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Abstract

The purpose of this article is to introduce an implicit iterative algorithm which contains several well known existing
iterative methods. We study the strong convergence of the proposed iteration process to the common fixed points
of a finite family of uniformly L-Lipschitzian total asymptotically demicontraction semigroup in Banach spaces. The
results presented in this article extend, generalize, unify and improve the corresponding results of several authors in
the existing literature.
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1 Introduction

Let X be a real Banach space with dual X* and C' a nonempty closed convex subset of X. We denote by J the
normalized duality mapping from X into 2% defined by

JW)={f e X" (¥, f) = lwlI* =17}, V¢ € X, (1.1)

where (.,.) denotes the generalized duality pairing. Let j denote the single-valued-normalized duality mapping, ™
the set of real numbers, N the set of natural numbers and F'(S) denotes the set of fixed points of mapping S : C — C,

ie., F(S)={1h € X: 8=}

In the sequel, we give the following definitions which will be useful in this study.

Definition 1.1. A one parameter family & = {S(s) : s > 0} of self mappings of C is said to be nonexpansive
semigroup; if the following conditions are satisfied:

(i) S(s1+ s2)9 = S(51)S(s2)9, for any s1,s2 € RT and ¢ € C;
(ii) S(0)y = 1, for each ¢ € C;
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(iii) for each ¢ € C, s+ S(s)1 is continuous;

(iv) for any s > 0 and ¥, ¢ € C,
[1S(s)s = S(s)Cl| < [l = ¢]I- (1.2)

If the family & = {S(s) : s > 0} satisfies conditions (i)-(iii), then it is called:
(1) uniformly L(s)-Lipschitzian semigroup, if there exists a bounded measurable function L : [0,00) — [0, 00) such
that, for any ¢, € C' and s > 0,
15" (s)y = S™(s)CIl < Lis)llo = Cll, n=1; (1.3)

(2) strictly pseudocontractive semigroup (see Yang et al. [I8]), if there exists a bounded function A : [0, 00) — [0, 00)
and for any given ¢, € C, there exists j(¢ — ) € J(¢ — () such that

(S(s) = S(5)¢, i = Q) < v =<lI? = AT = S(s)) — (I = S())¢1%, (1.4)
for any s > 0;

(3) asymptotically strictly pseudocontractive semigroup (see Yang el al. [19]), if there exists a bounded function
A:[0,00) = [0,00) and a sequence {k,} € [1,00) with k,, — 1 as n — oo; for any given 9, € C, there exists
j( —¢) € J(¥ — ¢) such that

(8™(s) = 8™(5)C (W = Q) < kall = ¢l = AT = 8™ (s))y — (I — 8" (5))¢|, (1.5)
for all n > 1 and for any s > 0;
(4) total asymptotically strictly pseudocontractive semigroup (see Yang et al. [19]), if there exists a bounded function

A :[0,00) — [0, 00) and sequences {un} € [0,00) and {£,} € [0, 00) with u, — 0 and &, — 0 as n — oco. For any
given 1, ¢ € C, there exists j(¢ — {) € J(¢» — () such that

(S™(s)1 = 8™(5)C. 3 (% = ) <llp = ¢l = AT = 8™ ()9 — (I = S™()CI* + padb ([0 = CI) + &ns (1.6)

for all n > 1 and for any s > 0;
(5) demicontractive semigroup (see Chang et al. [3]), if () F(S(s)) # 0 and there exists a bounded function

s>0
A : [0,00) — [0,00) and for any given » € C, s > 0 and ¢ € [ F(S(s)), there exists j(¢» — q) € J(¢ — q) such
s>0
that
(S()¢ = q,3 (& — @) < [[¥ = all* = AL = S(s))l*; (1.7)
(6) asymptotically demicontractive semigroup (see Yang et al. [I8)]), if [ F(S(s)) # () and there exists a bounded

s>0
function A : [0,00) — [0,00) and a sequence {k,} € [1,00) with k, — 1 as n — oo; for any s > 0, ¢» € C' and
g€ () F(S(s)), there exists j(¢ — q) € J(¢ — q) such that

s>0
(5™ ()¢ = 4, 5(% = @) < knll = ql> = M) (T = S"(s)¥[|%, Vn > 1, (1.8)
for any s > 0.
(7) total asymptotically demicontractive semigroup (see Yang et al. [I8]), if [ F(S(s)) # 0 and there exists a

s>0
bounded function A : [0,00) — [0,00) and sequences {un} € [0,00) and {&,} € [0, 00) with p,, — 0 and &, — 0
as n — 0o. For any given s >0, ¢ € C and g € [ F(S(s)), there exists j(¢» — q) € J(¢ — q) such that

s>0
(S"()—q, i —q) < llv—dqll> =X —S"(s)l
+nd (|0 = Cll) + &n, YV > 1, (1.9)

and for any s > 0.

