl < kalle — ]|, Y,y € D(T). (1.3)

For a Lipschitizian mapping T : C' — C, we call T"
uniformly Lipschitizian if k,, = L and (1.3) reduces to

[Tz =Tyl < L|lz —yl|,va,y € D(T),

for all n € N;
nonexpansive if k, = 1 in (1.3]) for all n € N; that is,

[Tz =Tyl < [l —yll, Ve, y € D(T). (1.4)

asymptotically nonexpansive [I8] if for all z,y € D(T) and n € N, there exists a sequence k,, C [1,00) with
lim;, o0 kn = 1 such that (1.3)) is satisfied; that is, for every =,y € (D(T), there exists a constant k, € [1,00)
with lim,,_,o, = 1 such that the following inequality:

[Tz = Tyl < kullz -y (1.5)

holds.

Remark 1.2. If we denote the classes of mappings which are nonexpansive, asymptotically nonexpansive, uni-
formly Lipschitizian, Lipschitizian, uniformly continuous and continuous by (N), (AN),(UL), (L), (UC) and C
respectively, then the following relationship:

(N) C (AN) € (UL) C (L) € (UC) C (C) (1.6)

holds well (see, for example, [44] for details).

Definition 1.3. A nonlinear mapping 7' : C' — C' is called:

(a*)

quasi-nonexpasive if F'(T') # () and condition (c) in Definition 1.1 is satisfied; that is, for every (z,q) € (Cx F(T)),
the following inequality:
1Tz —ql| < [lz —q (1.7)

holds.

Example 1.4. (see [21]) Let X = R be a normed linear space and C' = [0,1]. For each z € C, we define

Ty — /\x,.if z#0
0, if z=0,

where 0 < A < 1. Tt is clear that F(T) = {0}. Now, take ¢ = 0, then T is asymptotically quasi-nonexpansive
mapping with constant sequence {1}.

The following examples show further relationship between nonexpansive, quasi-nonexpansive and asymptotically non-
expansive mappings.
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Example 1.5. (see [13]) Let H = R! and define a mapping T : H — H by

Then, T is quasi-nonexpansive but not nonexpansive.
Example 1.6. (see [44], [45]) Let X = ¢P, where i < p < co and define a mapping 7' : X — X by
Tx = (05 x%a A2, A3X3, " * >7vx = ($1,$27$3,ZL‘4, T )7

o0

where {a,}52, is a sequence of real numbers such that az > 0.a, € (0,1) for n # 2 and )~

F(T) #0,T € (AN)\ (QN) and T € (AN) \ (N).

1
an = =. Then,
2

Example 1.7. (see [46]) Let X = R and C = [0, 1]. For each = € C, define a mapping 7' : C — C by

1
kx, if nggi;

— k
Tr = _ ;
Qk—l(k x)? Zf

0, if k<z<lI,

<z <k

1
where 3 < k < 1. Then, T € (AN)\ (V).

Remark 1.8. From (|1.6) and the examples above, it is clear that the class of asymptotically nonexpansive mappings
is larger than the classes of nonexpansive and quasi-nonexpansive mappings.

It is interesting to note that a wide range of real life problems arising from different areas of optimisation, engineering,
variational inequalities, differential equations, mathematical sciences can be modeled by the equation of the form:

x =Tz, (1.8)

where T is a nonexpansive mapping. The solution set of the problem defined by (1.8)) coincides with the fixed point
set of T'. Different researchers have studied this type of operator in recent times, and more investigations are still on
going to expose some of the practical implications of its inherent properties (see, for example, [5], [20], [32] for more
details).

Definition 1.9. Let C be a nonempty subset of a real Banach space E. Recall that an operator A : C — E is
called :

(a) accretive if there exists j(z —y) € J(x — y) such that
(b) a-inverse strongly accretive if for some « > 0

(Az — Ay, j(z —y)) = allz = y||,vVe,y € C. (1.10)

Remark 1.10. In Hilbert spaces, the normalized duality map is the identity map. Hence, in Hilbert space, accretivity
and monotonicity coincide.

The following are some recent studies carried out on variational inequality problems for accretive and a-inverse strongly
accretive operators:



412 Agwu, Igbokwe

In [1], Aoyama et al considered the following general variational inequality problem in the setting of a real Banach
space: find a point x* € C such that, for some j(z — x*) € J(x — z*) such that

(Az*,j(x —2*)) > 0,V € C. (1.11)
The solution set of (1.11]) is denoted by VI(C, A); that is,
VI(C,A) ={z* € C: (Ax*, j(x —2™)) > 0,Vz € C}.

Recently, Ceng et al [29] considered the following inequality problem: find (z*,y*) € C' x C such that
MNy* + 2> — y*,x — 2*) > 0,Vz € C, (1.12)
(qu*+y*—x*,x—y*>ZO,VxEC, .

which is called general system of variational inequality, where A, B : C — H are nonlinear mappings and A,y > 0

are two constants. Simultaneously, they introduced an iteration scheme for finding common element of solutions of

and the fixed point problem of nonexpansive mappings in Hilbert space; and strong convergence theorems were
achieved under appropriate condition on the iteration parameters.

Very recently, Yao et al [43] studied the following general system of variational inequality problem in the setting

of a real Banach space E: find (z*,y*) € C' x C such that

(Ay* + 2> —y*, j(x —a*)) > 0,Vx € C, (1.13)

(Bx* + y* —a*, j(x —y*)) > 0,Vz € C, '

where A, B : C' — H are nonlinear mappings.
Most recently, Cai, Shehu and Iyiola [2] introduced and studied the following general system of variational inequality
problem in the framework of a real Banach space:find (z*,y*) € C' x C such that

ok ok x (1.14)
(uBx* +y* —2z*,j(x —y*)) > 0,Vz € C,

{ MNy* + 2> —y*, j(z —x*)) > 0,Va € C,
where A, B : C — H are nonlinear mappings and A, u > 0 are two constants. Observe that if A = 1 = pu, then
reduces to (1.13]).

We note here that the constraints of variety of real life problems inherent in image recovery, resource allocation,
signal processing, etc can be expressed as the variational inequality problem. Consequently, the problem of finding
solutions of variational inequality problems is currently an interesting area of research for a good number of renown
mathematicians in nonlinear operator theory.

To solve the variational inequality problem of , Aoyama et al [I] studied the following algorithm:

Tpn+1 = Opdp + (1 - an)QC(I - )\nA)xna (115)

where Q¢ is sunny nonexpansive retraction from E onto C and a,,} C (0,1) and {A\,} C (0,00) are real number
sequences. They proved the following weak convergent result:

Theorem 1.11. (Aoyama et al [I])
Let C' be a nonempty closed convex subset of 2-uniformly smooth and uniformly convex Banach space E. Let Q¢ be
the sunny nonexpansive retraction from E onto C. Let A : C' — E be an a-inverse-strongly accretive operator with

VI(C,A) # 0. If {\,} and {«a,} are chosen so that A, € [a, %} for some @ > 0 and «,, € [b,¢] for some b, c with

0 < b < ¢ < 1, then the sequence {z,} defined by (|1.15)) converges weakly to z, a solution of the variational inequality
(1.11)), where the real number K is the 2-uniformly smoothness constant of the Banach space F.

In approximating fixed points of nonexpansive mappings, many researchers in operator theory has employed the
viscosity approximation method which was introduced by Moudafi [32] in the following manner: Let C' be a nonempty,
closed and convex subset of a real Banach space E. Let T : C — C be a nonexpansive mapping such that F(T) # ()
and f: C — C be a contraction mapping. The viscosity iteration method is defined as follows:

For zy € C, let {z,}n>1 be a sequence generated by

Tn+1 = anf(xn) + (1 - Oén)T.%‘n, (1'16)
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where {a, },>1 is a sequence of real numbers in (0,1). Under appropriate conditions, the sequence defined by
converges to a fixed point of T'.

