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Abstract

Let T' = (V, E) be a simple graph. A set C of vertices T' is an identifying set of T" if for every two vertices z and y
the sets Np[z] N C and Nrly] N C are non-empty and different. Given a graph T', the smallest size of an identifying
set of ' is called the identifying code number of I' and is denoted by /P (I'). Two vertices z and y are twins when
Nr[z] = Nr[y]. Graphs with at least two twin vertices are not identifiable graph. In this paper, we study identifying
code number of some Cayley graphs.
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1 Introduction

In this paper, all graphs are assumed to be finite, simple and undirected. We will often use the notation I" = (V, E)
to denote the graph with non-empty vertex set V= V(I') and edge set E = E(T"). An edge of T with endpoints u and
v is denoted by u — v. For every vertex x € V(T'), the open neighborhood of vertex x is denoted by Nr(z) and defined
as Nr(z) = {y € V(') | = — y}. Also the close neighborhood of vertex x € V(T'), Nr[z], is Nr[z] = Nr(z) U {z}. The
degree of a vertex o € V(I) is degp(z) = |Nr(z)|.

The complement of graph I' is denoted by T is a graph with vertex set V(I') which e € E(T) if and only if
e ¢ E(I'). For any Q C V(I'), the induced subgraph on €2, denoted by I'[2]. The join of n graphs I'y,Ts,..., T,
denoted by I'y + I's + - -- +T',,, is a graph obtained from I'1,T's,...,I',, by joining each vertex of I'; to all vertices of
I' (i#jand 1 <4,5 <n).

Let G be a non-trivial group, {2 be an inverse closed subset of G which does not contain the identity element of G,
ie. Q=071 ={s71|s5€Q}and 1 ¢ Q. The Cayley graph of I denoted by Cay(G, ), is a graph with vertex set G
and two vertices a and b are adjacent if and only if ab™! € Q.

A set of vertices I' such as C is a dominating set of graph I' if for every vertex x of V(I'), is either in C or is
adjacent to a vertex in C'. It is clear that every isolated vertex is in every dominating set of I'. Also, a set C' is called a
separating set of T if for each pair u, v of vertices of T', Nr[u| N C # Nr[v]NC (equivalently, (Nr[u] A Nr[v])NC # 0).
If a dominating set C' in graph I is a separating set of I', then we said that C' is an identifying set of graph I' and if T’

*Corresponding author
Email addresses: somaiya.ahmadi@edu.ikiu.ac.ir (Somayeh Ahmadi), vatandoost@sci.ikiu.ac.ir (Ebrahim Vatandoost),
a.bahraini@iauctb.ac.ir (Ali Bahraini)

Recetved: November 2021  Accepted: May 2022


http://dx.doi.org/10.22075/ijnaa.2022.25180.2940

3184 Ahmadi, Vatandoost, Bahraini

has an identifying set, then we said that I is an identifiable graph. Given a graph I'; the smallest size of an identifying
set of I' is called the identifying code number of I' and is denoted by P (I'). If for two distinct vertices = and v,
Nr[z] = Nrly], then they are called twins. It is noteworthy that a graph I' is identifiable if and only if T" is twin free.
In recent years much attention drawn to the domination theory which is very interesting branch in graph theory. The
concept of domination expanded to other parameters of domination such as 2-rainbow domination, signed domination,
Roman domination, total Roman domination number, and identifying code number. For more details, we refer reader
to [2], Bl 13l 15 [17).

The identifying code concept was introduced by Karpovsky et al [I2] in 1998. Later, several various families of
graphs have been studied; cycles and paths [3], 9], trees [I], triangular and square grids [I1] and triangle-free graphs [7].
Camarero et al [4], in 2015, provide a constructive method for finding a wide family of identifying codes over degree
four Cayley graphs over finite Abelian groups. Also identifying codes have found applications to various fields. These

applications include sensor network monitoring, identifying codes in random networks [8] and the structural analysis
of RNA proteins [10].

