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Abstract

The purpose of this paper is to establish weak and strong convergence theorems of new three-step iterations for I-
asymptotically nonexpansive mappings in Banach space.Also we introduce and study convergence theorems of the
three-step iterative sequence for three I-asymptotically nonexpansive mappings in an uniformly convex Banach space.
The results obtained in this paper extend and improve the recent ones announced by Chen and Guo [I], S. Temir [14],
Yao and Noor[I6] and many others.
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1 Introduction

Let K be a nonempty closed convex subset of a real normed space X. Let T : K — K be a mapping . Let
F(T)={x € K : Tx = z} be denoted as the set of fixed points of a mapping 7.

T : K — K is called asymptotically nonexpansive mapping if there exist a sequence {k,} C [1,00) with lim &, =1

n—oo
such that
[Tz —T"y|| < knllz -yl

for all z,y € K and n > 1. The mapping T : K — K is said to be uniformly Lipschitz with a Lipschitzian constant
L>0if
[Tz = T"y|| < Lz —y||
holds for all z,y € K and n > 1. Note that every asymptotically nonexpansive mapping is uniformly L-Lipschitzian
with L = sup{s, : n > 1}.

In [2], Goebel and Kirk proved that, if K is a nonempty closed convex bounded subset of a uniformly convex
Banach space X and T is an asymptotically nonexpansive self-mapping of K, then T has a fixed point in K.

Recently, in [9], [13] and [14], the convergence theorems for I-nonexpansive and I-asymptotically quasi-nonexpansive
mapping defined for some iterative schemes in Banach spaces were proved. In [I7], Yao and Wang established the
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strong convergence of an iterative scheme with errors involving I-asymptotically quasi-nonexpansive mappings in a

uniformly convex Banach space. Recently, in [I3] and [I4] I-asymptotically nonexpansive mapping was introduced.

Namely, T is called I- asymptotically nonexpansive on K if there exists a sequence {v,} C [1,00) with lim v, =1
n—oo

such that

[Tz — T y|| < vpl[ "z — Iyl

for all z;y € K and n > 1. The mapping T', I : K — K is said to be I-uniformly Lipschitz with a Lipschitzian constant
I'>0if
|72 — T7y|| < |17 — Iy

holds for all z,y € K and n > 1. It is obvious that, an I-asymptotically nonexpansive mapping is I-uniformly Lipschitz
with Lipschitz constant I' = sup{v, : n > 1}.

The class of asymptotically nonexpansive maps which an important generalization of the class nonexpansive maps
was introduced by Goebel and Kirk [2]. In 2000, Noor [7] introduced a three-step iterative scheme and studied the
approximate solutions of variational inclusion in Hilbert spaces. Glowinski and Le Tallec [3] used three-step iterative
schemes to find the approximate solutions of the elastoviscoplasticity problem, liquid crystal theory, and eigenvalue
computation. It has been shown in [3] that the three-step iterative scheme gives better numerical results than the
Mann-type[6] (one-step) and the Ishikawa-type[5] (two-step) approximate iterations. Xu and Noor [15] introduced and
studied a three-step iterative for asymptotically nonexpansive mappings and they proved weak and strong convergence
theorems for asymptotically nonexpansive mappings in a Banach space.

Recently, Suantai [I1] introduced the following iterative scheme which is an extension of Xu and Noor [15] iterations
and used it for the weak and strong convergence of fixed points in an uniformly convex Banach space. The scheme is
defined as follows.

r1=x€ K
zZn = apT"Tn + (1 — ap)xy

n n (1.1)
Yn = b T"2 + Ty, + (1 — by, — cp)xn

Tnit1 = o, Ty, + BnTnzn + (1 - Qp — Bn)xnyvn > 1,

where {an}, {bn}, {cn}, {an}, {Bn} in [0, 1] satisfy certain conditions. The iterative scheme (1.1 is called the
modified Noor iterative scheme for asymptotically nonexpansive mappings. If {¢,} = {8,} = 0, then (1.1 reduces to
Noor iterations defined by Xu and Noor [I5] as follows:

=2 €K
Zn = apT"xy, + (1 — ap)xy,

Yo = T2 + (1 — by)an (1.2)
Tnt1 = @ T"yp + (1 — ap)zp, VY > 1,
If {an} = {en} = {Bn} = 0, then (1.1)) reduces to Ishikawa iterations[5] as follows:
r1=x €K
Yn = bnTn-r'rL + (1 - bn)xn (13)
Tnt1 = @ T"yn + (1 — ap)zy,Vn > 1,
If {an} = {bn} = {cn} = {Bn} =0, then (1.1)) reduces to Mann iterative process [6] as follows:
r1=x€K
{ Tpt1 = Ty + (1 — ap)p, V0 > 1, (14)

Inspired by the preceding iteration schemes, we define a new iteration scheme as follows. Let X be a real uni-
formly convex Banach space and K be a nonempty closed, bounded and convex subset of X. Let T : K — K be
a I-asymptotically nonexpansive mapping and I : K — K be an asymptotically nonexpansive mapping. We shall
consider the following iteration scheme:
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=2 €K

Zn = Tz, + (1 —ap)[May,

Yn = b T"20 + T2y, + (1 — by, — cp) My,

Tnt1 = @ T"Yn + BT zn + (1 — ayy — Bu) ™ @y, V0 > 1,

where {an}, {bn}, {cn}, {an}, {Bn}.{bn + cn} and {a, + B} are appropriate sequences in [0, 1].

