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Abstract

In this paper, we give a new version of the reverse Minkowski inequality on time scales by applying diamond-« calculus
for two parameters p,q and a weight function v.
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1 Introduction

The famous Minkowski inequality states that, for p > 1, if

b b
O</ RP(T)dT < 00 and 0</ PP (T)dT < 0

el o( o) (o)

B.Benaissa presented a reverse Minkowski’s inequality [3, Theorem 2.1]. For any h,¢ >0, A > 0, if p > 1 and

then
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o(7)

M+ A b P ’ b » v b ) i
A(M—c)(/ (Mh(r) = ed(r)) dT) < (/ h(v)dr) +< / ¢<T)d7>

m+ A b » ;
Xm—0) (/a (AR(T) — co(T)) d’T) .

0<ec<m<

<M forallTE€la,b],

then
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When we replace A by 1 in the inequality (1.1)) we obtain [5, Theorem 2.2].
When we put A =1 and ¢ =1 in the inequality (1.1)) we obtain [0, Ttheorem 1.5].

The aim of this paper is to present a new version of the reverse Minkowski inequality to an arbitrary time scale
and to extend some continuous inequalities and their corresponding discrete analogues by introducing weight function
and two positive parameters p, q.

2 Auxiliary results

We introduce the diamond-alpha dynamic derivative and diamond-alpha dynamic integration. The comprehensive
development of the calculus of the diamond-alpha derivative and diamond-alpha integration is given in (2], [4]). Let
T be a time scale and h(t) be differentiable on T in the A and V senses. For t € T, we define the diamond-alpha
derivative h¥«(t) by

RO (t) = ah®(t) + (1 —a)h¥V (t), 0<a<1.

Thus h is diamond-alpha differentiable if and only if h is A and V differentiable.
Definition 2.1. Let a,b € T, and h : T — R. Then, the diamond-« integral from a to b of h is defined by
b b b
/ M)t = a/ h(T)AT + (1 — a)/ h(r)Vr, 0<a<]l.
provided that there exist A and V integrals of f on T.

It is clear that the diamond-« integral of h exists when h is a continuous function. Let a, b, ¢ € T, A\, 5 € R and
h, ¢ be continuous functions on [a, b] N T = [a, b]r. Then the following properties hold:

b b b
1 / (AR(T) + Bo(T)) OaT = )\/ h(1)OaT + 6/ d(T)OaT.
b a a
2 / h(T)OaT = —/ W) OaT, / h(T)Oat = 0.
a b a
b c b
3 / W) Gar = / h(r)Gar + / W) Gar.
b
4 If h(r) > Ofor all 7 € [a, b]T, then / h(1)$at > 0.
b b
5 If h(7) < ¢(7) for all 7 € [a, b]T, then / h(T)Oat < / (T)OaT.
b
6 If h(7) > Ofor all 7 € [a, b]t, then A(r) = 0 if only if / h(1)$ar = 0.
Lemma 2.2. [Il Theorem 1.1.21]. Let T be a time scale, a,b € T with a < b, and h, ¢ be two positive functions. If

1,1 _ .
5+?—1w1thp>1,then

1

7

/ W90 < ( / b hp<7><>a7>; ( / b w’moaT) - (2.1)
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3 Preliminaries

We state the following proposition and lemma which are useful in the proof of main theorem

Proposition 3.1. [3] Let 0 < 3 <m < M and A > 0. Then

M+ A < m+ A
MM = B) = A(m — )

Lemma 3.2. Let 0 < p < ¢ < oo and h, v are nonnegative and continuous functions on [a, b]T and we suppose that
0< ff hI(T)v (1)t < 00, then

9—pP 4

bhp(T)V(T)OaT % < bl/(’]’)<>a’7' W bhq(T)V(T)OaT q . (3.1)
J J J

Proof . By Holder integral inequality 1] for 2 > 1, we have
p

/ab W2 (T)u(T)Oar /ab (V%(T)) (hp( Wi (r )) Our

a—-p 2

< ( / by(7)<>(J> q ( / b/ﬂ(r)u(r)oar>

4 Main Results

We will assume that the functions h, ¢ and v in the statements of the theorems are positive and continuous on
[a, b]']r

4.1 Reverse Minkowski’s Inequality

We suppose that

O</hp (}a7'<ooand0</¢q (T)OaT <00, forall 0 <p<gq.