Recently, Cai, Shehu and Iyiola [2] introduced the following iterative scheme: Let C be a nonempty, closed subset of
a real uniformly convex and 2—uniformly smooth Banach space E. Let T : C' — C be an asymptotically nonexpansive
mapping such that F(T) # 0 and f : C — C be a contraction mapping. Then, the extragradient-viscosity iteration
method for the above mapping and problem is defined as follows:

Tn+1 = anf(irn) + ﬁnxn + 'VnTnZna
zn = QoI — AA)uy; (1.17)

Under suitable conditions on the iteration parameters, they proved strong convergence theorem of the sequence defined
by (1.17) to common element of solution of the variational inequality problem (1.14)) and fixed point problem of
asymptotically nonexpansive mapping. More precisely, they proved the following theorem:

Theorem 1.12. ( Cai, Shehu, Iyiola [2])

Let C be a nonempty closed convex subset of 2-uniformly smooth and uniformly convex Banach space X, which admits
weakly sequentially continuous duality mapping. Assume that C' is a sunny nonexpansive retract of X and let Q¢ be
the sunny nonexpansive retraction of X onto C. Let A, B : C — X be a- inverse-strongly accretive and S-inverse-
strongly accretive mappings, respectively. Let f : C' — C be a d-strict contraction of C into itself with coefficient
p € (0,1). Let T : C — C be asymptotically nonexpansive self mapping on C such that F = F(T) N F(G) # 0,
where G is as defined by Lemma 2.9. For arbitrarily chosen z; € C, let the sequence {x,,},>1 be defined iteratively
as follows:

Tn+1 = anf(xn> + ﬁnxn + ’YnTnZny
Zn = QoI — MA)uy;
Un = QC(I - NB)Ina

B

where 0 < A < %,0 < p < ek Suppose {an},{Bn}, {1} are sequences in [0, 1] satisfying suitable conditons.

Then, the sequence {z,} converges strongly to ¢* = Qrf(¢) and (gq,¢*) is a solution of problem (1.14]), where
q* = Qc(q — uSq) QF is the sunny nonexpansive retraction of C' onto F.

Moltivated and inspired by the idea in [I6] and other information above, we introduce a new mapping as follows:
Let C' be a nonempty, closed, and convex subset of a real uniformly convex and 2—uniformly smooth Banach space
E. Let {A}N ,{B;}}¥, : C — X be finite families of a-inverse-strongly accretive and B-inverse-strongly accretive
operators, respectively and {4, ;}¥; be a real sequence in [0, 1]. We define the mapping Z : C — C' as follows:

Wn,0 = I7
_ 1 .
Wn,1 = 5n,1G)\Hwn,0 + (1 - 6n,1)wn,07

Wn,2 = 6n,1G§\#wn,1 + (1 - 6n,2)wn,1; (1 18)

N-1 .

Wy, N-1 = On,N—1G},,  Wn,N—2 + (1 = Op,N—1)Wn,N—-2;
_ _ N

Zn = wp,N = 6, NG, Wn,N—1 + (1 = 6n, N )Wn, N1,

. « B ) .
where {G@\u N, =QclQcI — wiB;) — NA; (I — 1iBi)],0 < A < ﬁ,o < pp < 172k fori =1,2,---,N, K? is a
uniformly smoothness constant and I is the identity mapping. The above mapping Z,, is called Z-mapping generated

by G%\quiuv e 7G§\VM and 5n,1a5n,2» e 35n7N~

Using the above definition, we introduce an iterative scheme for finding a common solution for fixed point problem
of finite family of asymptotically nonexpansive mappings and finite family of variational inequality problems as follows:

o € C;
Tn+1 = anf(xn) + ﬁnxn + Zivzl 7n7i51nyn§ (119)
Yn = ZLnTn,
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where Z,, is as defined in and {an}, {8}, {7} are sequences in [0,1] with ay, + 8, + SN 7.s = 1. In
addition, we obtain strong convergence theorems of the scheme defined by under some suitable conditions on
the control sequences in the setting of 2-unformly smooth and uniformly convex real Banach space, which admits
weakly sequentially duality mapping.

Remark 1.13. The following remarks are evident from ([1.19)):

(1) fi=1and 6p1 =0, =1,%.1 = Vn, A1 = A and By = B, then (L.19) reduces to:

xg € C
Tnt1 = an f(Tn) + Ban + 1S Yn; (1.20)
yn = Qc Qe (xn — pBxy,) — AA(x,, — pBxy)],
(2) f u=0=Xin , then we get
Znt1 = Onf () + Bun + 3 S0, (1.21)
where x2g € C.

(3) f u=0= Ain (1.19), then we get

N
Tn+1l = Oénf(l'n) + ann + Z ’Yn,islnxna (122)

i=1
where xg € C.
(4) Ifé,, =1,B;,=1,p;=0,0p, =0 =, and S; = S = I, where I is the identity mapping, (1.19) reduces to:

N
Tpa1 = Yn,0Tn + Z ’)/anC(I - )\zAz)xna (123)

n=1

where Zﬁio Yin = 1.
(5) If B;=1I,pu; =0,ap, =0= 3, and S; = S = I, where I is the identity mapping, (1.19)) reduces to:

g € C,

N
Tn+1 = Yn,0Tn + 21‘21 Tn,iYns (124)
Yn = LnTn,

where Zio Yin = 1.

Note that (T.17)) is the same as (1.20), (T.21]) is more general than (I.16] since T is a subclass of S, (T.23) generalizes
(1.20)

(1.15) while (1.21)) is more general than . Consequently, the results presented in this paper extend, improve and
generalize some recently announced results in the existing literature (see, for example, [I]-[I0], [17], [27]-[53] and the
reference therein).

2 Preliminary

For the sake of convenience, we restate the following concepts and results:
Let E be a Banach space with its dimension greater than or equal to 2. The modulus of convexity of F is a function
dr(e) : (0,2] — (0,2] defined by

, 1
dp(e) = nf{l —[I5(@+y)ll : 2l = LIyl = Le = |lz — y]}-

A Banach space FE is uniformly convex if and if §g(g) > 0, for all € € (0, 2].
Let E be a normed linear space and let S = {x € E : ||z|| = 1}. E is called smooth if

ety o]
t—0+ t

exists for each x,y € S. E is called uniformly smooth if it is smooth and the limit above is attained uniformly for
each x,y € S.
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Let E be a normed space with dimension greater than or equal to 2. The modulus of smoothness of F is the
function pg : [0,00) —> [0, 00) such that

|z +yll + llz -yl
pE(T)=Sup{ 5 —1:lz| =1,llyll=7;.

It is known that a normed linear space E is uniformly smooth if

lim PEAT) (7)

T—0 T

=0.

Note that if there exists a constant ¢ > 0 and a real number ¢ > 1 such that pg(7) < c7, then E is called g-uniformly
smooth. Typical examples of smooth spaces are Ly, £, and W for 1 < p < oo, where Ly, £, or W is 2-uniformly
smooth and p-uniformly convex if 2 < p < oo; 2-uniformly convex and p-uniformly smooth if 1 < p < 2.

Let D be a subset of C' and let @ be a mapping of C' into D. The @ is said to sunny if

Q(Qz + t(x — Q) = Qx, (2.1)

whenever Qz + t(z — Qx € C and t > 0. A mapping @ of C into itself is called a retraction if Q% = Q. If mapping Q
into itself is a retraction, then Qz = z for every z € R(Q), where R(Q) is the range of Q. A subset D of C' is called a
sunny nonexpansive retract of C' if there exists a sunny nonexpansive retraction from C onto D. The following three
lemmas [2.1, 2.2, 2.3] are known for sunny nonexpansive retraction:

Lemma 2.1. (see [28]) Let C' be a nonempty, closed and convex subset of a uniformly convex and uniformly smmoth
Banach space E and let T be a nonexpansive mapping of C' into itself with F(T') # (). Then the set F(T) is a sunny
nonexpansive retraction on C.