Remark 1.2. From the above definitions we have the following implications:

(i) If ¢(t) = t2, &, = 0, then the class of total asymptotically strictly pseudocontractive semigroup reduces to the
class of asymptotically strictly pseudocontractive semigroup and the class of total asymptotically demicontractive
semigroup reduces to the class of asymptotically demicontarctive semigroup;
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(ii) If k, = 1, Vn > 1, the class asymptotically strictly pseudocontractive semigroup reduces to the class of strictly
pseudocontractive semigroup and the class asymptotically demicontractive semigroup reduces to then the class
of demicontractive semigroup;

(ili) clearly, every strictly pseudocontractive semigroup with (s, F(S(s)) # 0 is a demicontractive semigroup, every
asymptotically strictly pseudocontractive semigroup with (), F(S(s)) # 0 is an asymptotically demicontractive
semigroup and every total strictly pseudocontractive semigroup with (), F(S(s)) # 0 is a total demicontractive
semigroup.

From the above implications, it easy to notice that the class of total demicontractive semigroup is the most general of
all the classes of semigroup mentioned above.

On the other hand, the convergence problems of semigroup have been considered by many authors in the past
three decades. Several implicit and explicit iterative schemes have been introduced and studied by many researchers in
nonlinear analysis for approximating the common fixed points of nonexpansive seemigroup, strictly pseudocontractive
semigroup, demicontractive semigroup and total asymptotically strictly pseudocontractive semigroup (see for example,
[, 2, 3, 5, 10, AT, 121 16l 18], 19 201 22] 24], 25] and the references there in).

In [24]-[25), Zhang considered the following implicit iteration scheme and proved that it converges strongly to the
common fixed point of strictly pseudocontractive semigroups in reflexive Banach spaces:

d)O € Cv
{ Un = (1= 1)t + S (), D (1.10)

where {7,,} is a sequence in [0,1] and {s,} is an increasing sequence in [0, 00). Many authors have studied and
proved its convergence to the common fixed points of nonexpansive semigroup, strictly pseudocontractive semigroup
and pseudocontractive semigroup, respectively (see for example Kim [6], Quan et al. [9], Thong [I3]-[I4] and the
references there in).

In 2011, Chang et al. [3] introduced the following Man-type iteration process:

¢0 € Cv
{ Uit = (1 = ) ¥n + 105 (5n)tn, vn 2 1, (1.11)

where {7, } is a sequence in [0,1] and {s,} is an increasing sequence in [0, 00). The authors proved that (1.11]) converges
strongly the common fixed point of Lipschitzian and demicontraction semigroup {S(s) : s > 0}.

In 2012, Yang and Zhau [19] introduced the following modified Mann-type iteration process for approximating
common fixed points of total asymptotically strictly pseudocontractive mappings in Banach spaces:

’(/}0 S Ca
{ st = (1= )tn + 7aS (su)tbn 2L (1.12)

where {7,} is a sequence in [0,1] and {s,} is an increasing sequence in [0, c0).

In 2013, Yang et al. [18] introduced and studied the following averaging modified Mann-type iteration process for
finite family of total asymptotically strictly pseudocontractive mappings in the frame work of Banach spaces:

eC,
{ %o Yn > 1, (1.13)

¢n+1 - (1 - ’Yn)wn + 77LS,ZC((:)) (Sn)wnv

where {7,} is a real sequence in [0,1], {s,} a increasing function in [0,00) and n = (k — 1)N +4, i = n(i) € I =
{1,2,...,N}, k= k(n) > 1 is some positive integers and k(n) — oo as n — 0.

Recently, Wang and Wang [15] studied the convergence of the following modified Ishikawa-type iteration process for
common fixed Points of total asymptotically strictly pseudocontractive semigroups in the settings of Banach spaces:

1/)0 S C7
o= (1 - 5n)¢n + 5nSn(Sn)wn
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where {7,} and {d,,} are sequences in [0,1] and {s,} is an increasing sequence in [0, 00).

Motivated and inspired by the above results, we introduce the following one step implicit iteration process for finite
family of total asymptotically demicontractive semigroup in Banach spaces:

eC,
{ %o Vn > 1, (1.15)

¢n = (1 —Tn — 5n)wn—1 + 'Ynsf((nn))(sn)wn—l + 5nszk((:))(5n)wn7

where {v,} and {0,,} are real sequences in [0,1] satisfying v, + d, < 1, {s,} is an increasing sequence in [0, 00) and
n=((k-1N+ii=n(i)el={12,..,N}, k=k(n) > 1 is some positive integers and k(n) — co as n — 0.

