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Abstract

By use of definition of a generalized fractional integral operators, proposed by Raina and Agarwal et. al, we establish
a fractional Hermite-Hadamard type inequalities for p—convex functions and an identity with a parameter. We derive
several parameterized integral inequalities associated with this identity, and provide two examples to illustrate the
obtained results.
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1 Introduction

A particularly important mathematical result that’s receiving renewed interest is the Hermite-Hadamard inequality,
which is the first fundamental result for convex functions and has many applications, with an accessible geometric
interpretation. Discovered by C. Hermite and J. Hadamard, inequality for convex functions received attention in the
literature, and is paraphrased as follows: [19, p.137]:

o (M) < o [ o < M), (1)

provided that w : I C R — R is a convex function on an interval I of reals with w, k € T defined by:

u(eC + (1 - 2)¢) <eu(C) + (1 —)u(§) (1.2)

for¢(,¢elande e [0, 1]. For f, the concave function, the inequalities found in 1) hold in the opposite direction. The
Hermite-Hadamard inequality is believed to be the most helpful inequality in mathematical analysis. It is clear that
this inequality is related to the concept of convexity, and it is easy to obtain from Jensen’s inequality. Mathematicians
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are attempting to broaden the scope of convex functions by proiding novel modification in . Over the last two
decades, the types of equivariant innovative amendments that have been performed in have led to numerous novel
theorems, extensions, and generalizations that have in turn stimulated new inequality theorems. There are many
novel Hermite-Hadamard inequalities, as well as applications in other disciplines of pure and applied mathematics
[5L (6], (7, [Tl [12], 14, 16l 077 24] 25, 27, 28] 29, B0} 31 32]. The p-convex function is one of the generalizations of the
convex function. The inequality established by Hadamard for convex functions has been a topic of interest in recent
years, and an array of improvements and generalizations has emerged. The papers [3, [4, [15] [I8], 23] 26] referenced in
the references discovered several notable proofs, expansions, and applications. Our goal in this research is to provide a
new parameter to define an identity, based on generalized fractional integrals, and to produce new fractional integral
inequalities based on Hermite-Hadamard types. In addition to supporting the findings, examples are presented to back
up the validity of the results. This document is laid down in the following manner. In Section [2| some preliminary
principles and basics are discussed to prepare the reader for the rest of the article. Section [3] discusses the issue with
examples, and a Conclusion section which comprises all constructed results about the topic.

2 Preliminaries and Assumptions

Definition 2.1. [8] Let I C (0,00) be a real interval and 0 # p € R. A function u : T — R is said to be p—convex

function, if
u({/eCP 4 (1 —€)&P) < eu(() + (1 —e)u(f),

provided that (,& € Iande € [0, 1]. If the inequality is reversed, the w is said to be p—concave function. It may be
observed that for p = 1, —1, respectively, p—convexity reduces to the ordinary convexity and harmonically convexity
ofuonICR" [9]

Definition 2.2. [2I] Let [w, k] be a finite interval on the real axis and u € [w,k]. The right-hand side and the
left-hand side Riemann-Liouville fractional integrals 7, u and J;* u of order a > 0, respectively, are defined by:

¢

(7200 (©) = 75 | €= tute)de, ¢ > w. 2.1)
k

(T2 ) (O) = ﬁ /< (e — O Tu(e)de, ¢ < k. (2.2)

Definition 2.3. [2I] The gamma function, I', beta function, B and the Hypergeometric function, o Fy, respectively,
defined by:

L) := /000 e °eSde, ¢ > 0.

_TOr© _ [ - -
B(C.8)=Frg) —/O ST (1 -e) s, (E>0.
1 ' k—1 c—k—1 —w
QF]_(w,k;C,Z) = mA g (1_5) ’ (1_25) dE, C>k>0,|2|<1

Raina [20] introduced a class of functions defined by:

o _ zo(0),0(1),... _ — o(k) k cR™: || <R 2.3
Sp7p(<) Sp7p (C) k;)F(pk+p)C ? p)p ) |C| ) ( )
where the coefficients o (k) € R*, k € Ny form a bounded sequence. By using (2.3) Raina and Agarwal et al. [T} 20]
defined, respectively, the left-side and right-sided fractional integral operators:

