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Abstract

For any R-module W, D;(W) presented as the total of all J-small sub-modules. If A and B are sub-module of W, we
say Ais @ D,’supplement of B in W if W = A+ B = A@ A, for A=W, and A\ B <; D;(A). If every sub-module
has @ Dj-supplemented, then W is @ D;-supplemented A sub-module A of W. If a sentence is conclusive, it is said
to be cofinite i.e., % is finitely generated. Also we introduce cofinite @ D;-supplemented if every cofinite sub-module
of W has €@ Dj-supplemented.
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1 Introduction

Assume that R is a ring with identity and all modules are unitary left R-modules. Suppose that A is a micromodule
inside the R-module W [2, [3]. If A+ N = W for any sub-module N of W, then W = N is a sub-module of W [4 [6].
Let A and N be sub-modules of a module W, A is a supplement of N in W if the impact on property is modest
W = A+ N, equivalently if W — A+ N and In N < L, if every sub-module of a module W has a supplement in W,
then W is called a supplemented module [I, 5, [7]. As a generalization of a small sub-module A. Kabban and Khalid
in [4] introduced J-small sub-modules. A sub-module A of W is called J-small sub-module of W written as A <; W
if whenever W = A+ N with J (%) = % implies that W = N []. It is known that J(W) is the sum of all small
sub-modules of W. Abdlkareem and Khalid in [4] introduced Rad;(W) as the sum of all J-small sub-modules of W,
for short we refer to D;(W) instead of Rad;(W). In this paper we introduce € D;-supplemented module. Let B and
N sub-modules of a module W, B is called @ Dj-supplemented If B is a straight-forward summation of W and there
exists a sub-module of N in W, with W = B4+ N, and BNN <; D;(B), so W is called @@ D;-supplemented module if
each sub-module of a program is tested of W has € D;-supplement in W. Sub module A of a larger module; A cofinite
sub module of W is referred to as W. if % is finitely created. We define cofinite € D,-supplemented as follows; a
module W is called a cofinite € D,-supplemented module if for every coifinite sub-module has €@ D;-supplement.
Clearly every @ D,-supplemented module is a cofinite @ D;-supplemented module. In this work, main properties of
these concepts were proved.

2 @ Dj-supplemented modules

This section is devoted to introduce @ D;-supplemented module.
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Definition 2.1. Let W be an R-module and let A, B is a sub-module of W. We say N is a @ D;-supplement of A
in Wit W = A+ B, B directly summarizes of W and AN B <; D;(B). Then W is said to be @ D;-supplemented,
if every sub-module of W has € D;-supplement.

Example 2.2. 1. It is obvious that each semi-simple module is € D;-supplemented. In particular Zg as Z_module
is € D;-supplemented.
2. consider Zg as Z_module, D;(Zg) =< 2 > Notice that < 2 > +Zg = Zg and < 2 > NZs =< 2 >% D;(Zg) =<
2 >, s0 Zg as Z-module is not @ D;-supplemented module.

Remember that a sub module N of W is said to be completely invariant if and only if for every f End (W), f(N) <
N and W If every sub-module of W is entirely invariant, then W is considered a duo module [2].

Theorem 2.3. Let W be a @@ D;-supplemented, let A an invariant submodule of the W, then % is @ Dj-supplemented.

Proof . An invariant submodule of L may be defined of W and let % any sub-module of % since W is @ D;-
supplemented therefore there is a direct summand B of W that is equal to the sum of W and B. W = N + B and

NN B <; D;(B) with W = B@ B for B' CW. Now W = N&B — N | BEA N BiA - NOBEA) _ (NOB)EA

but N N B < Dj(B), then NOBHA  DiBIA . (BEA) by [3] since W = B B’ and L is fully invariant,
then ¥ = BEEB/ =54 P B/?A by [2]. so 2+4 is a ’supplement of 4 and £+4 is a direct summation of %

Therefore % is € Dj-supplemented. [J

Theorem 2.4. Let W = W7 € W5 be a duo module, than W, and Wy are € D;-supplemented modules if and only
if W is € D;-’supplemented [IJ.