The iterative scheme ([1.5) is called the modified Noor iterative scheme for asymptotically nonexpansive mappings.
If T is identity mapping then (1.5 reduces to the (1.1)) defined by [I1].

The aim of this paper is to introduce and study convergence problem of iterative process (1.5)) to a common
fixed point of 7" and I. Also we introduce and study convergence problem of three-step iterative sequence for three
I-asymptotically nonexpansive mappings in an uniformly convex Banach space. The convergence theorems presented
in this paper improve and generalize many results in the current literature.

(1.5)

2 Preliminaries and Notations

Let X be a Banach space with dimension X > 2. The modulus of X is function dx : (0,2] — [0, 1] defined by

: =+ yl
ox(e) = inf{l = ——:|lzll =1, llyll =1, |l — yll = e}.

A Banach space X is uniformly convex if and only if 6(g) > 0 for all € € (0,2]. Recall that a Banach space X is said
to satisfy Opial’s condition [§] if, for each sequence {z,} in X, the condition =, — x implies that

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—00

for all y € X with y # z.

A mapping T : K — K is said to be demiclosed at p if whenever {z,} is a sequence in K such that z, — zx € K
and Tz, — p then Txx = p.

A mapping T : K — K is said to be semi-compact if, for any bounded sequence {z,,} in K such that ||z, —Tz,| — 0
as n — oo, there exists a subsequence {x,, } of {z,,} such that {z,, } converges strongly z* € K.

A mapping T : K — K is said to be completely continuous if for every bounded sequence {x,} in K converges
weakly x* implies that Tz, converges to strongly to T'xx*.

Let {u,} in K be a given sequence. T : K — X with the nonempty fixed point set F(T) in K is said to
satisfy Condition(A)[I0] with respect to the {u,} if there is a nondecreasing function f : [0,00) — [0,00) with
f(0) = 0 and f(r) > 0 for all r € (0,00) such that ||u, — Tuy| > f(d(un, F(T))) for all n > 1. Senter and
Dotson [I0] pointed out that every continuous and demi-compact must satisfying Condition (A). In order to obtain
strong convergence of common fixed points of I- asymptotically nonexpansive mappings and finite numbers of these
mappings, we introduce the following condition (B): The mappings T;,I;, (i = 1,2,3) are said to satisfy condition
(B) if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all r € (0,00)
such that mazi1<;<3{3(||z — Tiz|| + ||z — Lz|)} > f(d(z, F(T; N L;))) for all # € K, where F(T; N I;) # 0 and
d(z, F(T; N 1;)) = inf{d(xz,p) : p€ F(T; N 1;)}.

In what follows, we shall make use of the following lemmas.

Lemma 2.1. [4Let X be a uniformly convex Banach space, K a nonempty closed convex subset of X and T': K — K
be a asymptotically nonexpansive mapping with a sequence k, C [1,00) and k, — 1 as n — oo, Then E — T'(E is
identity mapping) is demiclosed at zero, i.e., if z,, — x weakly and z,, — Tz, — 0 strongly, then « € F(T).

Lemma 2.2. [I2] Let {s,}, {t»} and {0,} be sequences of nonnegative real sequences satisfying the following condi-

oo oo
tions: Vn > 1, spt1 < (14 04,)8, + tn, where Y o, < oo and Y t, < co. Then lim s, exists.
n— 00

n=0 n=0
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Lemma 2.3. [10] Let X be a uniformly convex Banach space and b,c be two constants with 0 < b < ¢ < 1. suppose
that t, is a sequence in [b,c] and z, and y, are two sequences of X such that lim |t,z, + (1 — t,)ys| = d,
n— oo
limsup ||z, || < d, limsup ||y, | < d, holds some d > 0, Then lim ||z, — y,|| = 0.
n—oo

n—oo n—oo

Lemma 2.4. [I6] Let X be a uniformly convex Banach space. Let {ay,} , {8,}, {7n} are sequences in (0,1) satistying
ap+ Bn+v=1and 0 < lim «, <liminf(a, + B,) < limsup(ay, + B,) < 1. Suppose that z,, , y, and z, are three
n—oo n—oo n—oo

sequences in X. Then

limsup ||z,.|| < d,
n— o0
limsup [y < d,
n— oo
limsup ||z.|| < d,
n—oo
lim ||04n=rn + Bnyn + ’YnZnH = d,
n— oo
imply that
lim Hxn - yn” =0, lim ||yn - an =0, lim Hzn - yn” =0,
n—oo n— 00 n—oo

where d > 0 is some constant.

Lemma 2.5. (See [11],Lemma 2.7) Let X be a Banach space which satisfies Opial’s condition and let z,, be a sequence
in X. Let q1,¢2 € X be such that lim, o |2, — g1 and limy, oo ||, — go| exist.If {zy, }, {z,,} are the subsequences
of {z,,} which converge weakly to ¢, ¢2 € X, respectively. Then ¢; = go.