This paper deals with the study of identifying code number of some Cayley graphs. We show that Cay(G, ) is
not an identifiable graph if and only if Q@ € Ny 0)[s] for some s € Q. Also for some finite Abelian group G, with
G=(0),1¢Q=0"" we determine /P (Cay(G,Q)).

2 Preliminaries

In this section, we give some facts that we are needed in section 3.
Theorem 2.1. [12] Let ' be an identifiable graph with n vertices. Then v/?(I") > [loga(n + 1)].

Lemma 2.2. [16] Let T be a graph and C be an identifying set of I". If Nr[z] A Nrly] = {y1,y2}, then y; € C or
yo € C.

Lemma 2.3. Let n;, > 2 and I' 2 K,,, ,....n, be a complete multipartite graph. Then VID(I") = n — k, where
n=mni+ng+---+ ng.

Proof .Let X; = {1, ..., %n, }, induced subgraph on X; be empty graph and V(I') = U¥_, X;. Let C be an identifying
set of I' with minimum cardinality such that |C' N X;| < n; — 2 and {xip, 2} N C = O for some 1 < i < k. Then
Nr[zy]NC = Nr[z;,)NC, which is a contradiction. Sov/P(T') = |C| > n—k.Nowlet D = V([')\{z;; € X; | 1 <i < k}.
Then NF [l‘”}mD = (D\XZ)U{.TU} and NF [xﬂ]ﬂD = D\X, for 2 S j S g, 1 S ) S k. This shows that NF [a]ﬁD # @
and Nr[a] N D # Nr [b] N D, for every a and b in I'. So, D is an identifying set of I'. Thus v/P(T") < |D| = n — k.
Therefore, y!P(T) =n — k. O

Theorem 2.4. ([9], [3]) Let n > 4 be a positive integer and I' = C,,. Then

ifn=4,5
if n > 6 is even
%3 if n > 7 1is odd.

P (T) =

ENCERVY

Theorem 2.5. [14] Let n > 6 be a positive integer. If n is even, then

n—n/3 ifn=0 (mod 3)
YP(C)=n—|n/3] ifn=1 (mod3)
n—[n/3] ifn=2 (mod3),

and if n is odd, then
n—n/3 ifn=0 (mod 3)
FP(C) =43 n—[n/3] ifn=1 (mod3)
n—|n/3] ifn=2 (mod3).
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Lemma 2.6. Let G = (Q) be a finite Abelian group, 1 ¢ Q = Q7! and G\ (Qu{l}) = ), UQy such that Q;NQy = 0.
If ©; U {1}and Q5 U {1} are subgroups of G, then [Qy U{1}| | [G : €y U{1}].

Proof . Let Q1 U{1} = H and Q3 = {z1,...,2:}. For i # j and 1 < i,5 < ¢, since xm}l € Qy, Hx; # Hx; and
so cosets H = Hxg, Hxy,Hxo, ..., Hz; are distinct. If G = Ul_jHuz;, then (¢t + 1) | [G : H]. Otherwise, we have
G #U._yHx;. Let y; € G\ U._yHx;. Then for 0 <i <t and 0 <j < 1, the cosets Hz;y; are distinct, where yo = 1.
Iffor 0 <i<tand 0<j <1, G=U_o(Uj_oHziy;), then |G| = 2(t + 1)|H| and so (¢ + 1) | [G : H]. Since G is a
finite group, there is £ € N such that Hx;y; for 0 <i <t and 0 < j < £ are distinct and G = UE:O(Ufonxiyj). Hence
|G| = (t + 1)¢|H|. Therefore, (t+1) | [G: H]. O

3 Main results

In this section, we prove our main results.

Theorem 3.1. Let G be a finite group and 2 C G such that 1 ¢ Q = Q1. Then Cay(G, Q) is not an identifiable
graph if and only if Q@ C Negyq,0)[s] for some s € Q.