Lemma 2.2. (see [20]) Let C be a nonempty closed convex subset of a smooth Banach space E and let Q¢ be a
retraction from E onto C. Let D be a nonempty subset of C. Let Q : C'— D be a retraction and J be a normalised
duality map on E. Then, the following are equivalent:

(1) Q¢ is both sunny and nonexpansive;

(i) Q2 — Qy|* < (x — y.J(Oz — Qy)), Yo,y € C;
(#i1) (x — Qex,J(y — Qcz) <0,V € E and y € CDnonumber.

It is well known that if E is a Hilbert space, then a sunny nonexpansive retraction Q¢ coincides with the metric
projection Po from E onto C. Let C' be a nonempty closed and convex subset of a smooth Banach space F, x € F
and xg € C. Then, we have from Lemma 2.2 that z¢ € Q¢ if and only if Yz — xg, J(y — 20)(< 0,Vy € C, where Q¢
is a sunny nonexpansive retraction from F onto C.

Lemma 2.3. (see [I]) Let C' be a nonempty closed convex subset of a smooth Banach space E, Q¢ be a sunny
nonexpansive retraction from E onto C' and A be an accretive operator of C' into E. Then, for all A > 0,

VI(C, A) = Fiz(Qc(I — MA)).

Proposition 2.4. (see [2], also see [28, Theorem 4]) Let D be a closed and convex subset of a reflexive Banach space E
with a uniformly Gateaux differentiable norm. If C' is nonexpansive retract of D, then it in fact a sunny nonexpansive
retract of D.

Lemma 2.5. (see [31]) Let {z,} and {y,} be bounded sequences in a Banach space E and let §,, be a sequence in
[0, 1], which satisfies the following condition: 0 < liminf, . 8, < limsup,,_, . Bn < 1. Suppose z,+1 = Bpz, + (1 —
Br)yn,n > 0 and limsup,—oo(||Yn+1 — Ynll = [|Tnt1 — @n|| < 0. Then, lim, o ||yn — n|| = 0.

Lemma 2.6. (see [48]) Let {a,} be a sequence of nonnegative real numbers with a,+1 = (1 — ay,)ap, + by, n > 0,

where «,, is a sequence in (0,1) and b, is a sequence in R such that > - = co and limsup,_,,, — < 0. Then,
Qn
lim,, o0 an, = 0.
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Lemma 2.7. (see [25], [37]) Let E be a real smooth and uniformly convex Banach space and r > 0. Then there
exists a strictly increasing, continuous and convex function g : [0,2r] — R with ¢(0) = 0 such that g(||jz — y|| <
l2[* = 2¢2, j(y)) + llyll?, for all 2,y € B,.

Lemma 2.8. (see [9]) Let C' be a nonempty closed convex subset of a real 2-uniformly smooth Banach space E. Let
the mapping A : C — FE be an a-inverse-strongly accretive. Then, we have the following;:

(I = XA)z — (I = XA)yl* < [lo = yl* + 2AAK? — )| Az — Ay]]?,
(6%

where A > 0. In particular, if 0 < A < 7k

then I — AA is nonexpansive.

Lemma 2.9. (see [9]) Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space E.
Assume that C' is sunny nonexpansive retract of E and let Q¢ be a sunny nonexpansive retraction of E onto C.
Let the mappings A, B : C — FE be a-inverse-strongly accretive and p-inverse-strongly accretive respectively. Let
G : C — C be a mapping defined by

G(I) = QC[QC(I - :qu) - )‘AQC(w—;LBQJ)],VLEEC.

o< A< % and 0 < pu < %, then G : C — (' is nonexpansive.

Lemma 2.10. (see [I4] Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space E and
let Q¢ be a sunny nonexpansive retraction of E onto C. A, B : C — FE be two nonlinear mappings. For a given
¥, y* € C,(x*,y*) is a solution to problem (1.18) if and only if * = Q¢ (y* — AAy*), where y* = Qc(z* — pBz*),
that is * = Gz*, where G is as defined by Lemma 2.9.

Lemma 2.11. (see [1],[14]) Let E be a real Banach space and J : E — 2" be a normalised duality mapping, then
for any z,y € F, the following inequalities hold:

2] + 2(y, j(z + ), Vi(z +y) € J(z +y);
21> + 2(y, j(2)), Vi(x) € J(x);

Iz +yl?

<
lz+yl* >

Lemma 2.12. (see [3]) Let C' be a nonempty closed convex subset of a real uniformly convex Banach space E and
let T' a nonexpansive mapping of C into itself. If {x,} is a sequence of C such that x,, — x and x,, — Tz, — 0, then
z is a fixed point of T

Lemma 2.13. (see [30]) Let E be a Banach space satisfying weakly continuous duality map, K a nonempty closed
convex subset of F and let T : K — K be an asymptotically nonexpansive mapping with a fixed point. Then [ — T
is demiclosed at zero; if {x,} is a sequence of K such that z,, — z and if x,, — Tx,, — 0, then z — Tz = 0.

Lemma 2.14. (see [2]) Let C be a nonempty closed convex subset of a real Hilbert space H and T : C — C be
1=
a k-strictly pseudocontractive mapping. Define A =1 —T : C — H. Then, A is

-inverse-strongly accretive

mapping; that is, for all z,y € C,
1—-k
(v =y, A — Ay) > —— [ Az — Ay|*.

3 Results

Lemma 3.1. Let C' be a nonempty closed convex subset of 2-uniformly smooth and uniformly convex Banach space
X whose norm is strictly convex. Let {A4;}7,{B;}I" : C — C be finite families of a-inverse-strongly accretive and
B-inverse-strongly accretive operators, respectively such that ﬂz’-”le(Gg\M) # (). where G&H is as defined in . Let
{004}, be a sequence of real numbers such that 0 < Oni; <1fori=1,2,---,N. Let Z, be the Z-mapping generated
by {Ggﬂ}i-v:l and {6, ;} ;. Then, {w,;}X7" and Z are nonexpansive. Moreover, Fiz(Z) = N, F( i\u)
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Proof . For each i = 1,2,--- ,N,G),: is nonexpansive (see lemma 2.7). Thus, from (1.18), we have the following

estimates:

[wn 12 — w1y

<
<
<
[wn,2z —wn2yll =
<
<
<
<
lwn,32 — w3yl =
<
<
<
<

||5n,1G%\,ux + (1 =6n1)r — (5n,1G§\uy + (1= 0n,1)y)l
Sn1llGxe =GRyl + (1= dna)llz = yll

nalle =yl + (1 =dna)llz -yl

[z =yl

||5n’2G§\#wn,1:c + (1= dp2)wniz — (6n72G§#wn,1y + (1= dn2)wn1y)l
5n,2||G§Mwn,1x - Giuwn,ly” + (1 = 0n2)|lwp 12 — wy 1yl

On2llwn1® — waayl + (1 = n2)l[wn12 — wnayll

w12 — wn 1yll;

= yll,

||5n,3Gi,uwn,2x + (1 = dn3)wn 27 — (5n,3G§\uwn,29 + (1 = dn.3)wn 2y)|l
5n,3||G§uwn,2x - Giuwnﬂy” + (1 = 6n,3) lwn12 — wn 29|

5n,3||wn,255 - wn,2y|| +(1 - 5n,3)Hwn,3x - wn,ly”

[ wn,27 — wn 2yll;

[l =yl

Continuing in this manner, we obtain that

||wn,N—1117 - ’UJn,N—zyH

= ||5n,N—1 Gf\vu_lwn,N—er + (1 - (sn,N—l)wn,N—Qa7

—(Onn—1GY W N2y + (1= Sn N 1)wn N2

< pN—1 ||Gf\V[1wn7N—293 - Gf\vﬂflme—,@yH
+(1 = 0p,N—1)[[wn,N—22 — wn,N—2Y||
< O N—tlwnn—22 —wa N_2yl| + (1 = 6nn—1)||Wn,N—22 — Wy N—2Y
< wp,N—22 — wn N —2yl];
< lz—yl;

Next, we show that Fiz(Z,) = ﬂzNle(Gg\#). Firstly, we show that ﬁf\ilF(Ggu) C Fix(Z,). Let a € ﬁﬁilF(Ggu),

then

Wp 10 = 5n,1G§\,ﬂ +(1—-0p1)a=a

2
Wpoa = 0p2G3,wp 10+ (1=, 2)wn 10

= §n’2G?\#a +(1—-dp2)a=a

N—1
Wy, N—10 = OpN-1Gy, WnN-2a+ (1 = 0pN—1)WnN-20

= 5n,N—1Gf\VH_1a +(1—bpn-1)a=a

N
Wy, NG = Op NG

yWn N—1a+ (1 =0, N)wn N—10

= (5n7NG§\VMa +(1—-0pn)a=a

Hence, Z,,a = a; that is a €

Fix(Z,).