Notice that the iteration processes (|1.10])-(1.13]) are special cases of our new iterative scheme ([1.15)), i.e.,

reduces to when v, =0, 8" =S, N = 1.
(1.15)) reduces to when 6, =0, S" =S5, N = 1.
reduces to when §, =0, N = 1.

reduces to when 6,, = 0.

The aim of this paper is to prove strong convergence theorem of our new iteration process for common fixed
points of total asymptotically uniformly L(s)-Lipsschitzian demicontractive semigroup in Banach spaces. Since our
new implicit iteration process properly includes the iterative processes — which has been considered
by well known authors, hence, our results extend, generalize and unify the corresponding results of Chang et al. [3],
Thong [I3]-[14], Yang and Zhao [19], Yang et al. [I8], Zhang [24]-[25], and several others in the existing literature.

2 Preliminaries

In the sequel, we will need the following Lemmas.

Lemma 2.1. [4] Let C be a nonempty closed convex subset of a Banach space X and S : C' — C be a continuous
and strongly pseudocontractive mapping. Then S has a unique fixed point.

Lemma 2.2. [20] Let J : X — 2% be the normalized duality mapping. Then for any 1, € X, one has
9+ CI? < 9l +2(C 3 (W +¢), Vi +¢) e JW+0). (2.1)

Lemma 2.3. [I5] Let {¢,} and {A,}, {0,} be sequences of nonnegative real numbers satisfying the following in-
equality:

I < (1+ A0, +0py, n> 1 (2.2)

If Y2 Ay, <ocoand )y~ 0, < oo then lim ¥, exists. Additionally, if {#,,} has a subsequence {¥,,} such that
n—oo
Iy, — 0, then lim 9, = 0.
n—oo

3 Main results

Now we show that our new iteration process (|1.15]) can employed to approximate the common fixed points of finite
family of uniformly L;(s)-Lipschitzian total asymptotically demicontractive semigroup. To see this, we need to prove
that it is well defined.

Let C be a nonempty closed convex subset of a real Banach spaces X. For some fixed i € N, let ; = {9;(s) :
s > 0} be a finite family of uniformly L;(s)-Lipschitzian total asymptotically demicontractive semigroup with a
bounded measurable function L; : [0,00) — [0,00) and a bounded function A; : [0,00) — [0,00) and sequences
{in}, {&n} € [0,00) with pz — 0 and &, — 0 as n — oo, such that

L' =sup Li(s) < 0o, A" = inf \;(s) >0, F' = ﬂ F(S;(s)) # 0.
520 520 s>0
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Then, for ¢, € C, ¢ € F* and s > 0,

(Sts) —a i@ —a) < v —dall> = XN = SFENYI? + pind (Y = Cll) + &in, ¥ 2 1, (3.1)

where ¢; : [0,00) — [0,00) is a continuous and strictly increasing function with ¢;(0) = 0, and

187 ()9 — SP ()¢l < Ll = ¢l n > 1. (3-2)

Consider a family {3;}Y; of uniformly L;(s)-Lipschitzian total asymptotically demicontractive semigroup of C' and
let

% [
L—1r<nza<>§vL < 00, )\—11r<nza<>§v)\ >0, F= m mF(S(S))#(D
1<i<N s>0

= ma = ma = ma
Hon = 1<i <)§VM”“ fn = 1<i <>§me, ¢ = 1<i <}§v¢l

For ¢, € C,q€ F and s >0 and any 7 € {1,2,..., N},

(i) =i —a)) < ¢ —all* = AT = SFENUI + pnd (v = Cll) + &n, YV > 1, (3.3)
where ¢ : [0,00) — [0, 00) is a continuous and strictly increasing function with ¢(0) = 0, and

155" ()¢ — SF ()¢l < Ll —¢ll, n>1. (3.4)

Let {t¢,} be defined by (1.15]). For s > 0, define a mapping T,, : C — C by

Vi € C'and n > 1.
Now for any ¥,( € C and Vn > 1, we have,

(0n S (50) = S5 (50)C, (00 = Q)
(6 (SN (s )0 — SET) (52)0), (0 — )
Sn{Sio (sn )t = S (30)C, 3 (8 = )
Sall I (sa)w = S5 (s )C 1 — ¢
SuLllv — ¢,

IA

IN

since 0, L € (0,1), we see that T, is a strongly pseudocontractive mapping, which is also continuous, so from Lemma
2] T,, has a unique fixed point v, € C, that is

Y = (1 —=9n — 6n)¥pn—1 + VnSZ(n) (8n)%n-1+ dn Sz(n) (8n)%n (3.6)
has a unique solution for each n > 1. Therefore, {t,,} is well defined. Now, our main result is given as follows:

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Banach space X. For some fixed ¢ € N, let
Sy = {Si(s) : s > 0} be a finite family of uniformly L;(s)-Lipschitzian total asymptotically demicontractive semigroup
with a bounded measurable function L; : [0,00) — [0,00) and a bounded function \; : [0,00) — [0, 00) and sequences
{ttin}, {&in} € [0,00) with p;, — 0 and &;,, — 0 as n — o0, such that

L' =sup L;(s) < 00, A :;gg)\i( ) >0, F' —ﬂF )) # 0.