3 Convergence Theorems For I-Asymptotically Nonexpansive
Lemma 3.1. Let X be a real uniformly convex Banach space and K be a nonempty closed, bounded and convex

subset of X. Let T : K — K be a I-asymptotically nonexpansive mapping with {k,} a sequence of real numbers

such that k, > 1 and Y (k, — 1) < oo and I : K — K be an asymptotically nonexpansive mapping with {¢,,} a

n=0

sequence of real numbers such that ¢, > 1 and > (¢, — 1) < oo. Suppose further that the set F(T) N F(I) (i.e.,

n=1
F{T):={rxeK:z=Txz},F(I) :={x € K : z = Iz}) is nonempty. Let {an}, {bn}, {cn}, {an}, {Bn} be real
sequences in [0,1] such that {b, + ¢, } and {a, + 8,} in [0,1] for all n > 1. Let {z,}, {yn}, {zn} be the sequences in
K defined by (1.5). If q is a common fixed point of T" and I, then ILm ||z — q|| exists.

Proof . Let g € F(T)N F(I). Using (1.5)), we have

lanT"x, + (1 — ap)I™x, — ¢

|an(T"2yn — q) + (1 — an)({"zn — q)|

an||T"xn — qll + (1 = an) [I"zn — 4|

ankn|[I"zn — ql| + (1 — an)lnllzn — 4|

anknlyl|zn — gl + (1 — an)lnllzn — 4|l

Cn(L+ an(kn — 1)) ||z — ¢l (3.1)

llzn — dll

VAN VAN VAN VAN
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Iy =gl = (aT" 20 + T + (1= by = )" ) = a
< Tz — gl + en||T"wn — gl + (1 — bn — en)[[I"2n — 4|
< bnknl[I"2n = qll + cpknll I"wn — gl + (1 = bp — cn)lnllzn — 4
< bpknlnllzn — gl + enknlnllzn — gl + (1 = bn — cn)lallzn — g
< (bukn (14 an(kn = 1)) + cnkenln + (1= by = ca)ln) | — g
< (1 + bpantn (kn - 1) + bk (kn - 1) +b, (en - 1) Yen (kn - 1)) 2n — g
(3.2)
||-'If'n+1 - QH = ||anTnyn + BT 2 + (1 — Qp — Bn)lnxn - QH
< Ty — gl + BallT" 20 — gl + (1 — an — Bo)[[I" 20 — 4|
< O‘nknénHyn - QH + ﬁnknEnHZ'n - QH + (1 — Qp — Bn)znnmn - QH
Thus we obtain
IZnsr —gqll < fn (1 + anbpankn 2 (kn - 1) + anknl? (kn - 1)
+ anknluba(bn = 1) + ankn (ko = 1) + Buanknbo{kn — 1}
Since Y (k, —1) <00, > (b — 1) < o0, it follows from Lemma 2.2 that lim |z, — ¢ exists. O
n=0 n=1 n—00
Lemma 3.2. Under assumptions of Lemma 3.1, if lim ||["z,—z,| = 0, then lim ||Tz,—z,| = lim ||[Iz,—x,| = 0.
n—oo n—oo n—oo
Proof . By Lemma 3.1, we can assume that lim ||z, —q| =d
n—oo
for g€ F(T'N1I). If d =0 by continuity T" and I then the proof is completed. Now suppose d > 0.
lim sup|| "z, — ¢|| < limsupl, ||z, — q|| < d, (3.4)
n—oo n—oo
limsup||T"x,, — q|| < limsupk, &y ||z, — q|| < d, (3.5)
n—oo n—oo
From (3.2), we have
limsup||y, — ¢|| < d, (3.6)
n—oo
and from (3.1)), we have
lim sup||z, — q|| < d, (3.7)
n—oo
1T"yn — qll < knllI"yn — qll < knlnllyn — all,
taking the limsup on both sides in this inequality, we have
lim sup||T"y,, — q|| < d. (3.8)

n—oo

taking the limsup on both sides in this inequality, we have
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limsup||T"z, — q|| < d.
n— oo

From (1.5)) ,we have

d = lim |znt1 — gl < Jim. T yn + BT 20 + (1 — ay — B )"y, — 4|

From (3.4)),(3.8)),(3.9) and Lemma 2.4 ;| we have

lim ||T"y, —T"z,| =0
n— oo
lim |77z, — I"z,| =0

lim ||I"z, — T"y,| =0
n—00

From (1.5]), we have

||xn+1 - (J|| S ||anTnyn + ﬁnTnZn + (]- — Qp — ﬁn)lnxn - q”

Taking the liminf on both sides in this inequality and using (3.4]) we have

lim |[["z, —q|| = d.

n— oo

11" zn — g

IAIA

Taking the liminf on both sides in this inequalit

1" 2 = Tyl + 1 T"yn — 4l
1" 20 = Ty || + Knlallyn —

qll

v and using (3.6)) we have

lim [jy, — gf| = d.
n—oo
Also, from (1.5]) ,we have
d = lim ||y, —ql < lUm |[b,T"2n + T @0 + (1 = by — cp) Mz — ¢
n—0o0 n—0o0