¢
(3% o) () = / (€ — P18 [w(C — £))gle)de, ¢ > w. (2.4)

w

k
(3% ) () = /< (e — O)P~157 [w(e — O)P)o(e)de, ¢ <k, (2.5)
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where w € R and ¢ is a function such that the integrals on right hand sides exit. It is easy to verify that J7 , , +w®(C)
and J9 ., #(C) are bounded integral operators on L(w, k), provided that M := 7 , .1 [w(k —w)?] < co. In fact, for
¢ € L(w, k) we have

135,008, < D0k = w)lléllas 1375wl < Dk = w)? 6]

By setting p — «; 0(0) — 1 and w — 0 in (2.4) and (2.5, respectively, (2.1) and (2.2) are recaptured. Some

Hermite-Hadamard type inequalities for generalized fractional integral operators have been proved as follows:

Theorem 2.4. [22] Let w : [w; k] — R be a function with 0 < w < k and u € Ly[w, k]. If u is an s—convex function
on [w, k] then we have the following inequalities for generalized fractional integral operators

Su L—'_k 1 37 u) (w 37 U

S50

u(w ) U()
85,1 [w(k —w)e]

provided that A;(p, s) and o¢ s(k) are defined by ([2.6).

[Ai(p, s) + 875" [w(k —w)”]],

(k)

————, ke Np. 2.6
p+pk+s’ o (2:6)

A(p,s) = /0 €011 — )° 9wk — w)elde; oo.u(k) =

Theorem 2.5. [21] Let ¢ : ICR - Rbea p—convex function such that w,k € I with w < k, p € R* and

9(¢) = ¥/C, then

o] WP + kP < (ngp,kp—;qu © g) (wp) + (32 ps lU‘DJr'w(ZS °© g) (kp)
¢ V 2 - 2 (kP — wP)” .F9 [w (kP — wP)”]
p(w) + ¢(k)
5 .

IN

Before starting our main results in Section [3] we discus some assumptions.

2F1( O+ pk + 2,9 + pk + 4, M)( — p)(kP — wP)

- 2.7
oy =0 2p.wP=L(9 + pk + 2)(0 + pk + 3)F7 54 [[w| (kP — wP)?] (2.7)
(- )2F1( 9+ pk 4+ 2;9 + pk + 3, M)
o9 = o(k) (kP — wP
(k) ( ) 2pwP—1(9 + pk + 2)35 5, [[W](kP — wP)7]
1-p .
p[ Pwp+(1— )kp:| 2F1 <%717ﬂ+pk+37%>
’ (2.8)
2p(0 + pk + 2)35 .1 [[w](kP — wP)7]
a(k)p (kp—wp)2F1 ﬁ+pk+37%
78 = (5 ) (2.9)

2p[;mp+u—pmﬂ (0 + pk +2)(9 + pk + 1)§7 . [[0] (kP — wP)e]

a(k)(1 — p)&/B(1 + k9 + pkk, 1)1,
2p.wk(P_1)3"Z$ﬂ+1 [w (kp — wp)p}

04 :—

(L= p)(wP — k)

wP

1
X §/2F1 (kpp,k"ﬁ—l—kpk—i—l;kz?—&-k‘pk;—&-l ) (2.10)
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k) Y/B(1L 1 +k19+pkk)-\*/2|u |‘+p(\72t )

95 = ) k(p—1)
2957 9.1 [ (kP — wP)’] | ¢/puwP + (1= p)k]
p—1 p(wP — kP) >
s o (K22 1k0 + kpk+ 2, —2— — ") (211
\/2 1( p g pwP + (1 — p)kP 211)
(1 p)o(k) p-1 (1—p)(wP — kP)\ | *
= B(1+ 9+ pk,1)oFy (2" 9 + pk + 1,9 + pk + 2
70 QPwpflgaﬁ-H [w(kp_wp)p]x L9+ ok, 125 P’ AR wP
Ll (1 p)(wP — k?)
xd (= p)(|u| = [ B+ O+ ok 1) <2y T19+pk+219+pk+3 o +u ‘ (1+9+pk, 1)
-1 1— P _ [P *
Py <p,19+pk:+1;19+pk+2,( p)(w )>} (2.12)
p wP
k 1 P_ kP =
o= pff(l) {B(1,1+ﬂ+pk)2F1 <p_,1 9 + pk +2, (w_)>}
2p. [puP + (1= p)kP]"% § 5.y [w (kP — wP)’] P puwP + (1= p)kP
" +a B2+ 9+ pk) x oF Lot ppys L0 =R T B21 49+ ph
X{[P’“}‘F(_P)’ ’]( + 9+ pk) X2 1<p +pk+ pp+(1—p)kp)+’u’ (2,149 + pk)
p- plwP — kP) )}