520 s>0

Let L, A\, F, ¢, {p,} and {&,} be same as above. Assume that there exist M and M* which are constants such that
o) < M*4?, for all p > M. For arbitrary 1 € C, let {¢),} be the sequence generated by (L.15). Let {,},{dn}
be two real sequences in [0, 1] such that 7, + 6, < 1 and {s,} be an increasing sequence in [0,00). If the following
conditions are satisfied:
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(i) 3 (n +8n)? < 00
n=1
(i) 21(7n +6n) = 005
(111) 21('771 + 677,)//% < 09, 21(')% + (Sn)fn < 00
(iv) 0,L < 1;
(v) assume for any i € {1,2,..., N} and for any subset D € C,
lm — sup |5 (t + sn)y — 57 (sn)9]| = 0; (3.7)

N0 heD teRT

(vi) there exists a compact subset ¥ of X such that (1] Sy(s)(C) C ¥ for some g € {1,2,..., N}.
s>0

Then the sequence {v,} converges to a point in F'.

Proof . We dive the proof of Theorem [3.1] into five steps.
Step 1. Since the common fixed point set F' is nonempty, let ¢ € F. For each ¢ € F, we prove that lim |4, — ¢||
n—oo

exists.
Using and Lemma [2.2] we obtain
len = al® = (1= = 6)¥n1 + 9S50 (sn)ton 1 + 0085 (s0)tom — a®
= (== ) (W1 — @) + vn<si<$”;’<sn>wn,1 - q)
+on( i) (sn)tom — @)
< (1= = 8221 — gl + 20 (Si) (sn) b1 — 9)
+0, (S35 (3n)n — @), 3 (n — D))
= (1= = 0n)?lton1 — al* + 29 (S (50)¥n—1 — 4, 5(t0n — @)
+20, (S0 (50 — 4,3 (¥n — 0))
= (1= = 62)2[[n1 — all® + 2% (S (sn)tn1 — S (50)tom
+Sion (50)tn — 4,3 (¥n — @) + 200 (S} (50)8n — 4,3 (¥n — @)
= (L= = 0 [ 1 — all + 29 (S (5)n1 = S (5, 5 (Won — @)
29 (S (50) 00 = €3 (n — @) + 200 (S (52)00n — 4,3 (n — @)
< (1= n = 6?1 — al® + 27allSE (snwm — S5 (s )l [on — gl
+ 29 (S (50)8n — 4,3 (n — 0)) + 200 (SIS (50)0n — 4,3 (n — @)
< (T—qn— 5 [en—1 = qll* + 27n Ll|ton—1 = ¢nlllln — 4]
2 + 0u) (S (50 — 0, 5(W0n — ). (3.8)
Notice from that
[n = nall = (S5 (sn) o1 = Wn1) + 6 (SE (50)m — ton 1)

= |l f(”><sn>¢n 1= 1)+ 0n (S (sn)n — 1)

< Al S (sn)n1 = gl + mlln—1 — gl
k(n
+0ulISI (50)%n — all + bn |1 — dll
< ML|[Yn—1 = qll + yalltbn-1 — 4l

+6nL”wn - QH + 5n||1;[}n—1 - QH
= (WA + L)+ ) [¢n-1—qll + 6nLlltn — gl (3.9)
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By putting (3.9) into (3.8), we obtain

[on —al® < (1= = 62)?[Yn-1— qlI* + 29 L{ (3 (L + L) + 6n) tbn—1 — 4l
+0n Ll — qll}1ton — gl + 2(7n + 6n )(5z(n) (80)¥n — ), j(¥n — q))
= (1= —=0)?[¢n—1—ql* +2mL(v ( + L) + 0n) 1tn—1 — all1ton — 4l
+29n0n L[|t — ql|* + 2(vn + 0n) Sk (50)n — 0,5 ($n — 0))- (3.10)

A

Since
1
[n—1—allllvn —qll < 5(”1&7171 —ql® + [l¢n — all?), (3.11)
then from (3.10)) and ( we obtain

||1/)n - qH2 < (1= — 5n)2Hwn—1 - Q||2 + Q'VnL('Yn(l + L) + 6n)
1
5 (lltn—1 — CI||2 + 190 = all?) + 29060 L2 ||90n — ql?