Hm b, (T2, — q) + cn(T"zn — q) +
n—oo

From (3.4)),(3.5)),(3.9) and Lemma 2.4 ; we have

lim
n o0

lim
n— o0

n—r

From (3.13)) and by assumption we have

||yn - an < ”bnT"Zn +en Ty + (1 — by
< b7z — Mz || + el T"2n

Next,
11" 2n —

INIA

lim
o0

(1=bp —cn)I™xp — q)|

|77 2 — T, || = 0
T2 — Iz, = 0
1172y — T2, ]| = 0

—cp)I"xy, — 24|

— Iz || + [ "z, — zp]] — 0 .
n—oo

"2 — T2 + [[T" 20 — 4|
[ 1" 2n — T 2| + knlnll2zn — q]|-

Temir

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Taking the liminf on both sides in this inequality and using (3.7)), (3.13]) we have

Jim [z, — gl = d. (3.15)
From (3.13)) and by assumption we have
lzn —anll < flanT"wn + (1= an)l"zn — zn|
< ap||T"xy — ["xp|| + {2y — x| — 0 . (3.16)
n—oo

Also from (1.5)), (3.13), (3.16) and by assumption

90 = zall < 60T 20 + caT"@n + (1 = by — €)™y — 2|
< bp||T"zn — IMan| + en||T @y — Iy + [ "0 — xu|| + |20 — 20| n—ggo (3.17)

Using (1.5)), (3.10) and by assumption,

||xn+1 - $nH < HanTnyn + 5nTnZn + (1 — Qp — ﬂn)lnzn - xn”
< anl|Tyn — IMan|| + BullT" 2n — IMan|| + [ I @n — 24| n—_))(())o . (3.18)
If lim ||[I"x, — x| =0, then we have
n—oo
lim ||T"z, — x| < lim | T2, — "2, ||+ lim ||I"z, —z,| = 0. (3.19)
n—o0 n— 00 n— 00
We consider
|zn — Izn| < |Zn — Tny1ll + |41 — ]n+1xn+1H
+ “In+lxn+1 - In+lxn|| + HIn—Hxn — Lz,
< Hxn - xn+l|| + ||='17n+1 - Inxn+1H
+ Dllzngr — 2ol + DM 20 — 2l (3.20)
and
lzn — Tz, || < lzn — Tngtll + |Tns1 — Tn+1$n+1H
+ ||Tn+1xn+1 - Tn+1an + ||Tn+1$n — Tz
< [Zn = Tns1ll + |01 — T Tpia |
+ LT||zpt1 — xn|| + T2, — 24| (3.21)

Since ||z, — I"zy|| = 0 asn — 0o and ||xp+1 — x,|| = 0 asn — oo, by continuity of I and T, together with (3.20])
and (3.21]), we have

nh_}n;o lzn, — Izy,|| =0 (3.22)
and

nhﬁrréo |xn — Tzy| = 0. (3.23)
O

Theorem 3.3. Let the conditions of Lemma 3.2 be satisfied. If at least one of the mappings T and I is completely
continuous and F(T'N1I) # (), then {x,} defined by (L.5) converges strongly to a common fixed point of 7" and I.

Proof . By Lemma 3.2, we have lim ||z, — T2,/ = lim |z, — Iz,|| = 0. It follows by our assumption that

T is completely continuous,and {z,} C K is bounded, there exists a subsequence {z,, } of {z,} such that {Tz,,}
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converges. Therefore from (3.23)), {z,,} converges. Let klim Zn, = ¢. By continuity of T" and (3.23) we have that
—00

Tq = q. On the other hand, according to (3.22]) and continuity of I, we obtain that Iq = ¢, so ¢ is a common fixed
point T and I. By Lemma 3.1 lim ||z, — ¢|| exists. But lim ||z, —¢|| =0. Thus lim ||z, — ¢|| = 0, that is, {z,}
n—oo k—o0 n— oo

converges strongly to a common fixed point ¢ of 1" and 1.

Also, from (3.14) and (3.16]), it follows that nh—>120 llyn —q|| = 0 and nh—>12<; Iz, — q|| = 0 that is, {y,} , {zn} converges
strongly to a common fixed point g of T" and I. [J

Theorem 3.4. Let the conditions of Lemma 3.2 be satisfied. If one of the mappings 7" and [ is semi-compact and
F(T'NI)#0, then {x,} defined by (1.5) converges strongly to a common fixed point of 7" and I.

Proof . Since one of the mappings T and I is semi-compact, there exists a subsequence {xy, } of {z,} such that {x,, }

converges to a ¢ € K. Therefore from ([3.22)) and (3.23)), kli)ngo |@n, — Izn, || = llg — Iq|| = 0 and kli_)n;o |Xn, — Tz, || =

llg — Tq|| = 0. It follows that ¢ € F(T'NI). Since lim ||z, — q|| exists and the subsequence {z,,} of {x,} such that
n— oo

{zn, } converges strongly to ¢, then {x,} converges to common fixed point ¢ € F(T'NI). Also, from (3.14]) and (3.16)),
it follows that lim ||y, — ¢|| = 0 and lim ||z, — ¢|| = 0 that is, {yn} , {zn} converges strongly to a common fixed
n—oo n—oo

point g of T and I. The proof is completed. [

In the next result, we prove the strong convergence of the scheme (|1.5)) under condition (B) which is weaker than
the compactness of the domain of the mappings.

