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Abstract

Let R be a ring and M be a unital left R-module. We define y*-essential extension relation on the set of submodules of
M and investigate its properties. Moreover, we define H-p*-essential-supplemented on M and investigate the relations
between M and direct summand of its submodules.
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1 Introduction

In this research, the rings are with identity and all the modules are unital left R-modules, where R denoted such
a "ring” and M denotes such a module. A sub-module L of R-module M is called ”small” sub.module of M, if
M = L+ K for any sub.module K of M, implies that M = K, it is written as (L <« M), See [2]. M is said to
be p*-essential extension to L or L is ”u*-essential” sub.modul of M if any non-zero singular submodule K of M,
LN K #0, denoted by (L <, M) [3]. This concept leads as to introduce the ” u*-essential small” a submodule L of
M is called ” p*-essential small denoted as (L Lyx M), if whenever M = L + K and L. is pu*-essential ~submodule of
M implies M = K []. M is called p*-essential —lifting module if for every submodule A of M there exists a direct
summand submodule D of M such that M = D D', D', < M and AN D', <5, D' [6]. For R-module M we define

p*-essential relation on the set of submodules of M as follows: A p* B if AXB e A and A"’TB <Je M. Let X

and A be submodules of M such that X < A < M, then X is called u* co—essential sub.module of A in M (briefly
X <he Ain M) if 2 e B, T is called pi— co-closed essential sub-module of L in M (denoted by T <. L
in M), if & <= 2 implies T = L [6]. We will mentioned the most important characteristic that related to the
research. We will use all of these concepts to introduce " H — p*-essential-supplemented modules” and touching to
the most important and prominent propositions in this topic, and we set a condition that make p*-essential- lifting
modules and H — p*-essential- supplemented modules equivalent. We give the main properties of this concept and
the necessary condition that make the direct summand and infinite sum of H — u*-essential- supplemented modules

are H — p*-essential- supplemented modules.

2 p*-essential -relation

Definition 2.1. Let M be an R-module we define a p*-essential relation on the set of submodules of M as follows:
Ay Bif A48 < M oand 458 <« 4L
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Lemma 2.2. p*-essential is an equivalent relation:

Proof . Clearly that p* is reflexive and symmetric. To show that p* is transitive, let A, B and C' be a submodules

of M such that Ap*B, and Bu*C, then # e % and A+B <<#e B7 BEC e M and B+C LJe Jg Let
U be a p*-essential submodule of M containing A, such that ]}44 = A + CXA, % is p* essentlal submodule by [6],

then M = A +C —|— U = C + U and hence % = C+U = UEB + 0537 U+B, is p*-essential submodule by [6], and
C+B <, then == U+B Hence M U+ BandM = % + Aj;fB, but AXB e % therefore M = U which mean

then Ap*B. |:|

ne B
that “ld <Y sumlarly C+A <

#ec’

Example 2.3. 1. Let A and B be a submodules of an R-module M such that A < B, then Ap*B if and only if
A <. Bin M, for example Zg as a Z-module, it is easy to see that {0,2,4,6}u* {{0 4}}, where {{0,4}} <7,

—puce

{{0,2,4,6}}.
2. Z12 is a Z-module, < 2 > p*, < 6 > and < 6 > p* < 2 > are Z-modules, but < 3 > is not p* < 4 >, and
<4 >,isnot u* <3 >.
3. Consider Z as a Z-module. Let A =67, B =4Z. One can easily to show that A has a relation with B by p*.
4. Let A be a submodule of an R-module M, then A ;"0 if and only if A <, M.

The following definition appeared in [6]:

Definition 2.4. Let M be an R-module and let X and A be a submodules of M such that X < A < M, then X is
called yi* co-essential sub.module of A in M (briefly X <% .. Ain M) if 4 <, 3.

—puce

The following theorem gives a characterization of the relation p*:

Theorem 2.5. Let A, B be a submodule of an R-module M. The following statements are equivalent:

1. Ap*B.

2. A< e A+ B,in M and B<j,,, A+ Bin M.

3. For each submodule X of M such that M = A+ B + X, X is p*-essential, then M = A+ X and M = B+ X.
4. If M = K + A, for any submodule K of M such that K is p*-essential submodule, then M = K + B and if

M = B+ L, for any submodule L of M such that L is p*-essential submodule, then M = A + L.