+2(7n + 00)(S (sn)wn 4,5 (¥n — q))
= [(1—7n—d,)° + %L(%(l + L) + 0)l[on-1 — ql?
L (1+ L) +0n) + 29000 L] |90 — alf®
+2(7 + 8a)(S} (Sn)llfn = ¢, (n — q))- (3.12)

Since $; = {Si(s) : s > 0}, i € {1, 2 ,} is a ﬁnite family of uniformly L(s)-Lipschitzian total asymptotically
demicontractive semigroup, then from and ( we obtain

||1/Jn - QHQ S [(1 - Tn — an)Q + ’VnL('Yn(l + L) + 6n)]||wn71 - QH2
+[ Y L(yn (1 4+ L) + 0p) + 27n5nL2] tn — ql|? + 2(7n + 0p) X

{lm — Q||2 AM|tpn — Sl(n (80)Unll + @[t — qll) + &0}
(3.13)

Since ¢ is a strictly increasing function, it follows that ¢(v)) < ¢(M), if v < M; ¢(vp) < M*?, if b > M. In either
case, we can obtain

P(¥) < $(M) + M*>. (3.14)
Hence from (3.13)) and -7 we have

[ —all*> < (1= = 0n)* + YL (1 + L) + 6,)]l[¢n—1 — ql?
Y L(yn (14 L) + 6,) + 2900 L2 |[t0n — q|* + 2(7n + 6n) X

{1 = all* = Aln — S5 (5)n1? + pnd(M) + i M* 5 — || + €}

= [1=vm— 5n)2 + Y L(vn (L + L) + 05)][[thn—1 — Q||2
+[7nL(7n(1 + L) + 5n) + 27n5nL2 + 2(771 + 671) + 2(7'” + 5n)ﬂnM*]Hwn - QH2

~2(n + 5 Al = SE) (50 )ton 1?4 2 + 80) 0@ (M) + 2(3 + 60)n
= Vn||1/)n—1 - Q||2 + Cnllwn - q||2 + 2(711 + 5n)ﬂn¢(M) + 2('771 + 5n)£n

N

~2(n + ) Al[on — Sk (50)nl |2, (3.15)

where
v = (1= = 02)° + Lyl + L) + 8,), (3.16)
G = WL+ L)+ 6,) + 27,6, L% 4 2(yn + 6n) + 2(Yn + 6 ) i M. (3.17)
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From simplification of (3.15) we get

2(Yn + 6n) pn (M) i 2(Yn + 0n)én
1- Cn 1- <n

v
[om —ql* < ﬁ”ﬁ’n—l*QHZJF
n

e [ AT
_ (1 N 1/n+_42n—1> s —ql® + 2(n +15ﬁ)5:¢(M) N 2(%11 j?:)fn
20y, S s (3.18)
Observe that
Un+Ci—1 = (Yn+00)%+2%L(yn(1+ L) + 6,) + 2900 L? + 2(yn + 0p) in M. (3.19)
Set
Op = v + G — 1. (3.20)

o0
Since by condition (i) we have that Y (v, + §,)? < oo, then this implies that 7, + 8,72, Yn6n — 0 as n — oo and
n=1

recalling condition (iii), we obtain
Cn = WL (14+ L) + 6,) + 29000 L2 + 2(vn + 60) + 2(Yn + 0t M* — 0 as n — oo,

therefore, there exists a positive integer ng such that

1
5 <1-Cu<L Vnzn. (3.21)

Thus, from (3.18) we have that

Hq/’n*QHz > (1+219n)||7/’n—1*QH2+4(77L+5 Vind(M)
F4(Yn + )6 = 209 + )M U = Sy (5)0n
= (1+04n)||¢n—1_qn +6n

A

—2(n + ) Atn — SE) (50800 (3.22)
< (T+an)|[n-1 —qll* + Bn, (3.23)
where
ap = 2Up,
ﬁn = 4(771 + 6n>/~‘n¢<M) + 4(771 + 5n>€n

o0 o0 o0
Again, since by condition (i) we have that Z (Y + 0n)? < oo, which implies that > 72 < 0o, Y y0n < o0,

n=1 n 1
recalling from condition (iii) that Z (Yn + 6n) i < 00 and Z (Yn + 0n)€n < 00, then it follows that Z oy, < 00 and
n=1 n=1

Z Brn < 00.
n=1

Notice from (3.23) that all the conditions of Lemma are satisfied. Thus, lim |[¢), — ¢| exists, therefore, the
n—oQ

sequence {||1,, — ¢||} is bounded.