Theorem 3.5. Let the conditions of Lemma 3.2 be satisfied. If T, I satisfy condition (B) and F(T'NI) # 0, then
{z,} defined by (1.5)) converges strongly to a common fixed point of 7" and I.

Proof . By Lemma 3.1, we have nl;n;o |z — ¢l exists and so nhﬁn;o d(xy,q) exists for all ¢ € F(T'N1I). Also by
Lemma 3.2, nh_{réo |xn — Iz, = nh_{glo |€n — Txy|| = 0. It follows from condition (B) that nh_{rgo fld(zn, F(TNI))) <
nh_)rr;o{%(Hxn—Txn||—|—||a:n—lan)} That is, nh_}rrgc f(d(zn, F(TNI))) =0. Since f : [0,00) — [0, 00) is a nondecreasing
function satisfying f(0) = 0 and f(r) > 0 for all » € (0,00), we have nl;rrgo d(z,, F(TNI)) = 0. Next we show that

{x} is a Cauchy sequence in K. for given € > 0, there exists a natural number ng such that d(z,, F(T'N1)) < 5. We
can find g+ € F(T'NI) such that |z, —q* | < §. For n,m > ng, we have

lzn — 2wl < lzn —g* ||+ lzm —q* ||
< E+€7
= 3Ty ~c¢

Thus shows that {x,} is a Cauchy sequence and so is convergent since X complete. Suppose lim {z,} = ¢. Since
n—oo
K is closed , we get ¢ € K. Now we prove that ¢ € F(T'NI). Since lim {z,} = ¢ and lim d(z,,F(T NI)) =0,
n—oo n—oo
we obtain d(q, F(TN1I)) =0. Thus ¢ € F(TN1I). Also, from (3.14) and (3.16), it follows that lim ||y, —¢|| =0
n—roo
and lim ||z, — ¢|| = 0 that is, {y,} , {zn} converges strongly to a common fixed point g of T" and I. The proof is
n—oo
completed. [J

Finally, we prove the weak convergence of the iterative scheme (1.5 for I-asymptotically nonexpansive mappings
in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 3.6. Let X be a real uniformly convex Banach space satisfying Opial’s condition and K be a nonempty
closed, bounded and convex subset of X. Let T : K — K be a I-asymptotically nonexpansive mapping with {k,} a

o0
sequence of real numbers such that &k, > 1 and > (k, — 1) < co and I : K — K be an asymptotically nonexpansive
n=0

mapping with {£,} a sequence of real numbers such that £, > 1 and > (¢, — 1) < co. Let {an}, {bn}, {cn},{an},
n=1
{Bn} be sequences of real numbers in [0, 1], such that {b, + ¢, } and {a, + S} in [0,1] for all n > 1. Let {z,}, {yn},

{zn} be the sequences in K defined by (L.5). If F(T)NF(I) # 0, then {x,}, {yn}, {2} converge weakly to a common
fixed point of T and I.
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Proof . Let g € F(T)N F(I). Then as in Lemma 3.1, lim ||z, — ¢|| exists. We prove that {x,} has a unique weak
n—roo

subsequential limit in F'(T)NF(1). We assume that q; and g are weak limits of the subsequences {2y, }, {zn, } of {z,},
respectively. By (3.22) and (3.23), lim |z, — Iz,| =0, lim ||z, — Tz,|| =0 and E —T and E — I are demiclosed
n—roo n—r oo

by Lemma 2.1, Tq1 = ¢1, Ig1 = ¢1 and in the same way, T'g2 = q2, Ig2 = 2. Therefore, we have ¢1,q2 € F(T) N F(I).
It follows from Lemma 2.5 that ¢; = g2. This completes the proof. [J

4 Convergence Theorems For Three I-Asymptotically Nonexpansive Mappings

Here we give the theorems for three I;, (i = 1,2, 3)-asymptotically nonexpansive mapping which can be proved in
similar way as the above theorems.

Let X be a real uniformly convex Banach space and K be a nonempty closed, bounded and convex subset of X.
Let T; : K — K, (i = 1,2,3) be I, (i = 1,2, 3)-asymptotically nonexpansive mapping with k, = maz{k}, k2, k3} a

n 'nr’'n

sequence of real numbers such that k, > 1 and > (k, — 1) < oo and I; : K — K, (i = 1,2,3) be an asymptotically

n=0

(&)
nonexpansive mapping with £,, = max{€%, (% (3} a sequence of real numbers such that ¢, > 1 and Y (¢, — 1) < cc.

n nr n
n=1
We shall consider the following iteration scheme:

r1=x€ K

zn = apT7 Ty + (1 — apn) 7@,

Yn = bn T3 20 + T8, + (1 — by, — cp) Yy,

Tnt1 = W T3Yn + BT 20 + (1 — apy — B ) [F 2y, V0 > 1,

(4.1)

where {an}, {bn}, {cn}, {an}, {Bn}.{bn + cn} and {a, + B} are appropriate sequences in [0, 1].

The iterative scheme (4.1)) is called the modified Noor iterative scheme for asymptotically nonexpansive mappings.
T, =T, (i=123), and I, (i = 1,2,3), are identity mappings then (4.1]) reduces to the (L.1)) defined by [II].