Proof . =) Suppose that W7 and W, € Dj-supplemented, and let A sub-module of W since WNA = A =
WinA)PWaNA) take Wi NA=AC Wy, and WoN A= Ay C W, so there exists By Cgy W1, and there exists
By gea Wy Such that W7 = B1+ Ay and Wy = Bo+As, B1NA; < D](Bl) and BoNAs < DJ(BQ) Wi =B @Bi
and Wy = Bo @ BS but W = W, @ Wy, thus W = By + A1 € Bo + As

W = (Bl+BQ)+(A1+A2). W = (Bl+BQ)+A and (Bl—‘rBQ)ﬂA = B1NA+B;NA = B1ﬂ(AﬂW1)—|—BQﬂ(AmW2) -
D(B)) + D;(Bs) < Dy(Br + Bo), now W = W, @ Ws = By @ BL@ Ba® By = (B Bo) DB, BY) b
W =W, Wy, then W =B, P B P BPB,=B1 PBP B, P B <) let A;=W7i, then A; =W, so there exists
Bl ‘—)@ W such that W = A1 + B1W = Bl @Bi and A1 N Bl <<j Dj(Bl) thus W1 =Wn W1 = (Al + Bl) N W1 =
Ay + (B N Wy) by modular law, W1 = W N Wy = (B1@ B)) NWi = (BiNW1)@(By NWi) so BiNW; —g Wi
Now 41 N (Bl n Wl) = A, NB; < Dj(Bl) and Dj(Bl N Wl)ij(Bl) - Dj(Wl)

Dj(BiNW1) =g D;(W1) so AyNBy <5 D;(B1NW7y) by [4] similarly one can show that W5 is € D;-supplemented.
O

Corollary 2.5. Let W = W1 WP ... ... P W, be a duo module, then Wy, Wy, .. ... and W, are @ D;-
supplemented if and only if M is @ D;-supplemented.

Proposition 2.6. Let W = W7 @ W5 be a two-parter Sub-modules B and A are part of W7. If Bis €@ D,-supplement
on A in M, then B W is @ D;-supplement of A in W.

Proof . Since B is @ Dj-supplement of A in Wy, Wi = B+ A and BNA «; D;(B)W; = B B’ for B’ C W since
W =W1Ws, then W = (B+ A)@ W, hence W = A+ (B W) and (BPW2)NA=(BEW)NWiNA=
BNA «; D;(B) and since B C B W», then D;(B) C D;(BE@Ws) and W =W, PW, = (BB )PW, =
B@® W, @ B, therefore B Wy is @ D,-supplement of A in W. O

Proposition 2.7. Let any module W has sub-modules B and A, if B is @ D;-supplement of A in W, Similarly for

each completely invariant sub-module N of W such that N C A, £ }N is @ Dj-supplement of % in % [6].

Proof . Let B be a @ Dj-supplement of A in W, then W = A+ B but B is the direct sum of W, then W =
B@B', B CW and ANB <, D;(B)

M _ A+B _ A | B+N A ~ B+N B+NY A ~ B+N _ AN(B+N ANB)+N :
Now & = A8 — £ 4 BEN AN «, D, (BEN) 4 nEEN = (N ) = N) (by modular law) since

N
AN B < Dyj(B), then A0BIEN ¢ DiBIIN g DilBIEN -, (BENY by [3]. Now W = B@ B’ and N is a fully

invariant of, then W = BEN @y BN by 9] therefore 21N is @) D;-"supplement of 4 in W. [
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Proposition 2.8. Let W be any R-module. If A has € D;-supplement in W, then % has € D;-supplement in %
where N is a totally invariant of W in such a way that N C A.

Proof . Since A has @ Dj-supplement in W, there is a straight summation B of W such that B + A = W and,
BNA<; Dj(B) with W =B@B', B'CW for BB <W. Now W = 4 BN A BN Af‘(ﬁ“v) = (BN
(by modular law). Since BNA <; D;(B), we have (BO‘J%HN - Dj(?\,HN and 2 (iHN <5 D (B2, by M, therefore

% € D;-supplement of % in % O

Proposition 2.9. Let A, B be sub-modules of a module W and Let B be a @ Dj-supplement of A in W if C' <; W
and D;(B) direct summand of B then B is € D,-supplement of A+ C' [7].