(Pt 29k 3, P L 2.13
X21( P TR o (T ke (219
Fy (0,9 + pk + 2,9 + pk + 4, k-

S1i=o(k) 5 1 (0,0 +pk 420+ pk+4,507) (k —w) (2.14)
A0+ ok £ 200+ k4 3T g, ]~ )7
2Fy (0,9 + pk + 2,9 + pk + 3,2 )+2F1(0,1;0+pk+3,g—;’;)
Yo :=o0(k) (k—w) (2.15)
4(9 + pk + 2) pﬂ+1[‘w|(k*w)p}
(k= w)2Fy (0,29 + ph + 3, 25
Sg := (k) (2.16)
A0+ ok 20+ ok + D3 r, [l — w7
k) /B + k9 + pkk, 1) /0T -
5, = 7L )\/f AN ) “'p”"“' ><§/2F1 <O7k19+kpk+1;kz9+kpk+2,wk> (2.17)
V2t Z,ﬁ+1[w<k*w)] 2w
k) 4/B, 1+ k9 + pkk) /3| + [ -
5, e TR VB +p )\/3|“p‘ + V] xq/gpl (0,1;k19+kpk+2,wk> (2.18)
V4t p19+1[ w (k —w)"] w+k
Fi (0,004 20 + 4, k— 1
POPELI N Ul s ) (k —w)l(a+1) (2.19)
4(a+2)(a+3)
(k= w)Dla+1) [2F 0,0+ 20 +3,%5) +2F (0,10 +3, 255 ) |
Ay = (2.20)
4(a+2)
(k= w) D+ 1)2F (0,20 + 3, 255
Ay = (2.21)
4(a+2)(a+1)
Tla+1)5 178/ 2Fy (0, ko + 1 ke + 2, %=E) B(1 + ka, 1)
Ay = one (2.22)
F(O[+1)\'§/3|u’|s+|ulS’\C/QFl 0 1: ka—|—2, $+£>B(1,1+ka)
Ay = (2.23)
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3 Main Results

The main results which we prove in this section depend on the following lemma.

Lemma 3.1. Let v : I € Rt — R a differentiable function on i, interior of i, w,k € I with w < k; p,p,? > 0; let
9(¢) = ¥/C, ¢ >0; w e Rand p € (0,1), then

1 1
Qu, w, k) :==u ((pwp +(1— P)kp)p> 257 511 (W (kp — wP)” ~
(3;: 9, [pwP +(1—p)kP] —; oy U O g) ( .8, [pwP+(1— p)kP]+; 2 U O g) (k?)
(1= p) (kP —wP)]? e — )

kP — P

1
- - vzo w (kP — wP)P &P
2P§] g4 [w (KP — wP)”] [(1 2 {/0 e8P0 [w (k )" e?]

x ' (( (puP + (1= p)kP) + (1 = )wP)® ) [e (puP + (1= p)kP) + (1 — )uP] #° de |
+p { / (1= )55 91 [0 (P = wP)” (1= )7’ (((1 = &) (puP + (1 = p)kP) + ekpﬁ)

x [(1— &) (pwP + (1 — p)kP) + kP] dsH (3.1)
Proof . Integrating by parts

e 0
i
i

| <8 o (2 =Ry el (e P + (1= k) + (1 - P
X [e (pwP + (1 — p)kP) + (1 — s)wp]l_Tp de
P27 5, [w (kP — wP)’ e
(1—p)(kP — wP)
B /1 p.aﬂ_lS;19 [w (kP — wP)” &]
0 (1— p)(k> — wP)
p. Sp 9 [w (kP — wp)ﬁ] p P\
)" (P + (1 = p)kP)7)

7/ p-e?71FG 5 [w (kP — wP)” ]
0 (1 —p)(kP —wP)