Lemma 4.1. Let X be a real uniformly convex Banach space and K be a nonempty closed, bounded and convex subset
of X. LetT; : K — K, (i =1,2,3) be I, (i = 1,2, 3)-asymptotically nonexpansive mappings with k,, = max{k., k2, k3}
[e.e]
a sequence of real numbers such that k, > 1 and > (k, — 1) < co and I; : K — K, (i = 1,2,3) be asymptotically
n=0

oo}
nonexpansive mappings with ¢,, = max{¢%, (2 (3} a sequence of real numbers such that ¢, > 1 and > (¢, — 1) < cc.
n=1

3
Suppose further that the set () F(T;) N F(I;) is nonempty. Let {an}, {bn}, {cn}, {an}, {Bn} be real sequences in
i=1
[0, 1] such that {b, + ¢, } and {o, + 5} in [0,1] for all n > 1. Let {x,}, {yn}, {zn} be the sequences in K defined by
(4.1)). If ¢ is a common fixed point of T; and I;, (i = 1,2, 3), then

(1) lim ||z, — ¢q|| exists.
n— 00

(2) Fori=1,2,3,if lim |[I!z, — x,|| =0, then lim ||T;z, — x,|| = lim || Lz, —z,| = 0.
n—ro0 n—00 n—r00

3
Proof . Let ¢ € [ F(T;) N F(I;). Using (4.1)), Similar way as Lemma 3.1
=1

1=

lzn —alll < anTi'@n + (1 = ap) iz, — ||

< (1 + an(ky — 1))|lzy — g (4.2)
lyn —all < 0nT5 20 + cnTo'wn + (1 = by — cu) 5w, — q|

< @@+m%a@fﬁymw4m—g+m@w4yw4m—gﬂ%—m
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Thus we obtain

lzns1r —all < loanT3'yn + BuT3 20 + (1 — an — Bn) IS x|
< 0, (1 + anbnankal? (kn - 1) + anknl? (kn - 1)
T+ anknlnbn (en - 1) + ankn (kn - 1) n Bnank:nﬁn{kn - 1}
+oanl, (kn - 1) + Butn (kn - 1) ta, (ﬁn - 1) + B (fn - 1)}||xn — 4l

(4.4)

118

o)
Since Y (kn —1) < 00, Y. (b, — 1) < 00, it follows from Lemma 2.2 that lim ||z, — g|| exists and the first part
n=0 n—oo

n=1

of lemma is over.

Next, we prove that for i = 1,2,3, lim ||Tjz,—2,| = lim ||L;2,—z,| = 0. We can assume that lim ||z, —q| = d,
n—o00 n—00 n—00

for g€ F(T'N1I). If d =0 by continuity 7" and I then the proof is completed. Now suppose d > 0. For i = 1,2,3

lim sup||I'x,, — ¢|| < limsup, ||z, —¢|| < d, (4.5)
n—oo n—oo
lim sup||TT' @, — ¢q|| < limsupk, by, ||z, — ¢|| < d, (4.6)
n—roo n—oo
and
limsup|| 75"z, — q|| < lim supknly ||z, — gl| < d, (4.7)
n—oo n—0o0
From (4.2]), we have
lim sup||z, — ¢ < d, (4.8)
n—oo
and from (4.3)), we have
lim sup||y, — ¢q|| < d, (4.9)
n— 00

Further,
173" yn — qll < knllI3yn — all < knlullyn — all,

taking the limsup on both sides in this inequality, we have

lim sup||75'y, — ¢l < d. (4.10)

n—oo

175" 2n — qll < knllI3'2n — qll < Fnlnllzn —qll,

taking the limsup on both sides in this inequality, we have
lim sup||7%' 2, — ¢ < d. (4.11)
n— oo
From (4.1]) ,we have

[Zn1 —qll < nh_{lgo lonT5'yn + BnT3 20 + (1 — an — Bn) I3'zn — 4|
”an(T??yn - Q) + Bn(T??Zn - Q) + (1 - Qp — Bn)(I??xn - Q)H

lim
n—oo

lim
n— o0

From (4.5)),(4.10)),(4.11)) and Lemma 2.4 , we have
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lim [Ty — T3z = 0

n—oo

lim (| T3z, — B =0 (4.12)
Jim (|32, — Ty =0

From (4.1}), we have

||anT§Lyn + ﬁnT:?Zn + (1 - Qp — Bn)lgxn - QH
lon (T3 yn — I8 xn) + Bn(T5 20 — I"xn) + (I3 Ty — q)||

[#nt1 =gl <
<

Taking the liminf on both sides in this inequality and using (4.5) we have

lim || I3z, — q|| = d. 4.13
3
n—oo

[gzn —all < M3z — T5'ynll + [ T5'yn — qll

Taking the liminf on both sides in this inequality and using (4.8)) we have

lim ||y, — q|| = d. (4.14)
n— o0
d = lim |y, —q|| < lim ||b,T52n + cnT5xn + (1 — by — cn) I3z, — q|
n—oo n— oo