Step 2. We now show that hm 1nf ltbr — Szk((:))(sn)l/}nﬂ =0.
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From (3.22)), we have

2(Yn + n) A||ton — Sz(n) (Sn)¢7t||2 < ln-1 — QH2 — [|tn — C]”2
+an|‘wn—1 - q“2 + Bn.-
Let ¢ = sup,,>; [[»n—1 — ¢||. Then, for some m > 1 we get

m

m
k(n
Z%w een = S5 (sn)vall? <D (on-1 = all® = l[n — al®)
n=1 n=1
+§0220¢n+25n
< HwO_QHQ"_SD?ZO‘n"‘Zﬂn
n=1
Letting m — oo, we obtain
k oo
2AZ Yo+ 00)[9n — Sk (s)enll? <Y (1no1 — all* = [len — all?)
n=1 n=1
+w2zan+2ﬁn
< I\wo—q\|2+w22an+25n

n=1

Since Z oy, < oo and Z Brn < 00, it follows from ([3.27) that

= n=1

Zwa Men = S (s)nl® < o0,

o0
Since from condition (ii) we have > (v, + d,) = oo, then we must have that
n=1

.. k(n
tim inf [, — S0 (50) gl = 0.

Step 3. We now prove that liminf ||¢,, — k(")( )| = 0.
n—oo

z(n

Since from condition (i) we have Z (4 + 6,)? < 00, which implies that

549

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

E 72 < oo, Z 82 < oo, then we know that 7,,d, — 0 as n — oo. Also, since hm ltn, — q|| exists for all ¢ € F,

n=1

from (3.9) we have
lim ||, — ¥n-1] = 0.
n— oo

This implies that

ll)m ||'wn+2 - wn” =0, Vi e {1727 7N}

(3.30)

(3.31)
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For any s > 0, we have

IN

[t = S5 (s)tbnll + IS (sn)ton = S5 (5 + D)o
HISED (5 + 8)1n — SE ()20

( + L)Hwn - Sl(n) (Sn)wnH

+ sup [ISI (s st — Si (su)t)- (3.32)
te{¢n },seRt

IN

Now from and with the help of condition (v), we have
Jim [l — Si (s)ul = 0. (3.33)
Step 4. We will now show that
Tim [, — Se(s)¢pnll =0, VL€ {1,2,..., N}. (3.34)
Since for each n > N, n = (k(n) — 1)N +i(n), where i(n) € {1,2,..., N}, then n — N = (k(n) — 1)N +i(n) — N =

[(}fﬂ(n) —1)=1N+i(n) = (k(n—N)—1)N+i(n— N), thus k(n— N) = k(n) — 1 and i(n — N) = i(n), hence, we see
that

||wn - Si(n) (S)wnH < Hwn - 1(n) (S)Q/JHH + ||Szk((nn) (8)¢n — Si(n)(s)wnn
< o = i ()l + LIS 7 (5)n — vl
< g - sf<”’<s> Yl + LISI T (5)n — SE 3 (8)8n- |

HS R (8 )nn = Yo n [l + [Yn—n = Gl (3.35)

Notice that k(n — N) = k(n) — 1 and i(n — N) = i(n). Thus, it implies that

ISI ™ ($)wn — S S nonll = ISID T ()wn — ST ()

Lt = n—nll (3.36)

IN

and
k(n n
IISz&)Nl( Wnn — tnnll = 15 fJQ( W = Yn-n I (3.37)
Substituting (3.36)) and (| into

9 — Sigmy($)tnll < lton — sf<”><s>wn|| + L(L|| ¢ — nn|
1S5 ()t = Ynenll + - — tul)-

It follows from (3.31]) and (| - ) that

T ([t Sin) (8)6n ]| = 0. (3.38)

In particular, we see that

lim [[¢n+1 — Si(s)Yrn+1ll =0,
k—o0

kh_{go lVent2 — S2(s)Yrni2|l =0, (3.39)

klggo [Yrn4n — SN (s)brnin] = 0.
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For any ¢,7 =1,2,...N, we obtain that

A

lVentr — Se(8)Vrntrll < YenN+r — Yentell + |Ven+e — Se(s)Yrntel|
+|Se(8)Vunte — Se(s)Ventr|

< U+ D)1vaensr — Yenyell + [ Vrn e — Se(s)rnvel-
Letting k — oo, we obtain
m [Yen+r — Se(s)hen+-[l =0, (3.40)
k—o0
which is equivalent to
lim [, — Se(s)yn = 0,V¢ € {1,2, ..., N}. (3.41)
n—oo