Again, we will show that Fiz(Z,) C N/L, F(GY,). Let b € Fiz(Z,) and a € N/, F(GY,). By the definition of Z,,
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we get
la—=bl = |Zna—0|
H(Sn,NG)]Yuwn,N—la — b+ (1 — 5n7N)wn7N_1a — b”

H5n7N(Gf\VMwn,N—1a —b)+ (1 =6, n)(wn,n—1a — )|

< 5n,N||Gf\V,Lwn,N71a — b+ (1 —dp,n)||wn,n—1a — D]
< dpwlwn,N—1a =0l + (1 —0p n)||wn,Nn—1a — D]
< lwnn—ra—=0
= ||0n,N—1 Givljlwn,N,ga —b+ (1=, N_1)Wn N—2a—D
= 0 v—1 (G wn y—2a—b) + (1 = 6pn—1)(wn ny—2a = D)
< dpn—i1 ||Gf\vu_1wn,1v_2a — b+ (1 —8pn—1)l|wn,N—2a — D
< nn—tllwn,n—ga = b+ (1 =6 n—1)||wn,N—2a = b]
< Hwn,Nf,Qa - b”
= \|5n72G§#wn,1a—b+ (1 = 6p2)wn 10 — b
H%,z(Giﬂwn,la —b)+ (1 —dp2)(wn1a—b)|
< O 2llGRwnia = bl + (1 = 0n2) w10 — |
< Opallwnia —b|| + (1 — 0p.2)||wn,1a — b
< lwnaa =10
= H(Smle\Ma—b—l—(l—(5n71)a—b||
162,1(G300 — b) + (1 = 6n,1)(a — D)
< nallGha = bl + (1 = dna)lla — b (3.1)
< dnalla =0l + (1 = dn1)lla — bl
< la—of (3.2)

(3.2) implies that
1G3.a = bl = [la ]|

By the strict convexity of the norm of X, we obtain G} ,a = a; that is, a € F(G},). This implies that w10 = a.
Also, from and the fact that w, 1a = a, we get
la —=0] = H(Smnguwn,la + (1= 0p2)wn 16—
H5n72(G§\uwn,1a —b) + (1 = dp2)(wp,1a = b)||
5n72||G§\Hwn71a — bl + (1 —dpn2)||wn,1a — b
On,2l|GRua = bl + (1 = 8n.2)lla — b,

IN

(3.3)

so that
1GXa — bl = lla—b|

By the strict convexity of the norm of X, we obtain G3 ,a = a; that is, a € F(G3,). This implies that wy2a = a.
Continuing in this manner, we obtain

2 . _ N-1
a=G\,a=Ga=--=Gy, a

and
4 = Wnp,10 = Wnp 20 ="+ = Wy N—1Q.

Since a € Fix(Z,) = Fiz(w, n) and w, y—1a = a, it follows that
a=06n,nGrya+ (1= 6nn)a

This implies that a = Givua. Consequently, a € F (Givu). This completes the proof. [
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Lemma 3.2. Let C' be a nonempty closed convex subset of 2-uniformly smooth and uniformly convex Banach space
X, which admits weakly sequentially continous duality mapping. Assume that C' is a sunny nonexpansive retract of
X and let Q¢ be the sunny nonexpansive retraction of X onto C. Let {A;, B;}™ : C — X be finite families of
a-inverse-strongly accretive and S-inverse-strongly accretive operators, respectively. Let f : C — C be a p-strict
contraction of C' into itself with coefficient p € (0,1). Let {S;}, : C — C be a finite families of asymptotically
nonexpansive self mappings on C' such that F = (N7, F(S;)) N (ﬁ;’;lF(Gé\#)) # (), where Gg\ﬂ is as defined in (1.18).
For arbitrarily chosen z1 € C, let the sequence {z,},>1 be defined iteratively as follows:

xg € C
Yn = Z’I’ana

where Z,, is as defined in ((1.18)) and {ay,}, {Bn}, {7n} are sequences in [0, 1] satisfying the following conditions:

(a) an + By + 271:]:1 Tn,i = 1;
(b) 0 < liminf 8, <limsup 3, < 1;

kn—1
(€) limy oo ap = 0,3 00 | @y = 00, > oo Y2 < 00, limy, oo ———
n
)

(d) S satisfy the asymptotically regularity: lim, o ||S" 1z, — S"x,| = 0.
Then, the sequence {x,} is bounded and lim, ,« [|Zn+1 — x| = 0.
Proof . Let k, = mamlgigm{k,(f)}. Firstly, we prove that {x,} is bounded. Let 2* € F. Then, it follows from

Lemma 2.9 that z* = Qc(Qc(I — uB)a* — AMAQc(I — uB)x*)). Let s* = Qo (I — pB)z*), then 2* = Qc(I — AA)s™).
Also, from Lemma 3.1, we have

[yn — 2*|| = G50 — G| < 2 — 2| (3.5)
By condition (c¢), there exists a constant € with 0 <e <1 —4 and S Ani(kn — 1) < €ay, , for each i = 1,2, ,m,
such that following estimates hold:
|#nt1 — 2| = llanf(@n) + Buwn + D YniSiyn — 27|
i=1
m
= |lan(f(zn) — 2%) + Bp(zn —2") + Z'Yn,i(sznyn — ")
i=1
< anllf(@n) = @ + Ballzn — 2 + Y il SPyn — |
i=1
< anpllra ="+ 0allS) = I+ (=l |
+27n1 )_1”yn_xH
< Olnp\lxn =M +anf(a®) =2 + (1 - an)l|an — 27|

+27n1 n ”'rn_'r H

*
(1= (- p—Qan)llan — o' + (1= p— o, L]
l—p—ce
*\ gk
< max{”mn_x*H’M}
1—p—c¢
By applying mathematical induction, we obtain
* * f - I*
o =] < maafrg — o ML=

which implies that the sequence {z,}»>1 is bounded, and so are the sequences {f(x}n>1and {yp }n>1-
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Next, we show that lim,_, o ||Znt1 — Zn|| = 0. Define the sequence {x,} as follows:
Tn+1 = (1 — Op — ’Vn)xn + (an + 7n)£n7 (36)
Then, it follows that