= nh_{I;o 1bn (15" 20 — @) + cn(T5'wn — q) + (1 = b — cn) (I3 — q)|

175 2 — qll < knll13 20 — ql| < Enlnllzn — qll,

taking the limsup on both sides in this inequality, we have
lim sup|| 7%’ z,, — ¢ < d. (4.15)
n—oo

From (4.5)),(4.7)),(4.15) and Lemma 2.4 , we have

lim ||T"z, — T"z,| =0
n—oo
lim ||T"x,, — I"z,| =0 (4.16)
n—roo
lim ||[I"z, —T"z,|| =0
n—oo
From (4.16)) and by assumption we have
lyn —@nll < 00T5' 20 + cnT5'Tn + (1 = by — cn) 13Ty — 20|
< bl T 20 — Lo + enl|T5'wn — 13| + [ 1320 — 20| n_—>><90 (4.17)

Next,
[an —qll < [H3zn — T3 20| + 1520 — 4l

< |3zn — T2 + knlnll2n — 4|
Taking the liminf on both sides in this inequality and using (4.9)), (4.16]) we have

lim ||z, — ¢|| = d. (4.18)
n—oo
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[zn —all < llanTV'2n + (1 — an) Pz, — 4|
< Nlan(TVwn — q) + (1 = an) ([T 20 — q)|

By Lemma 2.3 we have
: n T —
nh_?;o [T1' @ — IT'an|| =0,
Thus by assumption and from (4.20]), we have

lanTT @, + (1 — ap) i@, — x5

an|| TV zn — '@ || + [ 1720 — 20| 7’;)2)

[2n = anll <
<

Also from (4.1)), (4.16), (4.21) and by assumption

lyn — zull < 00T 20 + i T3 w0 + (1 = by — cp) 3Ty — 22|
< 0l T3 20 — I3 wn|| + eul| T5'Tn — I3 wn|l + 13T — Tull + (|20 — 2nl| n__>>(9<>

Using (4.1]), (4.12) and by assumption,

< ap||Tyn — IMzn|| + Bul|T" 20 — Iy || + |2y — x0|] — 0
n— o0
If for i =1,2,3, lim ||[]'z,, —z,] =0, then we have
n—oo
lim [TV, —x,| < lim |17z, — [{2,] + lim |[[T2, —z,|| = 0.
n— oo n—oo n—o0
lim |15z, —z,|| < lim |75z, — I§z,| + lim |3z, —2,| = 0.
n—oo n—oo n—oo
lim |T3z, — 2| < lim (7520 — T5'ynll + 115 Y0 — L5 2nll + [[I3'2n — znl])
n— oo n—oo
= lm kply||zn — ynl + lim |75y, — [§a,|| + lim || I§2, —z,| = 0.
n—o0 n—o0 n—oo
Thus,For i = 1,2, 3, we get
nh_}rrgo Tz, — x| =0,
‘We consider
20 = Danll < o = zpgall + [2ngn = T pa|
+ ||I:?+137n+1 _I?Jrlxnn + HIILJrlmn_len”
< lzn — Tnall + [[2ng1 — T Tpp]]

+ Tlzpyr — 2ol + DTz, — 24|
and

l2n = Tizall < g = zpgr | + 201 = TP 2nga |

b T st — Tl + (TP — Thl
[z = Zng1ll + |Tns1 — TT Tnaa ]
+ Ll|2pt1 — @nll + D[ 20 — 24|

IN
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(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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Since |[IT@y — ]| = 0 asn — oo, ||T7'Tn —2n|| = 0 asn — oo and ||Tp41 — Tn|| = 0 as n — oo, by continuity
of T1 and I, together with (4.28) and (4.29), we have

lim ||, — L12,]| =0 (4.30)
n—o0
and
lim |z, — Thz,| = 0. (4.31)
n—oo
Similarly, we can show that

lim ||z, — I2z,] = 0. (4.32)
n—oo

nhﬁnolo |xn — I3x,|| = 0. (4.33)
lim |z, — Taz,| = 0. (4.34)
n—oo

lim |z, — T3z,| = 0. (4.35)
n—oo

O

Theorem 4.2. Let the conditions of Lemma 4.1 be satisfied. If for i = 1,2, 3, at least one of the mappings T; and I;
is completely continuous and ﬂ F(T;) N F(I;) # 0, then {z,,} defined by (4.1) converges strongly to a common fixed

i=1
point of T; and I;.
Proof . By Lemma 4.1, we have lim ||z, — Tyx,| = lim ||z, — Liz,| = 0. It follows by our assumption that T}
n— 00 n—oo

is completely continuous and {mn} C K is bounded, there exists a subsequence {z,,} of {z,} such that {T1x,, }
converges. Therefore from , {zn,} converges Let hm 0 T, = G- By continuity of 77 and - we have that

Tiq = q. On the other hand, according to - and for i = 1,2,3 continuity of T; and I;, we obtain that

Toq = q,13q = q, I1q = q,]I2q = q and I3qg = ¢, so for ¢ = 1,2,3, q is a common fixed point T; and I;. By Lemma

4.1(1), 1im |z — ¢ exists. But lim ||z, — ¢|| = 0. Thus lim |z — ¢l = 0, that is, {x,} converges strongly to a
,—}OO n—oo

common fixed point ¢ € ﬂ F(T;) N F(1;).