Theorem 4.1. Let « € [0, 1], A > 0, 0 < p < g < co and T be a time scale, a, b € T with a < b. Let h,¢ > 0 be

a—-p

b o
continuous functions on [a, by and 0 < K, o) =: (/ Z/(T)<>a7'> <oo. If

AR(T)
¢(7)

0<pB<m< <M forallTE€la,b]T, (4.1)

then

M“ (/ {Ah(r ¢<T>}Pu<7><>ﬂ>p
( / W) Gar )1(&,3,@ / ¢q<r>u<f><>a7) (42

m+ A

’ q
< m (K(p,q) /a {Ah(T) — Bo(T)} (T)V(T)Oa7->

Q=
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Proof . From thehypothesis (4.1) we get

1 1 1 ¢(n _1 1
N R I vies A v
as a result
M < AR(T) o _m
M —B = A1) = Bo(r) — m—p’
thus

M

m(Ah(T) = Bo(7)) < h(r) < m

Integrating on [a, bt and using the properties (4) and (5), we get

b 1 \ .
% (/ {Ah(r) = Bo(r)} V(T)Oa7'> < (/ hp(T)V(T)<>w>

m b )
S Xm—p) (/a {AR(T) — Bo(7)} y(7)<>a¢> ,

now applying the inequality (3.1]) on the last obtained inequality, we get

b % b
/\(J\iw—ﬁ)</ {)\h(T)ﬁ(b(T)}pV(T)OaT) < ( / hp<7>y(7)<>a7>

= Xm—5) (/ ”(”W> (/ () - 5¢<r>}qu<r><>ar) .

From the hypothesis (4.1]) we deduce

(AR(T) = Bo(7)).

= |

<=

0O<m—-p< o <M-p
then
/\h(T) 7 5¢(T) < ¢(7_) /\h(T) 7 5@5(7)
M- - - m— 3
by integrating on [a, b]t, we obtain
Lo q Ny :
= ( | Ontr) = o)y umw) < ( K <T>V<T><>QT>
b q
< ( [ 0nr) = oty ><>a7> 7

consequently

S

= < / b vmw) - ( / " k() — () u<T><>aT> %
( / b u<f><>a7) - ( / b ¢q<r>u<r><>ar> '
< ( A umw) v ( [ 0wy oty umw) R

IA
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now applying the inequality (3.1]) on the left-hand side of the last obtained inequality, we deduce that

1
P

1

b
< {A(7) — Bo(T)}” V(T)%T)

9—P

b Tap b
<< / V(T)<>QT> ( ¢q(7)y(7)<>a7) (4.4)

a—-p

b ap b %
§m1_< / y(r)<>a7> ( / (Mh(r) ﬂqs(T)}qy(T)oaT) ,

By the inequalities (4.3) and (4.4), we get our desired inequality (4.2). O

Q=

Remark 4.2. If we put « = 1 ( resp a = 0), we get the A-integral inequality (resp V-integral inequality).
By taking ¢ = p, we get the following Corollary

Corollary 4.3. Let o € [0, 1], A > 0, 0 < p < oo and T be a time scale, a, b € T with a < b. Let h,¢ > 0 be
continuous functions on [a, b]y. If

0<pB<m<

M“ (/ [MA(s) = B6(5)}F (5)0a )é
_</abhp<> ) (/ (s )é (45)
T (/ (Mh(s) = Bo(5)) V(5) )

By taking v = 1, then K, ;) := (b —a) 7 < 00. Hence we get the following Corollary