Tpt2 = Bnt1Tntl  Tntl — Pnln

12 —l, = -
e " 1-—- BnJrl 1- Bn
_ an-&-lf(xn—i-l) + ﬁn-ﬁ-lxn-i-l + Zz 1 ’7n+1 zS el Tn+1 — ﬁn+1xn+1
1= Bnt1
_anf(xn) + Bnn + Zz 1 Tn, zS Ty — Bnln
1- ﬁn
_ an+1f(xn+l) + Zz 1 Yn+1, zS ntl Tn+1 N anf(xn) + ZZI ’Ynﬂszlxn
1- ﬁn+1 1-—- 571
o f(@ngr) — (1= Bnyr) ST 1+ D Y 1,iSE T T
1= Bnt1
_oznf(xn) B (1 B ﬂn)sznx” + Zzil "Yn7iS,Ln‘Tn 4 S?+1mn+1 _ S;q,xn
1- Bn
n+1
_ nt1(f(@ns1) — 5 Mang) _ an(f(zn) — S'an) + S;L+1$n+1 — SMa,
1 - ﬂn—‘—l 1 - Bn
for i =1,2,--- ,;m. The last equation implies that
Qni1 n n
[lnt1 = ol = llznt1 — znll < 1_7%||f($n+1) -5 AR + ||f(xn) Si x|
"’HSZL-i_lmn-&-l = S wp|| = |Tnt1 — an
Qn41 n+1 n n
< " -5 n n) — Sz,
< T ) = S il + T2 ) = ST
+HS?+1$71+1 - Sz'n+1wn|| + ||S'nJrl - Snan —Znt1 — znll
Qpt1 n n
< ——|f(@nt1) = S JrlfanrIH + ||f($n) Si'xnl|
1= Bnt1
+hpl|Tns1 — @ + HS‘n—Hx -5 an - ”xn—O—l — Zn|
Q41 n
< | f@n1) — S + 1 ||f($n) Sian||
1- BnJrl
"’HSin-i_lxn — Sz |l + (kn — 1)||xn+1 - an
Since lim,, o ky, = 1 and, for each i = 1,2,--- ,;m, S; is asymptotically regular, it follows from conditions (c¢,d) that
limsup([[€n41 = lull = [[@n+1 — 20|) <0.
n— oo
Using Lemma 2.3, we get
lim ||¢, —z,| =0, (3.7)
n—oo
and by (3.6)), we have
”h_>m [Zn+1 — 2|l = h_)m (1 = Ba)llln — xp| = 0. (3.8)

O

Lemma 3.3. Let C' be a nonempty closed convex subset of 2-uniformly smooth and uniformly convex Banach space
X, which admits weakly sequentially continous duality mapping. Under the assumptions of Lemma 3.2, lim,,—, o ||z —
Sitnll =0fori=1,2,--- ,m
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Proof . From

||1'n+1 - SznynH

we get

(0%
l2n+1 = SPynll < —=lf(@n) — SPynll +

Observe that

IAIA

m
[ f(@n) + Bran + Z'Yn,isznyn |
i=1

lanf(zn) + Brn + (1 — an — Bn) ST yn — Si'ynll
lan(f(zn) = Siyn) + Bu(n — Si'yn)||

anl| f(zn) = Si'ynll + Bullzn — Si'ynll

an | f(zn) = Si'ynll + Bullzn — Tpgall + Bullzntr — Si'ynll,

Bn
1_ﬁn

1_671

zn = SPynll < llzn — znsall + [[2ng1 = Si'ynll > 0 as n— oo

Using (1.18]), we have

lwn NEn —

(3.11) implies that

lwn nTp —

|

*H2

IA A IA

INIACIA

VAN VANVA

IN IN

IN

\|5n7NG§\V#wn7N_1xn + (1 = 0p,N)Wn,N—1ZTy — |
H‘STL,N(Gﬁ\Vuwn,N71$n = 2") + (1 = 6p,N)(Wn,N—12Zn — 27) ||
(;n,N”G%Lwn,N—lxn —z*+ (1~ 5n,N)||wn,N—1xn -z
n, N ||wn,N—12Zn — || + (1 = 0p N ) [ wn, N—120 — 27|
lwn,N—125 — 27|

H(sn,NflGivuilwn,N72xn + (]- - 6n,N71)wn,N72xn - .’E*H

421

|xn — Tnt1]l =0 as n — oco. (3.9)

Hén,N—l(GiVu_lwn,N—an - 1'*) + (1 - 5n,N—1)(wn,N—2xn - Jf*)H

S N1 |Gy wn N —amn — 2| 4 (1= 6 1) [ wn, N -2y — 2|

5n,N71Hwn,N72xn — o[+ (1 - 5n,N71)”wn,N*2mn — x|
| wn, N—22n — 27|

|wn 220 — 2|

Hén’gGinn,lxn + (1= 0p2)Wn 12y — x|
H5n72(G§\uwn,1xn —x")+ (1 - 6n72)(wn,1xn —z")||
6n72”G§\Mwn,1xn =& + (1 = 6 2)[wn 120 — 2™
O 2llwn 12, — || + (1 = dp2)||wn 12, — 2|

[wn, 120 — 27|

160,1G 3T + (1 — 0 1) 20 — 2|
167,1(GRun — &) + (1 = Gn1) (w5 — )|
211Gz — )2 + (1= 6p0) 2|2 — 22
+26n,1(1 = 6, 1)[|GA 2 — 2|12 — 27|
021 [1G 2 — 2 )? + (1= 6p1) 2|2 — 22

+on1 (1 = on)lIGRutn = 2 + [lon — 2]

(6.1 + 00,1 (1= 0, )]G u@n — 21 + [(1 = 00,1) + 0n,1 (1 —

S llGuzn — 2|2 + (1= 60) g — 2|2
Sn1llQc((I — p1By)zn — ANAL(I — py By)zy,) — o*|)?
+(1—0p1)|lzn — x*||?

(3.11)

On,)llln — 2|

(3.12)
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By setting w, 1 = Qc((I — p1B1)xy) and v, 1 = Qc((I — A1 A1)up1), (3.12) becomes

lwn, v zn —2*|* < Onallvns — 2| + (1 = 6n1) l2n — 2™

From Lemma 2.8, we obtain

[tun1 = s*I° = |1Qc(I — mB1)xy) — Qe(I — pyBr)a?)|?
I(I = p1By)an — (I — py By)a*||?
|@n — 2% — py (Brzn, — By

IN

< lwn — ¥ = 2u(8 — K2B)||Bizn — Biz*|?
and
[ong —a*> = QeI = MAi)up,1) = QeI — MAy)s™)|?
< = MADuny — (I = M Ay)s*|?
= Hun,l — S* — )\1(A1Un,1 — Als*)HZ
< g — s*|12 = 2\ (a0 — K2a)|| Ay, — Ars*|)?

(3.14) and (3.15) imply

[ong =P < lzg — 2*|? = 20m(8 — K2B)|| Buzy — Biz™|?
—2)\1(01 — K2O¢)HA1U»@71 — A1S*||2

(3.13) and (3.16) imply that

lwnnan —a*? < Snalllzn —2*|* = 2u1(8 — K?B)||Bizn — Biz™||?

—2X\1 (o — K2a) || Ayun 1 — Ars*||?] + (1 = 6p1) |20 — 2¥]|?
lzn = @*|1* = 20n,1001 (8 — K2B)|| Brawn — Bra* |
—205,1 M1 (a0 — K204)||A1un’1 - A15*||2

IN

Also, from ([3.11)), we obtain

l|wn,NTn — m*HQ < wnpzn — m*HQ

< ||5n,2G§#wn71:vn + (1= dp2)wpizy — x*HQ

= ||5,L,2(G§Hwn71xn —2*) + (1 = 6p2) (w12, — 2%)|?

< 6721,2||G§\pwn’lxn - x*HQ +(1 - (5”’2)2\\11}”,133” - x*”Q
+20p,2(1 — 5n72)||G§\#wn71:17n — || |wn 120 — ¥

< 672172||G%\pwn71xn - 37*H2 +(1 - ‘57172)2““)%1%1 - x*HQ
+6n,2(1 — 5n,2)[”G§Mwn,1xn —a* |2 + [ wn12n — $*||2]

< [53L,2 + 0n,2(1 — 5n,2)]”G§\uwn,lxn - J‘7*”2 +[(1— 5n72)2

+0n,2(1 = On )l wn 10 — 2*|?