Also, from (4 and , it follows that 11_>rr;o llyn, —ql| = 0 and nh_)rr;o llzn, — g|| = O that is, {yn} , {zn} converges

strongly to a common fixed point ¢ € ﬂ F(T)NF(;). O

Theorem 4. 3 Let the conditions of Lemma 4.1 be satisfied. If one of the mappings T; and I;, (i = 1,2, 3), is semi-
compact and ﬂ F(T;)NF(I;) # 0, for i = 1,2,3, then {x,} defined by (4.1)) converges strongly to a common fixed

1=

point of T; and i

Proof . Since, for i = 1,2,3, one of the mappings T; and I; is semi-compact, there exists a subsequence {z, }
of {z,} such that {z,, } converges to a ¢ € K. Suppose that T} is semi-compact. Therefore from (4.31)), we obtain
lim ||z, —T1%n, || = ||¢g—T1¢|| = 0. Now Lemma 4.1 guarantees that lim||Tox,, — 2y, || =0, lUm ||T32,, — 2, || =0
k—o0 n—00 n—o00

and so |[Tig* —qx || =0, |[Teg* —q* || =0, || T3qg x —q * || = 0, and lim ||lenk —n, || =0, limHIank —xp, || =0,

hm ||Igl‘nk T, || = 0 and so || I1gx—gx|| = 0, |[lagx—qx]| = 0, ||[I3g*—g*|| = 0. It follows that ¢ € ﬂ F(T;)NF(I;).

Slnce hm |z — g|| exists and the subsequence {z,,} of {z,} such that {z,,} converges strongly to q, then {x,}

converges to common fixed point ¢ € ﬂ F(T;) N F(I;). Also, from and (4.21)), it follows that lim ||y, —q| =0
i=1 n—00

and lim ||z, —q|| = 0 that is, {yn} , {zn} converges strongly to a common fixed point q of T; and I;, (i = 1,2,3).
n—oo
The proof is completed. [

In the next result, we prove the strong convergence of the scheme (4.1)) under condition (B) which is weaker than
the compactness of the domain of the mappings.
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Theorem 4.4. Let the conditions of Lemma 4.2 be satisfied. If, for i = 1,2,3, T; and I; satisfy condition (B) and
3

N F(T;)NF(I;) # 0, then {z,} defined by (4.1) converges strongly to a common fixed point of 7; and I;, (i = 1,2, 3).

i=1

Proof . By Lemma 4.1(1), we have lim |z, —q|| exists and so lim d(zy,q) exists for all ¢ € F/(T'NI). Also by Lemma
n—oo n—00

3
4.1(2), lim ||z, — Lz,| = lim ||z, — Tiz,| = 0. It follows from condition (B) that lim f(d(z,, (| F(T;)NF(I;))) <
n—o00 n—o0 n—00 =1
3
lim {3 (||, — Tyzn| + |n — Liz,]))}. That is, ILm fld(z,, N F(T;) N F(I;))) = 0. Since f : [0,00) — [0,00) is a
n o0

n— oo i=1

3
nondecreasing function satisfying f(0) = 0 and f(r) > 0 for all r € (0,00), we have lim d(z,, () F(T;) N F(I;)) = 0.
By the same method given in the proof of Theorem 3.5, the proof is completed. [

Finally, we prove the weak convergence of the iterative scheme (4.1 for three I-asymptotically nonexpansive
mappings in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 4.5. Let X be a real uniformly convex Banach space satisfying Opial’s condition and K be a nonempty
closed, bounded and convex subset of X. Let T; : K — K, (i = 1,2,3) be a I-asymptotically nonexpansive mapping

with {k,} a sequence of real numbers such that k, > 1 and > (k, —1) < ocoand I; : K — K, (i = 1,2,3) be an

n=0
asymptotically nonexpansive mapping with {£,} a sequence of real numbers such that ¢, > 1 and > (¢, — 1) < 0.
n=1
Let {an}, {bn}, {en}.{on}, {Bn} be sequences of real numbers in [0, 1], such that {b, + ¢,} and {«a, + 8,} in [0,1]
3
for all n > 1. Let {zn}, {yn}, {zn} be the sequences in K defined by [@.1). If (| F(T3) N F(I;) # 0, then {z,}, {yn},
i=1
{zn} converge weakly to a common fixed point of T; and I;, (i = 1,2, 3).
3
Proof . Let ¢ € () F(T;) N F(I;). Then as in Lemma 4.1(1), lim |2, — ¢|| exists. We prove that {z,} has a unique
i=1 n— 00
3
weak subsequential limit in () F(T;) N F(I;). We assume that ¢; and ¢o are weak limits of the subsequences {z,, },
i=1
{xn, } of {x,}, respectively. By (.30)-(4.35), for i = 1,2,3, nh_}rrgo |z — Lizn| =0, nh_)rr;o |z — Tizy| = 0 and E — T;
and E — I; are demiclosed by Lemma 2.1, for i = 1,2,3, Tq1 = q1, I;q1 = ¢1 and in the same way, T;q2 = ¢2, I;q2 = go-
3
Therefore, we have q1,q2 € () F(T;) N F(I;). It follows from Lemma 2.5 that g1 = ¢2. This completes the proof. O
i=1

7
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