Proof . Let B be a ) Dj-supplement of A in W, then W = B + A, and B is a direct summand of W with
BNA<; Dj(B) with W = B@B for B C Wso B+ (A+C) =W. Toshow BN(A+ C) <; Dj(B) let
BN(A+C)+ N=Bwith J(£)=L2s0oW=Bn(A+C)+ N+ (A+C)=N+(A+C) = (A+ N)+ C since

A‘_/FVX = BHQLC\;HN = B(t{f;])\l) &~ B+(§+N) = N+(gm3) (second isomorphism and modular law are used to figure
out how to make things that look like each other) and J (%) = % we get J (N-&-(ZOB)) = N+(AmB by [4]. Hence

J(MLN) — W but € <; W, then W = A+ N so B=BNW = BN (A+N) = BN A+ N (by modular law) but

BNA<; Dj(B) C B, then by ] BN A <; B and since J (£) = ]]3, therefore N = B. So BN (A+C) <, B so

(
BA(A+C)C Dy(B) and D;(B) Cg B so by [l, BN (A + C) <; Dy(B). O

Theorem 2.10. Let W = W; @ W> is an R-module. Then W is @ D,-supplemented module if and only if a direct
summand B of W exists, B C Wy, W = B+ A and BN A <, D,;(B) for every sub-module Wil of %1

Proof . Let Wil be any sub-module of %1 Since ANW, C Wy and Ws is @) Dj-supplemented module, there exists a
direct summand B of Wy such that Wy = (ANWs) + B and ANW2 N B =ANB <; Dj(B) with Wo = B B’ for
B ' CW,y. Now W =W, + Wy =W; +(ANWy)+ B C W; + A+ B but, W; C A; therefore W = B+ A. So we get
the result. Conversely let A be a sub-module of W5. Consider the sub-module % of I}{,V By our assumption there
exists a straight summand B of W such that B C Wy, W = (A+W1)—|—B and (A+W1) nB <; D;(B), W=B@B
for B’ C W. SinceWngQQW:WQH[(A—FWﬁ—FB] [(A—I—Wl)ﬁWQ] B+A+(W10W2) B+Aby
(modular law) since NA C (A+W1)NB <; D;(B), then BﬂA < Dj(B) and WonW = WonN(B@ B’') = B W.nB’
by (modular law). W = B B'W, =W nN W2 (B@B')NWy = BE(B' NWs) (by modular law), so B —gqy Wo.
Therefore W5 is @ Dj-supplemented module. O

3 Cofinitely @ Dj-supplemented modules

A sub-module N of W is called cofinite if % is finitely generated. In this section we introduce Cofinitely @ D;-
supplemented modules.

Definition 3.1. Let W be any R-module and let N a sub-module of W. We say that W is a cofinitely @ D;-
supplemented module if for each cofinite sub-module N of W there exists a direct summand B of W such that
W =N+ B and NN B C D;(B).

Theorem 3.2. Let W be a cofinite €@ D;-supplemented module and let A be a fully invariant sub-module of W, then

% is cofinite @ D,-supplemented module.

w
Proof . Let A be a fully invariant sub-module of W and £ 7 any cofinite sub-module of W then = %. Therefore
“% is finitely generated, hence B cofinite sub-module of W. Slnce W is cofinite @ D; —supplemented module there is a
dlrect summand N of W such that W = B+ N, BNN <; D;(N)W = N@N’, N’ C W Now & = BN — B | NtA
and B n A <« Dy (MEA) B n A = B”(N+A) = (BNXHA by (modular law) since BN N <; D;(N), then

(BHJX)+A c DJ(JX)+A and 2o(0)+A <<j D, <N+A) by 3] and W = N @ N’, then & = N%N' = NHA @y NEA s

% is cofinite @ D;-supplemented module.
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Theorem 3.3. Let W be a cofinite @ D;-supplemented modules and let N C W if for every direct summand K of
W% is direct summand of %, then % cofinite @@ D;-supplemented module.

Proof . For N C A, let § be a cofinite sub-module of , then A is a cofinite sub-module of W since W is
cofinite € D;-supplemented modules so there exists direct summand B of W such that W = A+ B = B@ B’ and

ANB < Dj (B) for some B’ C W Now % = % + % by hypothesis B]’;N is direct summand of %, Note that

A nE&y = AﬂBJrN = N+(£QA) since AN B <; Dj;(B), then ((Bmf\l,w <; D; (BtY), therefore % is a cofinite
EBD supplemented modules. [J

Theorem 3.4. Let W be a module and B be a completely invariant sub-module of W if W is a cofinitely invariant
module. @ D;-supplemented module, then % is a cofinitely € Dj-supplemented module moreover if B is cofinitely
direct summand of W, then B is also cofinitely € D,-supplemented module.