This completes the proof.
Step 5. We end the proof of Theorem by showing that {1, } converges strongly to a point in F'.
Since from (3.41]) we have li_>m 1Y — Se(s)¥n|| = 0,V€ € {1,2,..., N}. Suppose that [ Sy(s)(C) C ¥ for some
n—o00 s>0

compact subset ¥ of X and some g € {1,2,..., N}, then we know that a subsequence {¢,, } of {¢,,} exists and z € C
such that

klim Sg(8)n, =2, lim |[¢n, — Sg(s)¥n, | = 0. (3.42)
—00 k— o0
Hence, from (3.42) it follows that

lim v, = z. (3.43)
k—o0

Now, for any ¢ € {1,2,..., N}, since klim [tn, — Se(8)tn, || = 0, then a subsequence {t,,, } of {1y, } exists such that
— 00 J

lm ||¢)n,, — Se(8)tn, || = 0. From (3.43) and recalling that S, is Lipschitzian, we have z € (] F(S¢(s)). Since

J—o0 J J >0

¢ e€{1,2,...,N} is arbitrary taken, we have z € F.
Again, since ¢, — z as k — oo and the limit lim |4, — z|| exists, this implies that v, — z € F as n — oo. This
n— 00
completes the proof of Theorem O The following results can be obtain from Theorem immediately.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Banach space X. For some fixed i € N, let
Sy = {S;(s) : s > 0} be a finite family of uniformly L;(s)-Lipschitzian total asymptotically demicontractive semigroup
with a bounded measurable function L; : [0,00) — [0,00) and a bounded function A; : [0,00) — [0, 00) and sequences
{pin},{&mn} €10, 00) with g, — 0 and &;;, — 0 as n — oo, such that

L' = sup Li(s) < 0o, A = inf \i(s) >0, F' = ﬂ F(Si(s)) # 0.
520 520 s3>0

Let L, A\, F, ¢, {un} and {&,} be same as in Theorem Assume that there exist M and M™ which are constants
such that ¢(v) < M*?, for all » > M. Let {1} be the sequence generated by

eC,
{ %o Vn > 1, (3.44)

Yo = (1= )1+ T Sio) (5n) a1,

where {7, } is a real sequence in [0, 1] , {s,} is an increasing sequence in [0,00) and n = (k — 1)N +i,i =n(i) € [ =
{1,2,..., N}, k = k(n) > 1 is some positive integers and k(n) — oo as n — oco. If the following conditions are satisfied:

(i) 3 A2 < oo;

n=1
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(i) i‘i Y = 05

( ) E'Vn,un<oo Z’Y7z§n<oo

n=1
(iv) assume for any i € {1,2,..., N} and for any subset D € C,
i sup ISP+ sa) — SP(sa)0l = O (3.45)

N0 e D teRT

(v) there exists a compact subset ¥ of X such that () Sy(s)(C) C ¥ for some g € {1,2,..., N}.
s>0

Then the sequence {1, } converges to a point in F.
Proof . Set 6, =0 in Theorem O

Corollary 3.3. Let C' be a nonempty closed convex subset of a real Banach space X. For some fixed i € N, let
Sy = {Si(s) : s > 0} be a finite family of uniformly L;(s)-Lipschitzian total asymptotically demicontractive semigroup
with a bounded measurable function L; : [0,00) — [0,00) and a bounded function ), : [0,00) — [0, 00) and sequences
{tin},{&n} € 10, 00) with p;n, — 0 and &;;,, — 0 as n — oo, such that

L' = sup Li(s) < oo, A" = inf \;(s) >0, F' = () F(S 0.
SZIS z() 20 z( SQ) 7’é

Let L\, F, ¢, {pn} and {&,} be same as in Theorem Assume that there exist M and M* which are constants
such that ¢(v) < M*y?, for all » > M. Let {1} be the sequence generated by

o € C,
{ b = (1= 0)bus + 8aSE D (s, T (34

where {0,,} is a real sequence in [0,1] , {s,} is an increasing sequence in [0,00) and n = (k — 1)N + 4, i =n(i) € [ =
{1,2,..., N}, k = k(n) > 1 is some positive integers and k(n) — oo as n — oo. If the following conditions are satisfied:

(i)

(iif) §5nun<oo Zén£n<oo

()2$<m
pops

n=1
(iv) 5nL < 1;
(v) assume for any i € {1,2,..., N} and for any subset D € C,
lim — sup St + sp)v — i (sn)¥|| = 05 (3.47)

N0 geD teRT
(vi) there exists a compact subset ¥ of X such that (] S,(s)(C) C ¥ for some g € {1,2,..., N}.
s>0

Then the sequence {1, } converges to a point in F.
Proof . Set 7, =0 in Theorem O

Corollary 3.4. Let C be a nonempty closed convex subset of a real Banach space X. Let & = {S(s) : s > 0} be
a uniformly L(s)-Lipschitzian total asymptotically demicontractive semigroup with a bounded measurable function
L :[0,00) — [0,00) and a bounded function A : [0,00) — [0,00) and sequences {pn}, {£n} € [0,00) with p,, — 0 and
&, — 0 as n — oo, such that