= 5n72||G§ywn,lxn - x*Hz + (1 =dn2)llzn — :U*H2

= 0p2l|Qc((I — p2Bo)wy 12, — A2 Ao (I — p2Bo)wy 12,) — ||
+(1 = 0n2)||n — 2|

Setting up 2 = Qc (I — peB1)wp12y,) and v,2 = Qc((I — A2A2)uy 2), (3.18) becomes

| wn, N Tn — $*||2 < 5n,2||vn,2 - x*”Q + (1 - §n,2)||xn - x*”Q

Agwu, Igbokwe

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Using Lemma 2.8, we obtain

|Qc (I — paBa)wn12,) — Qc(I — poBa)wy 12*)||?

.2 = 5*]”

< | = p2Ba)wnaan — (I = p2Bz)wn 2|
= |wp12n — 2% — p2(Bown, 12, — Bowy, 12%)|?
< ”wn,lxn - x*||2 —2p2(B — Kzﬂ)”Ban,lxn - Ban,lx*”2
< lwn — 2¥])? = 2u2(8 — K?B)||Bowp, 12 — Bowy 12*||? (3.20)
and
[vne —2*? = Qc( — AaA2)un2) — Qe — A2Az)s™)|?
< (I = XeA2)up2 — (I = A2 Ag)s™|?
= |luna — 8" — Aa(Agty, 2 — Ags®)||?
< lp2 — s*||2 —2X(a — K2a)||A2un72 — Ags*H2 (3.21)

(3-20) and (3.21)) imply

[vne —2*? < llon — 2*|* = 2u2(8 — K2B8)|| Bawn, 12 — Bowp 12"
—2)\2(a — K2Oé)HA2Un72 - AQS*”Q (322)

(3-19) and (3.22) imply that

lwn nTn — 2> < Opolllzn —2*|? — 2u2(8 — K2B)||Bawn 17, — Bawy, 12*||?
—2Xp(a — K2a)||Agun,2 — Aos™[[*] + (1 = 6n2) a0 — 2|
< lwn — 2*|? = 200,201 (8 — K?B)|| Bown, 12 — Bowy 12 ||

—26, 222(a — K2a)|| Agup 2 — Ags*||? (3.23)

Again, using (3.11) and continuing in the manner as above, with u, v = Qc((I — unBN)wn, N—1Z,) and v, x =
Qc(([ — /\NAN)umN), we have

[on,v —2*|* <z —"[* = 208 (8 — K?B)|| Bywn,nen — Bawn,v—127 )2
—2)\]\[(04 — KQOé)HANun’N — ANS*HQ

and

wn NTn — 2| < |lon —2*]? — 28, npun (8 — K2B)|| BNwn N—1%n — Byw,, N—12%]?

—2(5717]\[)\]\[(0( — K2O¢)HAN’LL7L7N — 14]\[8*H2

In general, for i =1,2,--- , N, we have

vn: — 2| < lan — 2| = 2u(B — K*B)|| Biwn,i—12n — Biwy, i—12*|?

—2Xi(a — K*a)|| Ajup,; — Ais*|)?, (3.24)

[wn, N@n — |2 < Spillons — P 4+ (1 = Gni)|l2n — 2*|? (3.25)

and

[wn, vy — 2| < g —a*[° = 200, (8 — K?B)|| Biwn,i—12 — Bnwn i—12*||®
—26, i \i(a — K2a)|| Ajun ; — Ais*||? (3.26)
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From (3.4) and the convexity of ||, ., ||?, we get

m
[€n1 — |2 = lenf(zn) + Buan + Z'Vn,isinyn —a*|?
i=1

oo (f(2n) — &%) + Bn(@n — ™) + Z’Yn,i(sznyn — )|

i=1

m
anllf () = 17 + Ballwn = 2> + D il SFyn — 2*°
i=1

IN

m
an M* + Bz, — 2™ + Z 'Yn,ik?z”yn —a*|]%, (3.27)

=1

IN

where M* = sup,,>; = || f(zn) — 2*|.

(3-26) and (3.27) imply that

[Znt1 — 2P < anM* + Bollen —2*|* + Z'Ynzkiwxn —a*|?
i=1
—~26,,.:11i (B — K2B) || Biwp,i—12n — Biwn, i—12*|?
72(57%1')\2'(0[ - K2o¢)||Aiun7i — AiS*H2]

= @M+ (1= an)|en — 2"+ Y (ks = 1l|z — |
i=1

m
-2 Z 1Y itti (B — K2B)|| Biwn,i—12n — Biwn i—12*||?

=1
—2 Z §n7mn’i)\i(a — KQOZ)HAZ"LLTLJ — AAiS*”2
=1
(3.28)

Set D =231 6 1vm,itti(B— K2B)|| Biwn,i—12n — Biwni—12* |2+ 230" 6nivnidi(a — K2a) || Ajup,; — A;s*||?. Then,
it follows from the last inequality that

m
D < anM+(1—an)|an — |2 = st — 2t 2+ D yui (62 = Dllan — o*2
=1

= M+ || = (@1 = 2n) + Tpp1 — 2P = |2pga — 2"
m
+ ks = 1w — 2"
i=1
m
< an M lzgr — zal® + Y ks = 1)llzn — 2 (3.29)

i=1
Using (3.8]), conditions (c¢), Lemma 3.1, the fact that 0 < A < %, 0<pu< % and lim,,__, k, =1, we get
lim D=0

n—oQ

Thus, for: =1,2,--- , N, we have

lim ||Bi’wn,i,1$n — Biwnﬁi,lx*H =0= hm HAiun,i — Ait*” (330)
n—>o0 n—>00
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Since, using Lemma 2.7 and Lemma 2.2,

l|un,: — s*||? 1Qc(I — i Bi)wn i—17n) — Qc(I — piBy)wy i—12%)|)?

< (Wnim1@n — piBiwn i— 1%y — (Whi—12" — i Biwy, ;—12%), j(Un,; — s*)

= (Wn,i—1Tn — Wn i 12", j(Un,i — 5°) + pi(Biwn 12" — Biwn i 120, j(Un,i — 57)
1

< Sllwni-azn - W i1 [|* + [Jtn,i — $*11> = g% ([[wn,im120 — Uni — (2 = s%)]])]
+i|| Biwn i—12n — Biwy 12| ||wn,s — 87|

it follows that
ftni —s* 17 < Naw — 2% — g (|wn,ic12n — tng — (2 — s)|)

+2/sz||Bzwn,z—1xn - Biwn,i—lx*” Hun,i - S*H (331)

Applying the same method used for (3.31)), we get

[vni —a*1? = [1Qc(I = XNiAi)un:) — Qe (I — Aid;)s*)|?
< tp — NAiun; — (87— NAis™), j (v, — )
= (Un; — 8%, j(Uni — &) + Ni{Ais* — Ajun iy j(vn; — %)
1 * * *x
< Slluns = 17 + llons =212 = g** (ftns = vni + (@* = s)I])]
+Ail|Ais* — At i|l|vn,i — 2],
so that

[vni —a*1* < lung = s* 17 = g** ([un — vni + (&% = s7)II)

oM ]| Ayt — — 2| (3.32)

(3-31) and (3.32) imply that

[vni = 2* [ < llon = 2l = g* (lwn,i-12n = wni = (a* = s)]))

2043 || Biwn,i— 1%y, — Biwp j—12%[|||tun,; — ™|
=g ([[tn,i — vpi + (2% = sM)]))

27| Ais™ — Aguna|ll|vn,; — 27| (3.33)
From and (| , we have
lwn, v —a*? < Spalllen —2*? = g* (lwnic1 20 — tn; — (& — s )H)

+20:|| Biwn i~ 120 — Biwn i 10*||||tni — ™| — ¢ (|tn,i — vni + (2% — 7))
+2Xi[| Ais* — Agunil[lvn, — 2] + (1 — 5n,,-)||xn — z*||?
|12 = g* (lwnim1@n — tng — (&% — s*)]))
+201; || Biwn,i—125 — Biwn i—12*]|||un,; — ¥
lln,i = vngi + (@ = 7)) 4 22| Ais™ — Agun,ill[[on i — 27| (3.34)

= |on—2x

Thus, from (3.27)), (3.34) and the inequality:

[#ni1 — 2> < anM* 4 Bylan —2*|* + Z’Yn ik [l — ¥
=1
— g (Jwn,ic1Tn — Uni — (@ — %)) + 245 || Biwn,i—12n — Biwp i—12™||||un,; — s

(s = vns + (@ = ) + 20l Ais”™ = Agtinil[Jons — 2]

il
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= OénM*‘f'(l_an)||xn_$*”2+27nl _1)Hxn_$*”2
=1
m
= k2" ([wni1m = s — (% = 57)])
i=1

m
+2 Z’Yn,ikiMiHBz‘wn,iqxn — Biwy, i—12%|| ||t — ¥
i=1

_Z'}/n zkig** ||Un,i_vnz (17 - S )”)

+22’yn7ik‘i)\i|\Ais* — Agtin 1 || |vni — z*|] (3.35)

i=1
we obtain, with D* = Y7 | v, ik2g* (||wn,i—1@n — Un,i — (@* — $*)|]) + >oie ) Yn,ik2g™ (Jtn,i — v + (2 — s%)||), the
following estimation:
m
D* < a,M*+(1-ap)lzn — x*HQ + |Znt1 — x*||2 + Z'Yn’i(k?z = Dllzn — x*Hz

i=1

m
+2 3" k2 1il| Bitwn i1 — Bitwn 12 ||[[un,; — 5|

=1

m
2 yn ik | Ais® — Agti | [[on,; — 2]

1=1
m
< anMF A+ || = (Tagr — 2n) + (T — x*)HQ = lzns1 — 33*”2 + Z'Yn,i(ki = Dlzn — x*||2
=1
m
+2 Z'Yn,ik?l/li”Biwn,iflxn — Biwp 12" ||[|tn,; — s*|
=1
m
+2) kNl Ais® = At i[[vni — 2]
1=1
m
< M 4] = @ar1 = 22+ fowss — 21 — [onss - 12+ 3 i (k2 = Dllan — 22
=1
m
+2 Z'Vn,ikiﬂi”Biwn,iflwn — Biwn 12" |||t — 5*|
=1
m
22 " yn ik Nl Ais* = Agun | [[on.i — 2]
1=1
< @M A || — ] + va = Dy — *|? +2Z%” koo pti|| Biwn,i12n = Biwn i—12"||[[un i — s*||

1=1 =1

m
+2 3 kAl Ass” = Agtinil|[[on,s — ]

i=1

Using (3.8]), conditions (c), Lemma 3.1, the fact that 0 < A < % and 0 < p < % and lim,, o k, = 1, we get from
the last inequality that

lim D*=0
n—aoo
Thus,
lim g"([[wn,i12n = tn; = (" = s7)[) = 0= lim g™ ([lun,i — vni + (2" = 7)) (3.36)
n—o0 — 00
Hence, from the properties of g* and g**, we get
nl;m |wn,ic12n — tn; — (2 —s7)|[| =0= nlingo ltni — vn + (@ — M)l (3.37)
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Using (3.37) and the inequality:

wn,i—1Tn — Vol < Jwni1Zn — Un; — (z* —s)[| + Hun,z — Upi + (2 — s, (3.38)
we obtain
lim ||wpi—1Zn —Vp;|| =0,i=1,2,--- ,N. (3.39)
n— oo

Recall that
Wnp, NTp = 5n,ivn,ixn + (1 - 5n,i)wn,i—1xn

Consequently, for i = 1,2,--- , N, we have
|wn, NTn — Wni—1Zn]| < ||Un,iTn — Wni—1Zn]| =0 as n — oo. (3.40)
implies that
lwn NTn — Whi—1Zn|| = [|[Wn, NZrn — Whi—2Tn|| = - = [[Wp,NZn — 2] =0 (3.41)
Since {wy, &} is bounded, by Lemma 3.2, it follows that the limit exists. Define the mapping w : C' — C by

we, = lim w, yTy,

n— o0
so that
lim ||wy, &y — wTy,|| = 0,Vn > 1. (3.42)
n—roo
Observe that
lzn, — wan| < ||lzn — W, N || + |Wn,NTr — wWZy|| = 0 as n — . (3.43)
From (3.10) and (3.41)), we obtain
[yn = Siynll < lyn = zall + ll2n = Sfynll = 0 as n — occ. (3.44)

Again, from (3.41]) and (3.44]), we have

[en = Sianll < llen =yl + llyn = Siynll + 1157 yn — Si'en|
< A +Ep)llzn = yull + lyn — Si'ynll = 0 as n — oo (3.45)

Furthermore, observe that

[@n — Si'@nll + [|Si' @0 — S?Jrlxn” + HS?Jrlxn — Sizn||
(1 + kp)||zn — SPxn|| + |1SP 2y, — Sizn| = 0 as n — oco. (3.46)

||xn - Szxn”

INIA

d

Theorem 3.4. Let C' be a nonempty closed convex subset of 2-uniformly smooth and uniformly convex Banach space
X, which admits weakly sequentially continous duality mapping and for which the norm is strictly convex. Under the
assumptions of Lemma 3.2, the sequence {x,} converges strongly to ¢* = Qrf(q) and (g, ¢*) is a solution of problem
1.18, where ¢* = Q¢(q — uBiq) and Qp is the sunny nonexpansive retraction of C' onto F.

Proof . Since Qrf is a contraction mapping (very easy to verify), it follows from Banach contraction principle that
there exists a unique ¢ € C such that Qxf(¢q) = ¢. By the definition of sunny nonexpansive retraction @, we have
qe F.

Next, we show that
limsup(f(q) — ¢, j(zn — q)) <0, (3.47)

n—
where Qr f(q) = ¢q. Boundedness of {x,,} guarantees the existence of a subsequence {z,, } of {z,} such that z,,, — z
as k — oo and

limsup(£(a) — @, (zn — @)) = limsup(£(q) — 4. (wn, — )} (3.48)

n—o00 k—o0
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(3-43) and Lemma 2.12 imply that z € N2, F(G5,). Again, (3.46) and Lemma 2.11 imply that z € (N2, F(S;)) N
(M1 (F(G,)-

Since j is weakly sequentially continous, Lemma 2.2 and (3.48) imply that

liﬁsotip(f (@) —q,j(zn —q)) = liinjumf (@) — 4,5 (xn, —q))
= (fle) —¢.j(z—1q)
< 0,

which is as desired. Next, we show that z, — ¢ = Qrf(q) as n — co. Now, using (3.4)) and Lemma 2.11, we have

41 — Q||2 = ||Bu(zn —q) + Z’Yn,i(sznyn —q) + an(f(zn) — Q)||2
i=1
< ||6n(xn - Q) + Z'Yn,z(szlyn - q)||2 + 2an<f($n) - Qaj(xn-i-l - (]>
i=1
< (Ballen —all + Z'Yn,i”Sinyn —ql)? + 2anpllzn — gl 01 — gl
i=1
+2an(f(q) = ¢, 5(Tn+1 — @)
< (U= an)llzn —al + D ilkn = Dllyn — al)* + 2anpllzn — all 2041 — gl
i=1
+204n<f(q) - qvj(xn—Fl - q>
< (1_2an+a2+2<1_an)2'yn,i( n +Z'7nz - Hxn_q||2
i=1
tanp(zn = al® + l|znar — al*) + 200(f(q) — q,J(InH —q)
< (T4 app — 20, +2(1 — ap) Z'Vn,i(kn —D)llzn — CIHQ
i=1
+lap + Z’Yn i lllen = all* + anpllenis = all* + 20n(f(q) = ¢, j(xnt1 — q)
< 1= @=panlllzn —al? +{ag + (kn = DD 7o ilkn = 1)

i=1

+2(1 - an) ZWn,i]}M2 + anp”-rn-l-l - C]||2 + 2an<f(Q) - Q7j(xn+1 - Q>
i=1

where My = sup,,>; |lzn — ¢||*. Put

_ 2 =plan
R
ap (kp—1) o= ™
= . ; —1 2(1 — i| + M-
S et 2%k =1 4201 =) )il e

+2f(0) = 4. (@ns1 — ) }-
and

1
Wn = 7C {{a”+

( Z’ynlk —1)+2(1 - ay) Z’}’nl}Mg

+2(f(a) — 4 (@ns1 — q>}.
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Then the last inequality becomes

ant1 < (1= on)an + wy, (3.49)
where a,, = ||z, — ¢||? and w,, = Tn Hence, from condition (¢) and (3.49)), we get
n
oo
o, >0 as n— oo ,Zan =00 and limsupw, <0.
n=1 n— oo

Thus, from Lemma 2.6, the result follows as required (i.e., x,, — g as n — oo) and this completes the proof. [

Remark 3.5. In Hilbert space, the sunny nonexpansive operator Q¢ automatically becomes the projection operator
Pe.

