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Abstract

In this paper, we present a mathematical model of Stefan problem, this model is ice melting problem where the
interface of solid/liquid moves along the y-axis, which is including time fractional derivative in Jumarie sense. The
obtained solution of this problem is an approximate solution using fractional variational iteration method. Graphically
the results will be compared with an exact solution to the integer order derivatives.
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1 Introduction

Many problems governed by parabolic differential equations in engineering and science, may contains a moving bound-
ary, which means an unknown boundary that depends on time and space variables and must be determined as a part
of the problem solution with predetermined condition on it. This such problems are known as moving boundary value
problems (MBVPs). Examples of such problems are diffusion of gas , ice melting, crystallization of a melt, shoreline
problems etc and In general finding the analytic solutions of such above problems are limited to a very few particular
cases [IL B, [17]. Recently, many attempts have been made to solve these types of problems in which several numerical
and approximate methods have been proposed to solve such problems. Rasmussen in [21] discussed an approximate
method, which is based on integrating the heat conduction equation and applying the boundary condition on the
moving interface for solving two-dimensional Stefan problems and applied this method to two particular cases. Gupta
and Banik in [6] presented constrained integral method, which is an approximate method for solving one- dimen-
sional MBVPs based on the various parameters in the choice of a temperature/concentration profile are expressed
as functions of the position of the moving boundary plus an additional parameter at the fixed surface. In [7] the
same authors used constrained integral method to solve two-dimensional melting problem. Lesnic and Elliot in [106]
suggested decomposition approach to solve inverse heat conduction problem. Hon and Wei in 2005 [10] proposed the
method of fundamental solution as an approximate method to solving multidimensional inverse conduction problems.
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Many other authors [2], [19] 23] discussed approximate numerical methods to solve MBVPs, such as Rajeev in 2014
[20] proposed the homotopy perturbation method for solving a particular case of Stefan problem. In [27], authors
applied the variational iteration method (VIM) to solve Stefan problem and discussed and used the VIM as a tool for
solving partial differential equations, in which they obtain analytical approximate solution of gas dynamics equation
and Stefan problem.

As a continuation with the above discussion, in resent years, fractional differential equations (FDEs) have become
one of the most exciting and extremely active areas of research because of their potential applications in physics
and engineering. These include fluid flow, electrical network, optics ete. [4, [16] 18, 27]. In this topic, different
types of fractional integration and differentiation operators are proposed. The most known of them is the Riemann-
Liouville definition [22], which has been used successfully in many fields of research and engineering, however it
leads to the result that constant function differentiation is not zero. Caputo put definitions which give zero value
for fractional differentiation of constant function, but these definitions demand that the function be smooth and
differentiable [22]. Recently, Jumarie developed formulations for the fractional integral and derivative known as
modified RiemannLiouville [12, 13| 4], which are applicable for continuous and nondifferentiable functions and give
differentiation of a constant function equal to zero. The modified Riemann-Liouville fractional definitions are useful
in a wide range of applications [8 25| [26], because some of properties which are realized such as, the a— th derivative
of order fractional of a constan, 0 < « < 1; is zero, fractional Leibniz product law and fractional Leibniz formulation.

In this paper, we will use the fractional variational iteration method (FVIM), which is a modification of the VIM
to find the solution of two-dimensional fractional moving boundary problem (Stefan problem) with time-fractional
order derivative in Jumarie sense, and compare the results of the solution with the exact results in [24].

2 Basic Concept and Definitions

In this section, some of definitions of fractional calculus with related properties which are used in this paper are
presented for formulations purpose.

Definition 2.1. [I2] Suppose that ¢ : R — R be a continuous (not necessarily differentiable) function, let the
partition j > 0, such that j € [0,1]. The derivative of Jumarie is defined through the fractional difference:

A7 = (W = 1g() = Y0 (] et (0= 21)
i=0
where FWg(z) = g(x + j). Then the of fractional derivative of g is given by the following limit:
A7 —g(0
§(2) = i 29@ 9O ) (2.2)
ji—0 77

It is notable that the v — th fractional order derivative of a constant function equals zero.