1

u((e (puP + (1= p)kP) + (1 = e)uP) )

0

u ((5 (pwP + (1 — p)kP) + (1 — s)wp)%) de

u ((s (pwP + (1 — p)kP) + (1 — s)wp)%) de,

setting ¢ — € (pwP + (1 — p)kP)+(1—&)wP so that, d{ = (1—p)(kP—wP)de and 0 < e < 1 & wP < < pwP+(1—p)kP,
we have

I PS50 [w (kP — wP)’] P P\ 5 pwP+(1-p)k* p [¢ — wP]” ! 0 [%]
L = (1ﬂjp)(/€p—wp) U((Pw +(1—P)/€ )p) _/wP [(1_p)(kp—wp)]1+19 (uog)(C)dC

_ 10— g2 —wp)?

X §p0+1 [w (kP — wP)’] — (327197[pwp+(17p)k"]* wo g) (wP). (3.2)

. w
a7
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Again integrating by parts

b= [ g w9 = 0P (1= (1) (puP + (1= R9) + k7))

x(1—&)? [(1—&) (puwP + (1 — p)kP) + ckP] 7" de

P(L=&)8] g4 [w (kP —wP)* (1 )] (=) (P + (1 = pkP) +ekP))

1

p(kP —wP) .
Lp(1— )P 189 5 [w (kP —wP)” (1 — ¢)F] o o ol
+/0 o u(((l—s)(pw 4 (1= p)kP) + ek )P)da
P8 [w (kP —wP)] b md Lp(1—¢g)o-t
- e R LR

x§p.0 [w (kP —wP)” (1 — )’ u (((1 — &) (pwP + (1 = p)kP) + skp)%) de,

setting &€ — kP 4 (1 — ¢) (pwP + (1 — p)kP) so that, d§ = p(kP — wP)de and 0 < e <1 < pwP + (1 — p)kP < ¢ < kP,
we have

e P g (kP —wP)’] . o kP plkP — €737, [W]
b= Ry () [T R (a0
P _ P17, N
o P U, — potue — P (P + (1 - pP)3)

X 85 941 [w (kP — wP)’] + (Jg,ﬂ,[pwp+(1—p)kp]+;p%u ° g) (). (3.3)
Substraction of (3.2) and (3.3) yields the desired result (3.1). O

Remark 3.2. e On letting p — %; p,Y9—=1Lw=000)=1 Lemmacoincides with [I1, Theorem 1]
e For p,d,0(0) = 1; w,=0 Lemma coincides with [2, Lemma 2.1].

Theorem 3.3. Let v : I C Rt — R a differentiable function on I, interior of I, w, k € I with w < k such that |u'| is
p—convex for p, p,9 > 0; let g(¢) = ¥(, (> 0; w € R and p € (0, 1), then

=

) 1 (3;)197[pwp+(1_p)kp]_;(livp)pUOg) (U)p)

) B - S e (1= p) (k> —wP)P?

(3g,ﬁ,[pwp+(1*p)kp}+;,;%u © g) (kP)
[p(kP — wP)]?

N (3.4)

< ' (w) 874 [lwl (P —wP)]+

! (%/pwP + (1= )P ) [ 852 1 o] (kP — wP)] o+ [ ()| 85%.01 (1] (6 — wP)]
< o ()] {3541 1] (k2 = wP)’] + 33 [fw] (kP — wP)’]}

1 ()] {8541 [1w] (WP = wP)] 4 (1= p)§3% o [lw] (P — wP)?] | (3.5)
provided that o1, o2 and o3 are defined by, respectively, , and .

Proof . By relation , using the property of absolute, the following holds:

kP —wP)[(1— p) L[ + pls]
2p.§7 41 [w (kP — wP)”]

[Q(u, w, k)| < ( (3.6)
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By p—convexity of |u/|

1| =

/0 057011 [ (kP = wP) e ((2 (puP + (1= p)kP) + (1 = £)wP)7 ) [£ (puP + (1 = p)kP) + (1 = £)uP] # de

< [ 2870 1l (4 w2 2] [o (e P+ (1= p)?) + (1 = o))

[ (pwP + (1 — p)kP) + (1 — e)wP] ® de
o)l (kP — wP)h !