Proof . If Cay(G,Q) is not an identifiable graph, then there are two distinct vertices z and y in G such that
Neay(a,o)[7] = Neaya,o)ly]- Since z is adjacent to y, there is vertex s € Q such that y = s and s is unique. Also
Qx = Qy, because Negy(a,0)[T] = Neaya,o)ly]. So, for every s; € Q\{s} there is s; € Q such that s;z = s;y or
sj_lsia: =y. Thus sj_lsi = s and so s; = s;5. This shows that s is adjacent to s;. So Q@ C Negya,0)[8]-
Conversely, suppose that 2 C Nggy(a,0)[s], for some s € Q. Since Cay(G, Q) is [Q|-regular graph and 1 € Neay(a,0)(s],
we have Negy(a,0)[s] = QU {1} = Negy,0)[1]. Therefore, Cay(G, Q) is not an identifiable graph. [

Corollary 3.2. Let G = (a) be a cyclic group of order 2n, where n is even. If Q = {a?**1 | 0 <k <n -1} U {a"},
then Cay(G, Q) is not an identifiable graph.

Proof . We have N¢qy(q,0)(a”] = QU {1} By Theorem Cay(G, Q) is not an identifiable graph. O

Theorem 3.3. Let G be a finite group of order n and H be a proper subgroup of G. If G\ H = Q, then Cay(G, Q)
is an identifiable graph and v'P (Cay(G,Q)) = [G : H](|H| — 1).

Proof . Since H is a subgroup of G and H # G, G = (Q). Also we have Q = Q! and 1 ¢ Q. Let [G : H] = k and
Hay,Has,. .., Hay be the distinct cosets of H in G, where a; = 1. For hy and hy in H, we have (hia;)(hea;)~! =
hlhgl € H (1 <j <k). Soinduced subgrphs on Hay, Has,...,Hay in Cay(G,Q) are empty graph. Also for
ha; € Ha; and h'a; € Hay we have (haj)(h/ag)*l ¢ H. Hence ha; is adjacent to K ap. Thus Cay(G, Q) is isomorphic
to Kn,,..n, and ny = -+ =ny, = |H|. By Lemma [2.3] /P (Cay(G,Q)) =n—k =[G : H|(|H| - 1). O

Corollary 3.4. Let G be a finite group of order n = 2k. If a € G, o(a) =2, Q = G\{1,a}, then 4P (Cay(G, Q)) =k.
Proof . It is clear that G\ Q = {1,a} is a subgroup of G. By Theorem 1P (C’ay(G, Q)) =k 0O

Corollary 3.5. Let G = () be a finite group of order 2n > 6, where Q = Q=1 1 ¢ Q and || = n. If the induced
subgraph on €2 in Cay(G, Q) is empty graph, then v/ (Cay(G7 Q)) =2n — 2.

Proof . Since Cay(G, ) is n-regular and induced subgraph on Q in Cay(G, ) is empty graph, so for every = € €,
we have Neqya,0)(r] = G\QU {z}. By Theorem Cay(G, Q) is an identifiable graph. Also, for every y € G\ Q we
have Neqya,0)y] = QU {y}. Hence, Cay(G, Q) is isomorphic to K, ,,. By Lemma VP (Cay(G,Q)) =2n—2.0
Theorem 3.6. Let G be a finite Abelian group of order n and Q = G \ {1,a,b}, where G = (Q), Q = QL.

i ) Let o(a) € {2,4}. Then Cay(G, ) is not an identifiable graph.
ii ) Let o(a) = 3. Then /P ((Cay(G,Q)) = 2.
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iii ) Let o(a) =k and k > 5. Then if k = 5, then v/P (Cay(G,Q)) = 32, if k is even, then
t(k —k/3) itk=0 (mod 3)
VP (Cay(G,Q)) =S t(k — |k/3]) ifk=1 (mod 3)
t(k—[k/3]) k=2 (mod3),

and if k # 5 is odd, then

t(k—k/3) if k=0 (mod 3)
P (Cay(G, Q) = t(k —[k/3]) ifk=1 (mod 3)
tk—|k/3]) k=2 (mod3).