Proof . Suppose that W is cofinitely € D;-supplemented then by Theorem 2.3, W is a cofinitely @@ D;-supplemented
direct summary of %. Therefore % is a cofinitely € D;-supplemented. Now suppose that B is a cofinitely direct
summand of W, so there is a sub-module B’ C W such that W = B B’ and B’ finitely generated because %
is finitely generated. Let C' be a cofinite sub-module of B, thus C is a cofinite sub-module of W, but W cofinitely
P Dj-supplemented sub-module, so there exists A, A'W such that W = A@QA", W =C+ A, CNA<; Dj(4).

B=C+(BnA), B=(BnA@MBNA)and CN(BNA)=CNA<; D;(A). O

Definition 3.5. An R-module W is called a cofinitely @ D;-supplemented module if every cofinite sub-module of
W has a D;-supplement that is a direct summand of W. Clearly Zs as a Z-module is a cofinitely € D;-supplemented
but Z4 as Z-module is not.

Proposition 3.6. Let W = W; € W be a duo module if W; and Ws are cofinite Dj-supplemented, then W is a
Cofinite € D;-supplemented.

Proof We have W = W; @ Ws. Let A be a cofinite sub-module of W, then A = ANW = ANW, @ AN Ws, so
A ~ Wm =P Wzvr? + and Wl 27 and W2 2 are finitely generated, thus Wi N A is cofinite in Wy and W2 N A is cofinite in
Won A, but Wy and Wy are ' cofinite @ Dj-supplemented, so there exists By, BoK1 Cgy W1 and By Cgy Wa such that
Wy =AnNWi14+ By, AnNW1NB, < DJ(Wl) with W7 = Bl@B for B< Wi and Wo = ANWs+ By, ANWoN By <
Dj(WQ) and W, 232@357 Now W = W1®W2 =ANW1+B1+ANWy+By=AnNW; +ANWy + By + By =
A—I—(Bl +Bg), Aﬂ(Bl +BQ) = (AﬂWl ﬁBl)—l—(AﬁWgﬂBg) < Dj(W1)+Dj(W2) < Dj(W1+W2)W =W @WQ =

Bi@ B, DB D B, = (B1D B2) D(B2D By). U

Corollary 3.7. Any direct sum of cofinitely €p D;-supplemented modules is cofinitely € D;-supplemented.

Proof . Let B, A and N be sub-modules of W if (BNA) = (N+B)N(N+A),or NN(B+A)=(NNB)+(NNA),
then W is called distributive [2]. O

Theorem 3.8. Let IV be a cofinite @ D;-supplemented distributive module, then % is cofinite € D,;-supplemented
module for every sub-module N of W.

Proof . Let A be a direct summand of W, then W = A@ A’ for some sub-module A’ of W. Now , ¥ = +
[A#] and N = N+ (ANA’) = (N +A)N (N + A') by distribute of W this implies that ¥ = 4N AIJ\? ,s0 W
is cofinite € D;-supplemented module. O

Corollary 3.9. Let W be a cofinite @ D;-supplemented distributive module, as a result, every direct sum of W is a
cofinite @ D;-supplemented module.

Assuming that N and B are direct summands of W, then the sum of N + B will likewise be W [I]. This is known as
the Summand Sum Property (SSP).

Theorem 3.10. Let W be a cofinite @ D;-supplemented module with the (ssp), if W is cofinite, then every direct
sum of W is € D,-supplemented module.
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Proof . Since N provide a brief summary of W, let W = N @ N’ for some N’ C W. Assume that A is a direct sum of
W, since W has (ssp) A+ N' is direct sum of W. Let W = (A+N') @ B for some B C W, then 4, = A;J,V/ b (Kx,ifv),
therefore % ~ N is cofinite @ D;-supplemented. [

Recall the property (Ds3), means that if W3 and W5 are direct summands of W and W = Wy + Wa, then W; N W5
is also a straight-forward summation of W [2].

Proposition 3.11. Let W be a cofinite € D;-supplemented a module with (D3), then every cofinite straight-forward
summation of W is cofinite € D,-supplemented.

Proof . Since N is a cofinite straight-forward summation of W, W = N N for N»W. So N is created indefinitely,

. NS,
since A is a cofinite sub-module of N, we have % = N§N = % &P NTJfAﬁ o~ % which is finitely generated. Thus
A

N XA is finitely generated and hence % is finitely generated. So A has a cofinite of W submodule, thus 3B —gq W
such that W = A+ B = B@ B’ for =W and ANB <; Dj(B) hence N =NNW =NN(A+B)=A+ (NNB),

by (D3)N N B —gy W and hence NN B —g N and \NNB=ANB<; D;(BNN). O
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