C(pk+9+1) /O g tek [e (pwP + (1 — p)kP) + (1 — E)wp]l’T"

M2 5

>
Il

0

u’( pwP + (1 — pk:p —l—(l—s)wp)p) de
2. o(k)|w|* (kP — wP)Pk 1—p)(wP — kP o
Z P|1F‘ pk—|—19—|—)1) /o g tek [1—5( p)pr )] {E u'( pwp+(1—p)kp) +(1—5)\u'(w)\}d5
k=0
o~ ol (kP —wP) [t o [ (L )P =BT
pr Tk + 9+ 1) /0€+p+ 1—¢ s u’( pwp-i-(l—P)kp))ds
k=
1 — p_ Py
) / k(g g [1_50 p)(wP — k q dg}
0 wP

o (k)[wl* (kP — wP)~®
wPTIT(pk +9 + 1)

M8

{B(ﬂ + ok +2,1) o

( pwP + (1 — p)kp)‘

x>
Il

0

1 1 P_ kP
L Fy (p ,19+pk+2;19+pk:+37( DlCiat ))
P wP

X

-1 1— P _ [P
LB + pk +2,2) | (w)] x2F) (pp O+ ph+2:0 + ph 4, 1P )>} (3.7)

wP

Again by p—convexity of |u/|

| =

/ 87,0401 [0 (K? = wP)? (1= £)"]w (((1—e><pwp (1= p)RP) +.kP)F )
X (1=&)° [(1 =€) (puP + (1 = p)kP) + k] 5 de|
< / 8701 [l (P — wP)? (1 - 2)7] [/

% (1—e)®[(1—e) (puP + (1 — p)kP) + e.kP] & de
=, k)l (kP — wP)h !
/

(((1 —&) (pwP + (1 - p)kP) + g.kp)%)

(1= &) P [(1 - &) (puP + (1 — p)kP) + kP 7

2 T(pk+9+ 1)

X u’(((l—s)( pwP—l—(l—p)kP)p—&—E.kP);) de

S o (k) (kP — wP)" S e
<kz_0[*\’/mrlf(pk+ﬂ+l)/o [1 sppwp“l_p)kp}

o’ ( pwP + (1 — p)kp> + 5|u’(k)\} de

=0 [ t/pwP (1= p)kP| T(pk+0+1)

wP — kP }pp

l—ep—
X{ P pwP (1= p)ke

wP

o' (¥/pwP+ (1= p)kP)| de -+ (k)] /01 c(1 — £)O ok [1 e kP} = dg}
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0 k k(P — PPk
= o (k)lwl™ — ) {B(1,9 + pk + 2)
=0 [ pwP + (1 — p)kp} T(pk + 9 +1)
P_ P
! P — P = - I S
xu( pwP + (1 —p)k )‘gFl( = 119+pk+3p +(1—p)kp>
+B(2,9 + k:+1)|u()|><F< Pl 9kt “’p_kp)} (3.8)
) p 2141 D P P Pt (1 p)kp .

Combining the inequalities (3.6])-(3.8)) yields the desired inequality (3.4) O

Corollary 3.4. Let v : I C Rt — R a differentiable function on I, w, k € I with w < k such that |«/| is convex and
p,¥ >0, we R, then

(w + k) - (32719 wik ;2Pw) u(w) + (3Z,ﬁ7”7”+;2pw) u(k)
“\ T2 219 (k— w757,y [0 (k — w)]
0] 85 ol 1 = )]+ | (255

Sp w1 Lw] (B — w)”] + Sp o1 Llwl (k— w)”]
- 2

IN

gp 941 [Jwl] (k — w) ]+ |“ (k)| Sp 941 [[w] (k — w)p}

U3 wl| (k —w w| (k —w)”
o 2B D1 S [l )

provided that X1, 3 and X3 are defined by, respectively, (2.14)), (2.15) and ([2.16).

Proof . The proof directly follows from Theorem forp=1,p= % O

Corollary 3.5. Let u: I C Rt — R a differentiable function on I, w,k € I with w < k such that |/ is convex and

a > 0, then
k
< (%))

< [u' (w)] [2A1 + Ag] + |u/ (k)| [2A3 + As]
- 2

! (ujgk) ~T(a+1) @?iwz; _<Z> ) <[ ()| A+ (k)] As +

(3.10)

provided that Ay, As and Aj are defined by, respectively, (2.19)), (2.20) and (2.21]).