Proof .

i) If o(a) = 2, then o(b) = 2. It is clear that N,y c,0)lab] = QU {1}. If o(a) = 4, then b = a®>. We have
Neay(c,0) [a?] = QU {1}. By Theorem Cay(G, Q) is not an identifiable graph.

ii ) Let o(a) =3. Then b=a"! =a? and so G \ Q is a subgroup of G. By Theorem VP (Cay(G,Q)) = 2.

iii ) Let o(a) =k and H = (a). For every x € G\ H, induced subgraph on Hz in Cay(G, ) is isomorphic to Cj.
Ift=[G: H)and H = Hxzy,Hxs, ..., Hz; are distinct cosets of H in G, then by definition of Cayley graph, we
have

Cay(G,Q) = Cay(G,Q)[Hz1]) + Cay(G,Q)[Hxs] + - - - + Cay(G, Q) [Hzxy].

Let Cay(G,Q) =T and Cay(G,Q)[Hz;) =T, for 1 < i < t. Also let C be an identifying set of Cay(G, )
and CNHx; = C; for 1 <i <t. If1 <j <k and Np,[a?z;] N C; = 0, then C; = {a’~tx;,a/ T a;} and so
Nrla?~tz;] N C = Nr[a?ttz;] N C. Tt is impossible.

Also if Np,[a?z;] N C; = Nr,[a*z;] N C;, then Np[a/z;] N C = Nrla‘z;] N C, which is a contradiction. So C; is
an identifying set of I';. Hence v/P(T;) < |Cy|. Thus 4/P(T') > 4IP(T'y) + --- + 4'P(I'y). Now let D; be an
identifying set of I'; with minimum cardinality, for 1 <4 < ¢. It is easy to see that D = U!_; D; is an identifying
set of T. So v'P(T) < |D| = S!_, |Ds| = 32F_, 4'P(T;). Therefore

YPI) =" 4"P(1y) = t7"P(Cp).

i=1

If k=5, then 4/P(I") = g'yID(@) = gfyID(C5) - 3?”

Let k > 6. Then by Theorem if k is even, then

t(k—k/3) if k=0 (mod 3)
VP =tk —|k/3]) ifk=1 (mod 3)
t(k—[k/3]) ifk=2 (mod3),

and if k is odd, then
t(k —k/3) if k=0 (mod 3)
VP = t(k—[k/3]) ifk=1 (mod 3)
t(k—|k/3]) iftk=2 (mod 3).

O

Theorem 3.7. Let G = (Q) be a group of order n, z € Q and o(z) = 2. If H = (Q\ {z}) U {1} is a subgroup of G,
then 7'P (Cay(G,Q)) =n — 2.

Proof . Since o(z) =2, nis even. Let H = {1 = hq,ha,...,hs}. Then for 1 <4,j <t, hm;l € H and (h;z)(h;z)~! €
H. So induced subgraphs on H and Hz in Cay(G, 1) are isomorphic to complete graph K;. Also for 1 < i < ¢, we have
Neay(a,o)lhil = HU{h;x} and Negy(a,0)[hiz] = {hi}UHz. By Theorem Cay(G, Q) is an identifiable graph. Since
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Cay(G, Q) is a t-regular connected graph, G = H U Hx. Hence n = 2t. Let D = G\ {1,z}. Then Negyq,0)[hi| N D =
H \ {1} U {hll‘} and NCay(G,Q)[hix] ND = Hzx \ {SC} U {h,} for 2 S ) S t. Also NC’ay(G,Q)[l] ND=H \ {1} and
Neay@c,ox] N D = Ha \ {z}. Hence D is an identifying set of Cay(G,Q) and so v'P(Cay(G,Q)) < |D| = n — 2.
Now let C' be an identifying set of Cay(G,€2) with minimum cardinality. Since Cay(G, ) is a transitive graph, we
can assume that 1 ¢ C. We have Neoy(q,0)[t] & Neaye,o)lhiz] = {1, hi} for 2 <i <t, By Lemma h; € C. Also
we have Negy(a,0)[1] & Neaya,o)lhi) = {z, hiz}. By Lemma x € C or hyx € C. Without loss of generality, we
may assume that x ¢ C. So h;z € C. Hence H\ {1} UHz \ {z} C C and so |C| >n —2.