Proof . (1 — 2): Clearly holds.

(2 — 3): Assume that A <} .. A+ Bin M and B <},.,, A+ B in M, let X be a p*-essential submodule of M such

that M = A+ B+ X, X < M, then & = AJAB + 8, XXA is p*-essential submodule by [3], but A <% . A+ B in
M, therefore M = A+ X. Similarly M = B + X.

(3 = 4): Let K be a submodule of M such that M = A+ K, K is a p*—essential submodule, then M = A+ B+ K,
by (3) M = B + K, similarly one can easily prove that the second part.

(4 = 1): To show that A+B <ie B 2 and A+B <Je AL Let U be a submodule of M containing A such that 4
AJFTB + %7 and U isa u* essentlal submodule then Uis u* essentlal submodule of M by [3], so M = A+B+U = B—i—U
by (4) M = A —|— U =U, hence 242 <'e d M similarly 452 <. 50

Corollary 2.6. Let A and B be a submodules of an R-module M such that A < B+ K, and B < A + L, where
K, X are p*—essential small submodules of M, then A u*B.

Proof . Let M = A+ B+ X, X be a u*-essential, for some submodule X of M, then M = B+ K + X and B+X a
w*-essential. Since K <*_., M, M = B+ X, similarly M = A+ X. Thus by (3) A w*B. O

=puce

Let A, B and K be submodules of M such that M = A+ K = B+ K, but A is not related with B, by p*-essential
for example; consider Z as a Z module and let K =3K, A=2Z, B=5Z. Clearly Z =2Z+3Z =5Z+3Z, but 272
is not related to 57.

Proposition 2.7. Let M be an R-module and let A, B and C be submodules of M then:
1. If A p*B,then A <, M if and only if B <, M.
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2. O <}, M and A< B+C, then A u*B

Proof .
1. Assume that A p*B and A <<“e M. Let U be a submodule of M such that M = B + U, U is ap*—essential
submodule of M, since A p*B, M = A+U by (theorem. but A <, M, therefore M = U. Hence B <, M.
The converse is clear.
2. Let M = A+ X, X is p*—essential submodule of M, then M = A+B+C+ X =B+ C+ X, but C <, M,
and B + X is p*—essential, therefore M = B + X, similarly if M = B + L, for some submodule L of M, L is
w*—essential, then M = A+ L. Thus A u*B

O
Proposition 2.8. Let M = D D’, and let A, B be a submodule of D, then A p*B in M if and only if A *B in D.

Proof . Suppose that A p*B in M and let D = A+ B+ X, X is p*-essential submodule of M, then M = D@ D', =
A+ B+ X@PD', X + D' is p*-essential, but A p*B in M, then M = A+ X +D = B+ X + D. Note that
D=DnM=DnNn(A+X + D) A+ X, similarly D = B 4+ X. Thus A p*Bin D. For the converse assume that
A p*Bin D, then 48 <le A D and 452 e D Hence 4£2 e A and 458 e by [1. O

Proposition 2.9. Let M be an R-module, and let A, B be a submodules of M, then A p*B if and only if %u*%
for every submodules L of M contained in A and B.

Proof .(<=) Suppose that % *BB for every L of M contained in A and B, then % <lice % + % = A48 iy M and

L L
L Sfm%Jr%:A*—Biany[]A<fweA+B1nMB<fweA+BinM Thus A u*B by (theorem.

Proof .(=>) Suppose that A pu*B, and let L be a submodule of M contained in A and B, then by. 2.5 A <. A+B
in M and B <j.. A+ Bin M. By [6] £ <ice 248 =AB gy M apg B T Sphce 24+ 8 A8 4y M Thus 24402, O

Proposition 2.10. Let A;, A3B; and Bs be a submodules of an R-module M such that A;u*B; and Asp™ Bo, then
(A1 + As)p*(By + Ba).

Proof . Assume that A;p* By and Asp* Bs. Then Ay <lice A1+ B1in M, Ay < <he . Ao+ Boin M, By ce A1+ B; in
M and By < ,uce As+Bsin M. So (Al +A2) S;ce (Al +A2) (Bl -I-BQ) in M and (B1+B2) S;kwe (Al +A2)+(Bl —‘ng)

in M, by theorem Thus (A; + A2)p*(B1 + Bz). O

By induction, one can easily prove the following corollary.