Proof . The proof directly follows from Corollary forw=0,00)=1,9=a

S

Theorem 3.6. Let v : I C Rt — R a differentiable function on i, interior of i, w,k € I with w < k such that ‘ul
is p—convex for p, p,9 > 0; let g(¢) = ¥/(, ¢ > 0; w e R, p € (0,1) and s > 1 such that s = %, then

=

u((pwP + (1= p)k?)

1
) - 287 941 [w (kP — wP)”] )

(3?,«9,[mup+<1—p)kp1—;ﬁ“ ° 9) (wP) N (32',0,[pwp+(1fp>kp}+;,,%“ ° 9) (k?)
[(1 = p)(kP — wP)]? [p(kP — wP)]?

< (P = wP) [§2g 0 0] (B = wP)) 4§72 0y [0l (6 —wP)?)] - (3.11)

provided that o4, o5 are defined by, respectively, (2.10), (2.11)).
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’ S
Proof . By p—convexity of ‘u and Holder inequality:

|i1|=] / £057 011 [ (kP = wP) e ((2 (puP + (1= p)kP) + (1= £)wP)% ) [e (puP + (1= p)kP) + (1 = £)uwP] *° de

< /01 gﬂggn?-&-l [|w| (k;P _ wp)p EP] u' ((5 (pwp + (1 - p)kp) i (1 B E)wp)%> ’

x e (puP + (1= p)P) + (1 — )uP] 7 de

= (k)] (kP — wP)P § " b b5
N T(pk +9 + 1) /Ogmk[g(pw + (1= p)kP) + (1 —e)wP]

k=0

o ((5 (W/pwr+ (- p)kp>p (1 a)wp)‘l’>

<> U(kpff;: %ﬂ;)pk x { /O MO [ (g 1 (1 k) 4 (1 P 5 } de
(e (v ) s ow)’)

de}

X 1 k‘(lp—p) +
Bl (k2 — wP)t { [ oo [ e i dg}
0

X de

>r/\

<
kz wk®=-DT(pk + 9 + 1) wP

1

| +(1-¢) ‘u/ﬂ ds}s
3 ol 02 — ) BT RIS D) 7(1 “ T+ At p) T

o ( pwP + (1 — p)k;P)

P wk®P=DT(pk+ 9+ 1) 2
« '\c/zpl (k;p;)l, K0 -+ pk + 1 k9 + kol + 2, 0 p)S)‘f - kp)) . (3.12)
Again by p—convexity of ’ul ’ and Holder inequality:
o] = \ / 8o [w (K —wP)? (L= e)u’ (1 =) (puP + (1= p)k?) +2.k7)7)

% (1—€)?[(1—¢) (puP + (1 — p)kP) + c.kP] 5 da‘
< / 8o [l (8" = wP)” (1= )] [u' (1 = &) (puP + (1 = p)kP) + kP ) |
(1—5)19 [(1—¢)(pwP+ (1 - )kp)+6kp] 5 de
Z e kp_wp)pkflu— J7ER (1= ) (puP + (1= p)kP) +.kP) P
= Mok + 9+ 1) ; € g) (pw p €.

u’ (((1 —e) ( pwP + (1 — p)kp)p +e.kf’)‘l’>

w P _ PPk 1 —p)
al poﬂ+1)) X {/0 (1 — )PPk [(1 — &) (puwP + (1 — )k’p)-i-skp] da}

ds}

X de

o0

e

S
E

k=

1 —€) ( pwP + (1 — P)kp)p + s.k:p>é)
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k(1—p) k

o k(pp _ ,,P\Pk 1 P _ P P
SZ o(k)|w|” (kP — wP) o / {1 LY k (1 — o)k 0k g
0

k(p-1)
k=0 [ pwP + (1 — p)kp} F(pk+9v+1)

1
o

0

o () [l F (kP — wP)Pk &/B(L, 1+ kO + phk 1 wP — kP

0 [ g T p)kP|  T(pk+ 9+ 1) g ’

B IR T
2

Combining the inequalities (3.12]), (3.13)) and (3.6) yields the desired inequality (3.11)) OJ

X

WR/por = )| el (1] e

(3.13)

Corollary 3.7. Let u: I C Rt — R a differentiable function on I, w,k € I with w < k such that |/ is convex and
p, ¥ >0, weR;let s >1 be such that s = %, then

<w + k) <3Zﬂ97”7“°*:2”w> u(w) + (‘7;197##2%) u(k)
u _

2 219 (k — w)ﬂgg,ﬂﬂ [w (k —w)”]

< (k—w) [Sii?+1 [|w] (k — w)”] + giiﬁﬂ [Jw] (k —w)"]|  (3.14)
provided that 34, X5 are defined by, respectively, , (12.18).