Therefore, v'P (Cay(G,Q)) =n—2.0

Theorem 3.8. Let G be an Abelian group of order n and H be a proper subgroup of G such that [G : H] = t. Also
let x € G\ H, o(x) =2, G\ (HU{z}) =Q and G = (Q). Then

% |H| =3, t >
4 |H| =4, t =2
ID )
Cay(G,Q)) =
7ICG D) =N,y \H| =4, t >3
L(H|-1) [H|>5, t>2.

Proof . Since H is asubgroup of G and o(z) =2, Q = Q" 'and 1 ¢ Q. So Cay(G, ) is connected graph. Let g € G\ H.
Then Hg C QU {z} and induced subgraph on Hg in Cay(G, ?) is empty graph. By Theorem Cay(G,Q) is an
identifiable graph. By Lemma t =2k, forsome k € N. Let H = {1 = hy,ho,...,ho}, G= U?Zleyjué?leyj, and
C be an identifying set of Cay(G, Q) with minimum cardinality, where y; = 1. If {h;y;, hey;, hiyjz, heyjz} N C = 0,
for 1 <4, < aand 1 < j <k, then Negye,)lhivi] N C = Neaye,o)lhey;] N C. This is a contradiction. So
|C'N (Hy; UHy;z)| > a — 1. Hence |C| > (a — 1)k and so v'P (Cay(G,Q)) > (a — 1)k.

Case 1: Let @« = 3 and |C’ﬂ (Hy; UHij)| = 2 for some 1 < j < k.

If N (Hy; U Hyjx) = {hiy;, hey;x}, then Negye,0)lhiyi] N C = Neaya,o) lheyjz] N C, which is false.

If C N (Hy; UHyjz) = {hy;, hey;} or C N (Hy; U Hy;x) = {hsyjx, hey;x}, then we have Negy a0 lhiy;] N C =
Neay(c,0)[hey;z] N C, which is not true. Hence, for every 1 < j <k, |C N (Hy; U Hyjm)’ =3 and so |C| > 3k. It
is easy to see that D = UleHyj is an identifying set of Cay(G,) and so v/P (Cay(G, Q)) < |D| = 3k. Therefore,
VP (Cay(G,Q)) = 3k.

Case 2: Let a =4. If t = 2, then by Theorem YIP(G) > [loga(n + 1)], we have v'P (Cay(G, Q)) > 4. It is easy
to see that H is an identifying set of Cay(G,2) and so /P (Cay(G, Q)) < 4. Therefore, v/P (Cay(G, Q)) =4.

Let « =4 and t > 3. Then ‘Cﬂ(HijHij)} >3for1 <j<k.

Now let |C’ﬂ(HijHij)‘ =3 forj € {i,£}. Then there are two elements g; and g, in G such that Negy(c,0)[91]NC =
Neay(c,o)lg2] N C. It is impossible. So |C| > 4(k — 1) + 3 = 4k — 1.

Now let D = (U_, Hy;)\{hayr}. Then Ny (a0 [hiy;]ND = {hiy; }U(D\ Hy;) and Neay a0 [hiy;2]ND = D\{hiy;}
forl1<i<aand1<j<k-—1. Also we have

Neaya,olhiye] 0 D = {hiyr} U (D \ Hyy)

Necay(c.o)hiyex) N D = D\ {hyyi}
Necayaa)lhayel "D = D\ Hyy,
Neay(c.olhayrz] N D = D,

where 1 < i < 3. Hence D is an identifying set of Cay(G, ) and so v/ (Cay(G,)) < |D| = 4k — 1. Therefore,
VP (Cay(G, Q) =4k — 1.
Case 3: Let a > 5. Then /P (Cay(G,Q)) > k(a —1).
Now let D = {hiyj | 1<i<a-3,1<;57< k} @] {ha—2yj7ha—1yj I 1 <5< ki} Then NCay(G,Q)[hiyj] NnD =
{hzy]} U (D \ Hyj) and Ncay(G’Q) [hiij} ND =D \ {hiyj,ha_gyj,ha_ﬂjj} forl1 <i<a-— 3, 1< j < k. Also for
1 <75 <k, we have

Neay(c.o)lha—2y;] N D = D\ ({ha-2y;z} U Hy;)