Corollary 2.11. Let A, By, Bs, Bs,..., B, be submodules of a module M if A p*B;, for all i = 1,2,...,n. Then
A p*B, where B=3>""_| B;.

Corollary 2.12. Let M be an R-module, if A p*B and C' is any submodule of M, then (A + C)u*(B + C). The
converse is true when C' <, M.

Proof . Assume that A p*B, since Cu*C, by proposition we have (A + C)u*(B + C). Conversely assume that
C < M, and (A+C)pu*(B+C), then A+C <}, A+ B+ Cin M, and B+C <., A+ B+ C in M by (theorem

pce
.,elnceC<< M,A<:._.A+BinMand B<* _ A+ Bin M. By [6]. Thus, bytheoremwehaveAu*B O

—puce pce

Proposition 2.13. Let f : M — M’ be an R-epimorphism module, If A, B are submodules of M such that A u*B
then (A)u"f(B).

Proof . Suppose that f(A )u*f( ), then A <% A+ Bin M and B <., A+ B in M, hence f( ) Sjiee f(A+B) =

—puce

f(A)+ f(B) in M and f(B) <j.. f(A+ B)= f(A)+ f(B)in M’ by [6]. Thus f(A)p*f(B). O

Proposition 2.14. Let M = M; @ M5 be an R- module and let A < M, B < M, then Ap*M; and Bu*Ms if and
only if (AP B)u* (M @ Ma).

Proof . (=) by proposmonm O

Proof . (<) Let P, : M — M; and P> : M — M5 be the projection homomorphisims on M; and M, respectively,
since (A@ B)p* (M2 Ma) and Ap*My, by proposition 2.13] we have Pi(A@ B)u*(P(My @ M,). Since Bu* Mo,
P (A B)p* Py (M, € Ms). Thus we get the result. O
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3 H — p*-essential -supplemented module

By using the concept of p*-essential- relation on the set of submodules of M we define the following:

Definition 3.1. Let M be an R- module, M is said to be H — p*-essential -supplemented if every submodule A of
M there exists a direct summand D of M such that Au*D.

Example 3.2. 1. Z4 as Z-module is H — p*-essential-supplemented.
2. Z as Z-module is not H — p*-essential-supplemented.
3. Zg as Zg-module is H — pu*-essential-supplemented.
4. 712 as Z12 is H — p*-essential — supplemented.
5. Its easy to show that @ as Z-module is not H — p*-essential- supplemented, since the only direct summand
submodules of @ is @ and {0}.
H — p*-essential- supplemented modules is closed under isomorphisim.
7. Every p*-essential-lifting module is H — p*-essential-supplemented to show that

>

Proof . Let A be a submodule of M, since M is p*-essential-lifting module, there exists a direct summand D of M such
that M = D@D, D<A, D'<M. And AND' <, M. A=ANM = AN (D@ D') = DH(AN D), by modular
law. Now MTD =0 <, M, and “”TD = (AND") <5, M, Hence Ap*D, then M is H — p*-essential-supplemented
module. O

The converse is not true in general for Examples:

Example 3.3. Consider the Z- module M = Z5 @ Zg. The submodules of M are:

A1 ={(0,0),(1,0),(2,0), (3,0), (4,0), (5,0), (6,0), (7,0)}.
Ay ={(0,0),(2,0), (4,0),(6,0)}

A3 ={(0,0), (4,0)}.

Ay ={(0,0),(0,1)}.

A5 ={(0,0),(1,1),(2,0),(3,1), (4,0), (5,1), (6,0), (7,1)}
As ={(0,0),(2,1),(4,0),(6,1)}.

A7 ={(0,0), (4, 1)}.

As ={(0,0),(2,0), (4,0),(6,0),(2,1), (4,1), (6,1), (0,1)}
Ay = {(0,0),(0,1), (4,0), (4, 1)}

Ao ={(0,0)}

AL =M

Clearly, M = A1 P Ay = A1 P A7 = AP A5 and the p*-essential-small submodules of M are As and Az. It
enough to check that Ag, As, and Ag satisfy the definition. For Ag, the only submodules A of M satisfy Ag+ A =M
is A1. Since Aj is a direct summand of M, Agu* A4 and Agu*A7. For Ag, since A; and Aj are satisfy M = Ag+ Ay =
Ag 4+ Ay and booth is a direct summand of M, Agu* Ay, by the same argument one can see that Agu*Ay. Thus M is
H — p*-essential-supplemented module. But not p*-lifting to show that consider the submodule Ag, the only direct
summand of M in Ag is {0}, then Ag N M = Ag is not small in M. Hence M is not p*-lifting.