Proof . The proof directly follows from Theorem forp=1,p= % ]

Corollary 3.8. Let u: I C Rt — R a differentiable function on I, w,k € I with w < k such that |/ is convex and

a > 0; let s > 1 be such that s = %, then

u <w+k) “T(a+1) (F2per) 0+ (T2 ) O < (k= w)[As + Ag).

2 21— (f — w)e

provided that Ay, Ay are defined by, respectively, (2.22)), (2.23).

Proof . The proof directly follows from Corollary forw=0,00)=1,9=a

o ° ° ° ’ k
Theorem 3.9. Let u : I C RT — R a differentiable function on I, interior of I, w, k € I with w < k such that ‘u ’
is p—convex for p,p,9¥ > 0; k >;1let g(¢) = ¥, (> 0; w e R, p € (0,1), then

1
232,194—1 [w (kP — wp)p}

u ((pwp +(1 —p)kr’)%) - X

(37,0, pum s (1= par ey, w0 9) (wP) (37,0, s 1o 500 9) (KP)

a=p)?
(= )P — wP)]? " [p(F? —wP)J?

< (WP = wP) [§3% 1 [l (WP = wP)] 4+ 5. [lw] (P = wP)]] - (3.15)

provided that og, o7 are defined by, respectively, (2.12)), (2.13).
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1k
Proof . By p—convexity of ‘u ‘ and Power-mean inequality:
o 1 1
] = ‘ | 08500 0 (e — Py e ((e (pwP + (1= p)kP) + (1 = £)uwP)? )
0
X [¢ (pwP + (1= p)kP) + (1 = eJuP] # de|

((s (puP + (1= p)kP) + (1 = )uwP)? )|

1

< / €057 o [l (kP — wP) <] |uf
0

% [ (puP + (1 — p)kP) + (1 — £)uP] 7 de

> o wk’ P _ wP pk 1 .
:Z (kl)_‘(pL:Ij;ﬁ—’_l)) /O 519+pk [e(pwp+(1_p)kp)+(1_€)wp] 5

v ((5 (Wowr = p)kp)p +(1- s)wp)‘l’)

. wl|F (kP — wP)Pk !

de

X

{/ 947 [2 (puP + (1 — p)kP) + (1 — JuP] 7 x

B L G ik TN /15,9+pk {1_5(1—p><wp—kp>]p "
- Vwk=DE-DT (pk + 9 + 1) 0 wP

X /015‘9“’“ {5 u’(m)’k+(l—s)

=~
Il
=]

=

ik
W[ e+ 0= )+ (1= 2ur] e

k—1
o o (k) |w]* (kP — wP)P p—1 (1—p)(wP —kP)\) *
< B(1+ 9 k, 1 Fi|{—.9 k+ 1,0 k+2
—];) wpflf(pk—l—ﬂ—&—l) { ( + +p7 )X2 1 p ) +P + 9 +P + 9 WP
1k P _ P
x{u 2F1(19+pk—|—1 19—|—pk’—|—2( —p)w )>
P wP
!’ k !’ k
X B+ pk+1,1) + (1= p)l|| || TB@ + pk+2,1)
_ 1— P _ P *
o F <p1,19+pk+2;19+pk+3,( p)w ))} (3.16)
p wP
ik
Again by p—convexity of ’u ‘ and Power-mean inequality:
| = ' / 85041 [0 (K7 = wP)? (1= )7’ (1 =€) (puP + (1= p)kP) + .kP)7 )

X (1= ) [(1= &) (puP + (1= p)kP) + kP 7 de|
< / 8o ol (0% = wP)? (1= )] [ (((1 = &) (puP + (1 = p)P) +e.kP)7 ) |
X (1= )? [(1 =€) (puP + (1= p)kP) + k] 7 de
o o (k)] (kP — wP)e*