Base on the remark above, (|1.18]) becomes: Let K be a nonempty subset of a Hilbert space H. The mapping
7 : K — K is defined as follows:

w0 =1I;
_ 1 .
Wn,1 = 6n,1G)\#wn,0 + (1 - 6n,1)wn,07

W2 = 0p 1G5, wn1 4 (1= 0p2)wn 1 (3.50)

N-1 ,

Wy, N—1 = 0n, N—1GYy, Wn,N—2 + (1 = 6n,N—1)Wn,N—2;
_ _ N

Zn =Wy, N = 6, NG, Wn,N—1 + (1 = 6n, N )Wn, N1,

i o B . .
where {G)\M}i]\i1 = Po[Po(I — uiBi) — MA(I — i B)],0 < A\ < ﬁ,o < Hi < 7 fori =1,2,---,N, K?is a
uniformly smoothness constant and [ is the identity mapping. The above mapping Z,, is called Z-mapping generated

1 2 N
by GA,. G2, GY, and 6,1, 80, Gn -

Corollary 3.6. Let K be a nonempty closed convex subset of of a Hilbert space H. Let Po be a metric projection
from H onto C. Let {A;, B;}™ : K — X be finite families of a-inverse-strongly accretive and [-inverse-strongly
accretive operators, respectively. Let f : K — K be a p-strict contraction of C' into itself with coefficient p €
(0,1). Let {S;}1*, : K — K Dbe a finite families of asymptotically nonexpansive self mappings on C' such that
F = (N2 F(S:) N (N2, F(GY,)) # 0, where Gy, is as defined in (3:50). For arbitrarily chosen z1 € C, let the
sequence {z, }n>1 be defined iteratively as follows:

T € K
Tntl = anf(xn) + 6n$n + Z’f\il 'Yn,iSinyn§ (351)
Yn = LnTn,

where Z,, is as defined in (3.50) and {a,}, {Bn}, {7} are sequences in [0, 1] satisfying the following conditions:

(a) Qo + Bn + 2712[21 Tn,i = 17
(b) 0 < liminf j,, <limsup 3, < 1;
kyp—1

)
(¢) limy—oo 0 = 0,300 | 72 < 00, limy, 00 =0;
)

n
(d) S satisfy the asymptotically regularity: lim, o ||S" "'z, — S"x,| = 0.

Then, the sequence {x,} is bounded and lim, o [|[Tn+1 — Zn| = 0.
Proof . Since H is a Hilbert space, then 2-uniformly smooth constant K = - The result follows from Theorem
34. 0

Remark 3.7. Since every asymptotically nonexpansive mapping is a superclass of the classes of nonexpansive and
quasi-nonexpqnsive mappings (see Example 1.3 above), the above results remain valid when S is either nonexpansive
or quasi-nonexpansive mapping.
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Application

As a direct consequence of Theorem 3.4, we have the following result:

Let K be a nonempty closed convex subset of a real Hilbert space H. A mapping T : K — K is said to be
k-strictly pseudocontractive mapping if there exists k € [0, 1) such that

T2 =Tyl < llz = yl* + k| (I = T)a = (I = T)y|?,Va,y € K. (3.52)

It is well known that if T" is k-strictly pseudocontractive, then A =1—-T : K — H is
(see [5] for details).

-inverse-strongly accretive

Theorem 3.8. Let K be a nonempty closed convex subset of of a Hilbert space H. Let Pc be a metric projection from
H onto K. Let the mappings {T;, 77}, : K — K be two finite families of {k;, k}}7,-strictly pseudocontractive,
respectively. Let {A;, B;}" : K — X be finite families of a-inverse-strongly accretive and S-inverse-strongly
accretive operators, respectively. Let f : K — K be a p-strict contraction of C into itself with coefficient p €
(0,1). Let {S;}, : K — K be a finite families of asymptotically nonexpansive self mappings on C such that
F = (N2 F(S:) N (N2, F(GY,)) # 0, where GY, is as defined in (3.50). For arbitrarily chosen z; € C, let the
sequence {x,}n>1 be defined iteratively as follows:

o € K;

Tnt1 = an f(Tn) + Bnn + vazl Vi S Y

Yn = Oni[(L = X)L + NiTiJun; + (1 = 6ni)wn,i1;
Ui = [(1 = )T + i TF) @, i = 2,3, , N,

(3.53)

where w1 = 8p1[(1 — M)+ MThun 1, un1 = 0p1[(1— p)I + 1 Tz, and {an}, {Bn}, {10}, {0n,i} are sequences in
[0, 1] satisfying the following conditions:

(a‘) Qpn + Bn + 22/21 Tn,i = 1;
(b) 0 < liminf 3, <limsupg, < 1;
k,—1
)
)

n

(c

(d) S satisfy the asymptotically regularity: lim,, o ||[S"" 12, — S™z,| = 0.

. - 00 2 . —_0-
lim, o0 atpy = 0, Zn:l T < OO, lim,, o0 = 0;

Then, the sequence {x,} is bounded and lim, o [|[Tn+1 — Zn| = 0.

Proof . Taking A=1—-T,: K — H and B=1—-T} : K — H, it follows from Lemma 2.14 that A =: K — H is
11—k
—

- hg

a-inverse-strongly accretive with o =
Observe that

and B =: K — H is [-inverse-strongly accretive with § =

Po[Po(I — piBi) — NiAi(I — piBi)] = Po[Pe(I — il = T7) — Ml = Ti)(I — (1 = T7)))]
= PolPc((I — pi)I + pwiT7) — N(I = Ti)((I — pa) I + piT7)))]
= Po((I — p)I +wiT7) — N1 = Tp) (I — i)l + wiTy)))
= ((I = pa)I 4+ pT7) = NI = T) (I — i) I + p 7))
= [(I = X)T+NT((I — pi)I + i)

Fori=2,--- N, let n, = Po[Po(wn,i—1Tn — piBiwn i—125) — A\ Ai(Wni—1Zn — piBiwy, ;—125)] so that

5n,i77n + (]- - 6n,i)wn,lxn - 5n,1(I - )\Z)I + A’LE]((I - Ni)wn,i—lxn + ,UfiTiwn.,i—lxn)
+(1 - 57z,i)wn,ixn (354)

Conclusion
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Fixed point problem has so many practical applications, especially in convex feasibility problems and set theoretic
signal estimations (see [2] and the reference therein). Conversely, numerous problems in physics, optimization, eco-
nomics and engineering reduce to finding a solution of a particular variational inequality. Using modified extragradient
method, we study an iteration algorithm for finding a common element of a set of solutions of a finite family of vari-
ational inequality problems for inverse strongly acccretive mappings and the set of fixed points for a finite family of
asymptotically nonexpansive mappings in the setting of a real 2-uniformly smooth and uniformly convex Banach space.
Strong convergence results, which improve, extend and generalize most of the currently existing results in literature,
were obtained. However, it still remains an open question on whether the result of Theorem 3.4 could be obtained if
the mapping S is asymptotically quasi-nonexpansive (or mappings larger than asymptotically quasi-nonexpansive). O
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