Neayc,o)lhayjr] N D = D\ {ha_2y;x, ha—1yjz}
Neay(@,0)lha-1y;] 0 D = D\ ({ha—1y;z} U Hy;)
Neayc,o)lha—1y;2] N D = D\ {ha_2y;x}
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Ncay(G,0)[ha—2y;z] N D = D\ {ha_1y;z}
Neayc.olhay;] N D = D\ Hy;.
Hence, D is an identifying set of Cay(G,Q) and so v'P (Cay(G,Q)) < |D| = k(o — 1). Therefore, v/P (Cay(G,Q)) =

k(o= 1) = 5(|H| = 1),
(]

Corollary 3.9. Let G = (a) be a cyclic group of order 2n, where n is odd.
If Q= {a*t1 | 0<i<n-—1}\{a"}, then

D )3 n=23
(Cay(G,Q)) B {n—l n # 3.

Proof . It is easy to see that if H = (a?), then G \ Q = H U {a"}. By Theorem

3 n=23

D(Cay(G,Q)) = {n 1 a3

O

Theorem 3.10. Let G1 = (Q1), G2 = (Qa), Cay(G1 X Ga, X Qg) =T, Cay(G1,Q1) =T and Cay(Ga,Q2) =Tg,
where 1 ¢ Q; = Qi_l and 1 < ¢ < 2. If I'y and I'; are identifiable graphs, then I' is an identifiable graph and
YIP(T) <ATP(F1) - TP ().

Proof . Let Q) = {s1; |1 <i<a},Q ={s9; | 1 <j <P} and Qy xQy C Np[(slg,S%)] for some (14, S2) € Q1 X Qa.
Then for every 1 <i < aand 1 < j < g with (i # 4,5 # k), (514, 525)(51¢, S21) € 1 X Qa.

So there are sy, € Q5 and sof € Qo buch that (s14, 525)(51¢, S2k) = (S1n, S27). Hence s1;81¢ = s1;, and sg;S2; = Saf.
Thus Nr, [s1¢] = €3 U{1}. By Theorem 3.1} Cay(Gi, 1) is not identifiable graph, which is a contradiction. Hence I' is
an identifiable graph. Let C; be an 1dent1fy1ng set of I'; with minimum cardinality, for ¢ € {1,2} and C = C; x C5. For
every y; € Gy and ya € Ga, we have Nr, [y1]NCy # 0 and Nr, [y2]NCs # 0. So Nr[(y1,y2)|NC # 0. This shows that C
is a dominating set of I'. Let (y1,%2) and (y;, y5) be two distinct vertices in Gy x Go. Since Nr, [11] NC1 # N, [v1] NCy
and Np, [y2] N Ca # Np, [ys] N Cs, there are two elements 2 € C; and y € Cy such that y; — 2 £ y; and yo — y £ ys.
Hence (z,y) € CN Np[(yl,yz)} and (z,y) ¢ CN Np[(yl,yz)} So Np[(yl,yg)] NC # Np[(yl,yQ)} N C. Hence C is an
identifying set of I'. Therefore, v/P(T') < |C| = |C4| - |Ca| = 1P (Ty) - v1P(Ty). O

For an integer k > 1, let Ay, = (V, Ex) be the graph with vertex set Vi, = {z1,..., 29, } and edge set Fy = {z; —
zj | i—jl <k—1}

Also, let o7 be the closure of {A; | i =1,2,...} with respect to operation <. In the next theorem, Foucaud et al.
showed that for any twin free graph I' ¢ {Kj ,,—1} U (&, <) U (&, x) 1 K1, /P (T) < [V(T)| — 2.

Theorem 3.11. [6] Let T' be an identifiable graph of order n. Then v/P(I') = n — 1 if and only if I' 2 K, and
I'e {Kl,n—l} U (%,D(]) @] (%,D’Q) > Kl.

Note: Foucaud et al [6], classify all graphs of order n with identifying code number n — 1. In Theorem and
Corollary we obtain graphs of order n with identifying code number of n — 2

Question: Which graphs of order n have identifying code number of n — 27
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