- L(pk +9 +1) /O (1= % [(1 —¢) (puwP + (1 —p)kjp)_i'_g_kp]l%
k=0

u' <((1 —¢) ( pwP + (1 — p)kp)p +s.kp):’>

X de
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1
1-%

= o (k) |w]F (kP — wP)Pk !
<3 AL W [ 1= 20 (0= 0) e + (1 he) + 0] e}

T(pk+9 +1)
o/ (((1 —¢) ( pwP + (1 — p)kp)p +e.kf’)‘l’>

1
1— 1*;

00 |w| ( u}p)pk 1 WP — P e p
[owP + (1 — p)kP]"F D(pk +9 +1) - {/0 [1 _Eppwp_|_(1_p)k-p:| (1—¢)o* ’“dg}
=

k k(P — yP)Pk -1 il -
o(k)[w["( wP) {153(11+19+pk)2F1( = 119+P’“+21M)}

k
da}%

< { / 2R (1= &) (puP + (1 — p)kP) + e.kP] 7 x

k P
de}

EI

=0

{ — )R [(1— ) (puP + (1 — p)kP) +ekP] P x
>

= [pwP + (1 — p)kP]"> T(pk + 9 + 1)

x4 ‘ /\k+(1— )‘ /‘k]]B%(l 249+ pk) xoF) (Pt 194 k+3M +‘u/‘kIB%(2 149+ pk)

p|u p)|u ’ P 241 p - 4 P +(1—p)/€p ) P
p-1 pluP — k) )}

XoF' 2;9 + k—|—3— 3.17

’ 1( P g pwP + (1 — p)kP (3.17)

Combining the inequalities (3.6 and (3.16[)-(3.17]) yields the desired inequality (3.15)) [J

"| is convex and all the conditions of Corollary

Example 3.10. Let w = 1; k = 2; a = 2; u(¢) = ¢(~2. Then obviously ‘u
[3.5] are satisfied.

WEEY poy) (‘7@—“) (w) + (ﬂ%’w“) ()| 28— 68719476736
“\ 2 910 (f; — w)® - 9
=~ (.338524
1 4
\u/(w)‘ Aq + |u'(k)| As + o’ (w—i—k:) ‘ Ay = 737;%@ ~ 9138716
[u/(w)| [2A1 + Ag) —; ' (k)| [2A5 + Ao] _ 386 ;627\/3 ~ 4507972

It is clear that 28=1n 68219476736 < 17378'224\/5 < 386527‘/5, which demonstrates the result described in Corollary

Example 3.11. Let w=2=p; k=49 =1=k; p= %, u(¢) = ﬁl:, g(¢) = ¥C¢, ¢ € (0,00); let w =0, o(0) = 1.
Then obviously |u/| is p—convex and all the conditions of Theorem [3.9| are satisfied.

1

37 orn [0 (kP —wP)]

(357«9,[pwp+<1—p>kp1—;ﬁ“ °g) (w?) N (3§,ﬁ7[pwp+(1fp>kp]+;:—;“ °g) (k?)

u (P + (1= pP)P ) — -

(1= p)(kP — wP)]? [p(kP —wP)]?
V10 -3
= Y ~0.0171056
3v10
o 524213v/10 — 1625216
(K = wP) [§7%.01 0] (2 = wP)’] 4 557 (0] (7 = wP)’]] - = SR

=~ 11.281614

It is clear that %3 < 524213‘/22()861625216, which demonstrates the result described in Theorem
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Conclusions

In the development of the present paper we have established a new fractional integral inequality of the Hermite-
Hadamard type which involves p—convex functions. The established results use the fractional integral operator defined
by R. K. Raina and Agarwal. To achieve our objective, a fundamental lemma was proved which corresponds to a
representative identity of the left side of the Hermite-Hadamard fractional integral inequality. Also, we have used the
classical Holder and power mean inequalities as tools to attain our results.

Since the fractional integral operator used is parametric, our results are valid for other types of fractional integrals,
such as: Riemann-Liouville, Katugampola, Prabhakar fractional integral operators, between others, with a suitable
choice of the parameters.
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