Definition 2.2. [12] The Riemann-Lioville fractional integral of order v > 0, of a continuous function g(x) is given
by:

oI9(e) = i [ o= o, a0 (2.3

Definition 2.3. [12] The modified Riemann-Lioville fractional derivative of order v > 0, of a continuous function
g(x) is given by:
1 dar

DY - -

/0 “@— & ge) — g(0))de, (2.4)

where z € [0,1],n — 1 < v < n, and 0 < n. Some of the must important properties of the fractional modified
Riemann-Liouville derivative are given in the following [12]:

(a) Fractional Leibniz product law:

oD} (pg) = p g+ pg™, (2.5)

where p,q : R — R are two continuous functions.
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(b) Fractional Leibniz Formulation:
olJoDlg(x) = g(x) —g(0), 0<y<1. (2.6)
(¢) The formula of fractional integration by parts:

o) (p(”)q> = (Pl + oIy (pq(”))- (2.7)

In order to use a simpler and appropriate formula to perform the integration calculations, the following lemma can be
adopted:

Lemma 2.4. [I8] Let g : R — R be a continuous function, then

_ -1 -
Io@) = 575 [ =070t = s [ oy, o<a<i (28)
3 Two-Dimensional Stefan Problem

Consider the two-dimensional single phase Stefan problem:

ow 0w 0w .
E:W+Ty21ng(t)’0§t§T: : (3.1)

where Q(t) = {z,y | 0 < 2z < 1,0 < y < s(x,t)},s(x,t) denote the unknown moving surface, and with the
associated boundary conditions given by:

7 —nwt), z=0z=1, (3.2)
’lU—].,y—S(ZL',t), (3 3)
w = ga(z,t), y=0 (3.4)

More conditions are needed to find moving boundary conditions which are:

S(Xa t) = gS(x)v t=0, (35)

(5 (5) - () -

with the initial temperature distribution:
w(z,y,0) = elvHEme3), (37)

where w(zx,y,t) is the temperature at a point (x,y) in a two-dimensional space domain (t) at any time t, g1, go and
g3 are known functions.

Many important phenomena in physics are formulated by differential equations of fractional order. These fractional
derivatives work more appropriately compared with the standard integer order models. So, the fractional derivatives
are regarded as very dominating and useful tool [I5] [I8] 27]. Stefan problem has many fractional forms. When the
derivative is fractional derivative, time- fractional Stefan problem which corresponding to above problem is

Nw  FPw  Pw .
ot :8x2+8y2 inQt),0<t<T=1land0<y<1 (3.8)

Where Q(t) = {z,y | 0 < 2 < 1,0 <y < s(x,t)}, s(x,t) denoted to unknown moving interface, the associated
boundary conditions and initial boundary are the same as the previous boundary.



2170 Nama, Fadhel

4 Solution of the Problem by using FVIM

Solution of the equation ([3.8) with initial and boundary conditions (3.2))-(3.7) is to find the temperature w(z,y, t)
and the moving interface s(z,t). Now to solve presented problem. According to the FVIM, we consider the correction
functional in t-direction as follows:

Y 25 277
Nw, 6*w, O wn>} (41)

wn+1(m>y7t) :wn(xayat)""l;/ |:>‘(t77-) ( 7 - o2 - ay2

where I7 is the Riemann-Lioville fractional integral operator of order v > 0, A(z, ) is the general Lagrange multiplier,
which can be identified optimally via the variational theory, and ,, is a restricted variation, that is, du,(z,t) = 0,
where J is taken as the first variation.

The successive approximation wy41(z,y,t), for n =0, 1,... of the solution w(x, y,t) will be readily obtained after
determining the Lagrange multiplier and starting with any selective function wg(z,y,t). Consequently, the solution is

w(z,y,t) = lim w,(z,y,t) (4.2)
n—roo

In order to find A, first rewrite the iteration formula (4.1)) as:

Y 2.7 2.
oNw, 0*w, aw")(dT)”’ (4.3)

1 T
wn+1($7y,t)wn($,y7t)+1w/0 )\(1577)(87_7 T o2 dy?

and to make the functional in (4.3) stationary, the following condition can be obtained after taking the first variation
with respect to ¢t :

J i Nw, 0w, 0*w
_ n n n ~
5wn+1 (513, Y, t) 5wn(m7 Y, t) + F(]. 4 ’Y) /O /\(t’ 7—) ( or 81’2 ay2 ) (dT)

1 TNt T
= dwy(z,y,t) + A(t, 7)ow, (2, y,t)|,_, — T /O 85—“/ )6wn(x, y,t)(dr)?

Now, we can set the coefficients of dw, (x,y,t) to zero in equation (4.3):