We say the submodule A of an R-module M is a p1*-essential-co—closed submodule of M denoted by A <7, . M, if
whenever X <7 . Ain M for some X of A, implies that X = A [6].

Lemma 3.4. Let M be an R- module. The following statement are equivalent:

1. Every submodule of M, has a unique p*-essential-co- closed
2. Given a submodule A of M, then there exists a y1*-essential-co- closed A’ of A such that A" < B where B <%, A
in M.

Proof . (1 ==2): Let A be a submodule of M, by (1) A has a unique u*-essential-co-closed say A’, hence A" <% A
in M and A <j,.. A’, let B be a submodule of M such that B <7 .. A in M and let B’ be a u*-essential-co- closed of

—puce
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B, hence B’ <¥_, Bin M, and B’ <¥_ M, so B’ <*__ Ain M by [0], hence B’ is a p*-essential-co- closed of A by (1)

—puce —puce —puce
we get A’B’ < B. O

Proof . (2= 1): Let A be a submodule of M and assume that A has a u*-essential-co-closed B and C' in M, hence
B <. Ain M, and C <j., Ain M and B,C are p*-essential-co-closed submodule of M, to show that B = C, by
(2) we have B < C. Since B <., Ain M, B <}, C'in M, but C <y, A. Therefore B=C. O

—puce
The following proposition gives a condition under which p*-essential-lifting modules and H —p*-essential-supplemented
modules be equivalent:

Proposition 3.5. Let M be an R-module such that every submodule of M has a unique p*-essential-co-closed. M
is p*-essential-lifting module if and only if M is H — p*-essential-supplemented module.

Proof . Let M be an H — p*-essential-supplemented module, and let A be a submodule of M then there exists a
direct summand D of M such that A p*D. Now D is a unique p*-essential-co-closed of A 4+ D in M, by lemma
D < A. Thus M is a p*-essential-lifting module. The converse is clear. [J

Proposition 3.6. Let M be an R-module. Then the following statements are equivalent:

1. M is H — p*-essential-supplemented module.

2. For every submodule A of M there exists a direct summand D of M such that M = D@ D', D' < M, and
(A+D)nD' <5, D"

3. For every submodule A of M, there exists a direct summand D of M such that A+ D =D S, S <, M.

Proof . (1 = 2): Assume that M is a H — pu*-essential-supplemented module, and let A < M, so there exists a
direct summand D of M such that Au*D. Let M = D@ D', D' < M. To show that (A+ D) N D" <, D'. Let
U < D’ such that [(A+ D)ND'|+U = D', U is a p*-essential-submodule, so M = D+ D' =D+ [(A+D)ND'|+U
now M =~ DAU 4 [(A+D)ED HD hut D < (A+D)ND'1+D < A+ D, and D <,.,, A+ D in M. Therefore
D <. [(A—FD)HD]—FD in M. By 6], and M =D+U, DNU < DND' =0, then DNU =0. Hence M = DEPVU.
So U = D'. Thus [(A+ D) N D] <, D'. O

Proof . (2 = 3): Let A be a submodule of M, by (2) there exists a direct summand D of M such that M =
D@D, D'<Mand [([A+D)ND'| <. D' Now A+ D= (A+D)NM = (A+D)N(DHD")=DPH[(A+D)N
D', (A+D)nD' <, D'. O

Proof . (3 = 1): Let A be a submodule of M, by (3) there exists a direct summand D of M such that A+ D =
DS, S <. M. Let % = AED g, Y be a p*-essential-submodule and by [3], U is p*-essential-submodule. Now
M=A+D+U=D+S+U=S5+ U U, hence A’L—D <Je 2. Similarly. One can show that A"AD <Je M. Thus

Ap*D. O

Corollary 3.7. Let M be an H — u*-essential-supplemented module, then for each submodule A of M, there exists
a direct summand D of M such that M = D D', where D' < M, and AN D" <, D'

Proof . Since AND' < (A+D)ND" <, D', we have (AND'") <, D". O

One can easily prove the following characterization:

Proposition 3.8. Let M be an R-module. M is H — p*-essential-supplemented module if and only if for each
submodule A of M, there exists an idempotent f € (End (M)) such that Ap*f(M),

The following proposition gives another characterization of H — p*-essential-supplemented module.