LZEIZIIO)L(S) < o0, /\:igg)\(s) > 0, F:Q}F(S(s))#@.
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Assume that there exist M and M* which are constants such that ¢(v) < M*¢?, for all v > M. Let {1, } be the
sequence generated by

¢0 € 07
{ Yo = (1= = )t + 908" (50t + 68" (s, 2 (3.48)

Let {vn}, {0n} be two real sequences in [0,1] such that 7, + d, < 1 and {s,} be an increasing sequence in [0, c0). If
the following conditions are satisfied:

(i)

(Y + )2 < 005

18

n=1
(11) il('yn + 5n) = 005
(111) i (rYn + 5n)“n < 09, i_ozl(% + 571)571 < 003

3
3
~ =
A
\.H

(iv)
(v) assume for any subset D € C,
i sup (St -+ s — S™(sa)0] = O (3.49)
OO yeD teRT
(vi) there exists a compact subset ¥ of X such that [\ S(s)(C) C .
s>0

Then the sequence {1, } converges to a point in F.
Proof . Set N = 1 in Theorem 3.1l O

Corollary 3.5. Let C' be a nonempty closed convex subset of a real Banach space X. Let & = {S(s) : s > 0} be
a uniformly L(s)-Lipschitzian total asymptotically demicontractive semigroup with a bounded measurable function
L :[0,00) — [0,00) and a bounded function A : [0,00) — [0,00) and sequences {iun},{&.} € [0, 00) with w, — 0 and
&n — 0 as n — oo, such that

L:ig%)L(s) < 00, )\:irzlg)\(s) >0, F:SQ)F(S(S))#Q).

Assume that there exist M and M* which are constants such that ¢ (1) < M*y?, for all ¢» > M. Let {1} be the
sequence generated by

,(/JO S Ca
{ Y = (L= ) ns + 7S (sn)tn_r, 2D (3.50)

where {7,} is a real sequence in [0,1] and {s,} is an increasing sequence in [0, 00). If the following conditions are
satisfied:
e}
(i) 3 7 < oo;

n=1

. &>

(ii) Z Tn = OC;
n=1
00

o0
(iil) 32 Wb <00, 32 Ynén < 00;
n=1

n=1
(iv) assume for any subset D € C,
i sup (St -+ su) — S™(sa)0] = O (3.51)

N0 weD teRT

(v) there exists a compact subset ¥ of X such that (| S(s)(C) C V.
s>0

Then the sequence {1, } converges to a point in F.

Proof . Set 4,, = 0 in Corollary O
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Corollary 3.6. Let C' be a nonempty closed convex subset of a real Banach space X. Let & = {S(s) : s > 0} be
a uniformly L(s)-Lipschitzian total asymptotically demicontractive semigroup with a bounded measurable function
L :[0,00) — [0,00) and a bounded function A : [0,00) — [0,00) and sequences {pn}, {£n} € [0,00) with p,, — 0 and
&, — 0 as n — oo, such that

L= i;IO)L(S) < oo, A= irzlg)\(s) >0, F= Q)F(S(s)) # 0.

Assume that there exist M and M* which are constants such that ¢(¢) < M*y?, for all v > M. Let {t,,} be the
sequence generated by

Yo € C,
{ wi (1= 81 + 00" (80, D (3.52)

where {d,,} is a real sequence in [0,1] and {s,} is an increasing sequence in [0,00). If the following conditions are
satisfied:

(i) T 02 < oo

n=1
(ii) O, = 00;

n=1
(iil) > Onptn < 00, > 6pén < 00;

n=1 n=1
(iv) 6L < 1;
(v) assume for any subset D € C,

lim  sup [IS™(t 4 s0)¢p — 5" (sn) 9| = O; (3.53)

MO peD teRT
(vi) there exists a compact subset ¥ of X such that [\ S(s)(C) C .
s>0

Then the sequence {1, } converges to a point in F.

Proof . Set 7, = 0 in Corollary O

4 conclusion

In this article, we have seen that the class of total asymptotically demicontractive semigroup is more general
than all of the classes of nonexpansive semigroup, strictly pseudocontractive semigroup, demicontractive semigroup,
asymptotically strictly pseudocontractive semigroup, asymptotically demicontractive semigroup and total asymptoti-
cally strictly pseudocontractive semigroup. Also, owing the fact that our new iteration process properly includes
the iteration processes — which has been considered by Chang et al. [3], Thong [I3]-[14], Yang and Zhao
[19], Yang et al. [I8], Zhang [24]-[25], it follows that their results are special cases of our results. Hence, our results
generalize, extend, complement and improve the corresponding results of Chang et al. [3], Thong [13]-[14], Yang and
Zhao [19], Yang et al. [I8], Zhang [24]-[25] and several other results in these directions.
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