DN, T)

14+ At,7)|,—, =0 and pr

—0. (4.4)

T=t

Therefore, A(t, 7) can be identified as:
At,T)=—1. (4.5)

Substituting the value of A in (4.3)), the iteration formulation will be read as follows:

1 T w, w, OPw,
wn+1(x7yat) :wn(xayat)_ F(1+7)~/0 ( o1 - 2 - 8y2 )(dT)A/ (46)

Choosing initial approximate solution as wq(x,y,t) = e(_y+%m+%), then we can evaluate:

1 T(wy  Pwy Ow
wn(@.3.8) = woe.) = o | ( il 3y2°) (dr)

— o(~utgaty) _ % /T [_16(—y+§x+§) _ e(—y+§ac+é):| (dr)"
0

(14~ 4
_o(mvtierd) 2 (~u+betd)p
A1+ )
1 T Ble 8211)1 ale
t) = t) — - — dr)Y
wa(®3%8) = (e 9,1) r(1+7)/0 (87”7 a2~ oy )47
1 T 5 Lol 52 L1
= t) — —— —9_ (—y+§w+§) v (—y+§x+§) | (dr)Y
vt F(1+7)/o [ 1° TEray)° T n)
2
= el-vriots) 4 Le(_w%“%)ﬂ > e(—ytiots) 2y

A0(1+47) T AT2(1 + )
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1 T 8"’w2 82w2 02w2
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1 T 5 5 52 53
— - - _Z _ y 2y
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and so on using this procedure for a sufficiently large value of n, to get w,(z,y,t) as an approximation to the exact
solution w(x,y,t) of problem under consideration.

The second part of problem is to find the moving interface s(z,t), which fulfills conditions (3.5) and (3.6). We can
consider

s(x,t) = Az + BT (1 +y)t" + C (4.7

where A, B and C' are parameters which must be evaluated. By using then we get A = 1/2 and the problem is
reduced to estimate only the parameters B and C. Condition gives the relation between the moving interface
s(x,t) and the temperature w(x,y,t). Therefore, the most suitable method that may be used to find the parameters
B and C' is by using the least square method as follows:

Can be seeing the relation between the temperature w(z,y,t) and the moving interface s(z,t) in equation (3.6),
which is the condition of moving interface. From the equation (4.7)), may be find:

8552’0 = %, also find % and a@ of approximate solution w, (z,y,t). After that substituting these partial derivatives
y
in equation (3.6). Now by using the least square method on the obtained equation (here n =3 and o =1 ). We get

C = 1/2, while the parameter B is changes with initial parameters, implies that:

1 1

which is self-exact so(z) given in [24].

5 Numerical Simulation

The results for temperature w(z, y, t) and moving interface s(x,t) were simulated calculated and by using MATH-
CAD computer software and depicted through figures. Also, we discussed in detail the solution of the problem, for
different cases of fractional order derivatives 0 < v < 1. It is clear that from Figures 1 and 2 the degree of congruence
in the results between the exact and approximate solutions of temperature. Where the temperature was calculated
when ¢ = 0 and ¢ = 1 using the above two solutions, respectively.

Figures 3 and 4 show the results of the analytic approximate solution of temperature when the fractional order
v = 0.9 and 0.8 at time ¢t = 0.7 and ¢t = 1, respectively. From Figure 5 it can be seen the change of the moving
interface when the parameter B is changed. In this figure the plot of moving surface when B =0.8,1,1.25 and B =1
are presented respectively.

6 Conclusion

The variational iteration method has been known as an efficient approximate method to solve linear and nonlinear
differential equations, delay differential equation, intgrodifferential equations and many another types of equations. In
this paper, a general framework of the FVIM is used and modified Riemann-Lioville fractional derivative as analytic
approximate and numerical treatment to solve partial differential equation with moving boundary. It is powerful and
effective method to solve this kind of problems, and it is easy to apply. Therefore can be used it to solve another
problems in mechanic fluids or engineering.
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=0 and t = 1 respectively [27].

Figure 1: Plot of the exact temperature at ¢

Figure 2: Plot of the approximate temperature at t = 0 and ¢t = 1 where v = 1 respectively.

wixy.t)

Figure 3: Plot of the approximate temperature at ¢ = 0.8 and v = 0.9, 0.8, respectively.
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