Proposition 3.9. Let M be an R-module. M is H — p*-essential-supplemented module if and only if each submodule

A of M, there exists a direct summand D of M and submodule B of M such that A <7, .. B, D <j, .. B.

Proof . suppose that M is H — pu*-essential-supplemented module, let A < M, so there exists a direct summand D

of M such that Ap*D, hence A <}, A+ D,and D <}, ., A+ D in M. Put B= A+ D. Thus we get the result. [J
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Proof . Let A < M, by our assumption, there exists a direct summand D of M, and B < M such that A <* _ B

—puce

in M, and D <}, B,in M. Since D < A+ D < B,and D <7 .. Bin M, D <}, A+ D in M, by [6] Similarly

—pce —puce
A<i..A+Din M. Thus M is H — p*-essential-supplemented module,

Recall that an R-module M is called distributive module if for all A, B and C submodules of M AN (B +C) =
(ANB)+(AnC) [1. O

Proposition 3.10. Let M be an R-module and let A be a submodule of M. Then % is H — pu*-essential-supplemented
module in each of the following cases:

1. For every direct summand D of M, £ XA is a direct summand of %

2. M is distributive module.

Proof .

1. Suppose that M is an H — u*-essential-supplemented R-module and let % be a submodule of %, since M
is H — p*-essential-supplemented, there exists a direct summand D of M such that M = D@ D', D' < M,
and Xp*D, since % is a direct summand of % and %u*% by proposition Thus % is H — p*-
essential-supplemented.

2. Suppose that M is a distributive module, we use (1) to show that % is H — p*-essential-supplemented. Let D
be a direct summand of M, since M is a distributive module, 2 'AfA is a direct summand of %. So by (1) M is a

H — p*-essential-supplemented.

O

Proposition 3.11. Let M be an H — p*-essential-supplemented R-module. If A is fully invariant submodule of M,
then % is H — p*-essential-supplemented module.

Proof . Let % be a submodule of %. Since M is H — u*-essential-supplemented module, there is a direct summand
D of M such that Xpu*A, where M = D@ D’ and D’ < M. By lemma [5] we have & = D44 ¢y D';{A, since
Xp*A, by proposition we have %M*DTTA. Thus % is H — p*-essential-supplemented module. [

Proposition 3.12. Let M = M; € M> be an R-module such that ann(My) + ann(Ms) if My and My are H — p*-
essential-supplemented. Then M is H — p*-essential-supplemented module.

Proof . Let A be a submodule of M by [2], A = A; @ As where 41 < M; and Ay < My, since My and My are
H — p*-essential-supplemented modules, there is a direct summand D; and Dy of M; and M, respectively such that
Ai1p*Dq and Aop* Do then A = (A @ Ag)p™ (D1 @ Ds), where (D1 @ Ds) is a direct Summand of M. Thus M is a
H — p*-essential-supplemented module. [J

Proposition 3.13. Let M = M; @ M> be a due module such that M; and My are H — p*-essential-supplemented
module. Then M is H — p*-essential-supplemented module.

Proof . Let M = M; €@ M3 be a due module, and let A be a submodule of M, then A is fully invariant. Hence
A=ANM = An (M P M) = (An M)P(AN M,), since M; and My are H — p*-essential-supplemented
module. Then there is a direct summand D; and Ds of M7 and M, respectively such that A;p*D; and Asp™ Do,
then A = (AN M) P(AN My)u*(D1 @ Dy). Where (D1 € D») is a direct summand of M. Thus M is a H — p*-
essential-supplemented module. [

Proposition 3.14. Let M = M; @ M> be a distributive module such that My and M; are H—pu*-essential-supplemented
modules, then M is a H — p*-essential-supplemented module.

Proof . Let M = M; @@ M> be a distributive module and let A be a submodule of M. A = ANM = AN(M; P M) =
(ANM;) (AN Ms,), since My and My are H — p*-essential-supplemented module, there is a direct summand Dy and
Dy of M; and M, respectively such that Ayp* Dy and Asu* Do, then A = (AN M) (AN Ms)u* (D1 @ D1). Where
(D1 Do) is a direct summand of M. Thus M is a H — p*-essential-supplemented module. O
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