<M forallsé€la,b|r,

then

Corollary 4.4. Let « € [0, 1], A > 0, 0 < p < co and T be a time scale, a, b € T with a < b < co. Let h,¢ > 0 be
continuous functions on [a, b]y. If

0<B<m< <M forall s € |a,b]T,

then

M+/\ </ (M(7) — )}pO(X)p
< (/abhp(T)<>0ﬂ'>p—|—<b—a /¢q <>a7'> (4.6)
T ( /{Ah BT} Oar )

If we put T = R in Theorem we get

Corollary 4.5. Let A >0,0<p < g<ooand —o0o <a < b< +4o0. Let h,¢ > 0 be continuous functions on [a, b]. If

Ah(s)
¢(s)

0<pB<m< <M forall s € [a,b], (4.7
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then

M+)\ b » P
SO ( | ns) = pot) u(s)ds>

L) o (o] ([ooee]
g%(/ ) (/{Ah )},,()>_

By taking v(s) =1 and —oco < a < b < 400 in the above Corollary, we get

Corollary 4.6. Let A > 0,0 < p < g < co and h, ¢ > 0 be continuous functions on [a, b]. If
Ah(s)
o(s)

M+ X b » v
O ( / 046) - o) ds) |
< (/b hp(s)ds> ' + ((b - a)% /b ¢q(s)ds> ‘1 (4.9)

m+ A q ‘
_)\(m 5 <b—a /{)\h Bo(s)} ds) .

Remark 4.7. The corollary is a direct extension of the [3, theorem 2.1] with 0 < p < gq.

0<p<m< <M foralls€]|a,b],

then

If we put T=2,A=1,a=0,b=mn and v =1 in Theorem [4.I] we get

Corollary 4.8. Let A > 0,0 < p < ¢ < o0. {a;}, {bi} fori=0,1,2,...,n, n € N* be positive sequences of real

numbers. If
Aa;

0<p<m< <M fori=0,1,2,.. (4.10)
then .
n—1 P
pr e <Z v }”)
< (Z {ai}p>p + (nq;f Z bg)q (4.11)
i=0 i=0

m+ A — ‘
o= B ( Z {Xa; — Bb} | .
By taking p = ¢ in the above Corollary, we get

Corollary 4.9. Let A >0,0<p <oo. {a;}, {b;} fori =0,1,2,....,n, n € N* be positive sequences of real numbers.

If \
0<B<m< bal

<M fori=0,1,2,..,n, (4.12)

K3

then

M+ (& » »
A(<Z{Am 5b}>

(ZIO {ai}”> gt (20 bf) ' (4.13)

< (Z{Aaz b }”)

e

IN

D=



The reverse diamond-a Minkowski inequality 1801

References

[1] R.P. Agarwal, D. O’Regan and S.H. Saker, Hardy type inequalities on time scales, Springer International Pub-
lishing Switzerland, 2016.

[2] M.R.S. Ammi and D.F.M. Torres, Hélder’s and Hardy’s two dimensional diamond-alpha inequalities on time
scales, Ann. Univ. Craiova Math. Comp. Science Ser. 37 (2010), no. 1.

[3] B. Benaissa, More on reverses of Minkowski’s inequalities and Hardy’s integral inequalities, Asian-Eur. J. Math,
13 (2020), no. 3, 2050064.

[4] J.W. Rogers Jr and Q. Sheng, Notes on the diamond-alpha dynamic derivative on time scales, J. Math. Anal.
Appl. 326 (2007), no. 1, 228-241.

[5] B. Sroysang, More on Reverses of Minkowski’s Integral Inequality, Math. Aeterna 3 (2013), no. 7, 597-600.

[6) W.T. Sulaiman, Reverses of Minkowski’s, Hélder’s, and Hardy’s integral inequalities, Int. J. Mod. Math. Sci. 1
(2012), no. 1, 14-24.



	 Introduction 
	Auxiliary results
	 Preliminaries 
	 Main Results 
	Reverse Minkowski's Inequality


