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Abstract

In this paper, we introduce the generalized hyperbolic Jacobsthal numbers. As special cases, we deal with hyperbolic
Jacobsthal and hyperbolic Jacobsthal-Lucas numbers. We present Binet’s formulas, generating functions and the
summation formulas for these numbers. Moreover, we give Catalan’s, Cassini’s, d’Ocagne’s, Gelin-Cesaro’s, Melham’s
identities and present matrices related with these sequences.
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1 Introduction

Jacobsthal sequence {J,}n>0 (OEIS: A001045, [30]) and Jacobsthal-Lucas sequence {K,,},>0 (OEIS: A014551,
[30]) are defined by the second-order recurrence relations

Jp = Jn1 4+ 2Jp 9, Jo=0,J1 =1 (11)

and
K,=K, 1+2K, 5, Ky=2,K;=1. (1.2)

The sequences {J,, }n>0 and {K,},>0 can be extended to negative subscripts by defining

1 1
Jop= _iJf(nfl) + §Jf(n72)

and

1 1
K_, = _§K7(n71) + §K7(n72)

for n =1,2,3, ... respectively. Therefore, recurrences ([1.1)) and (1.2)) hold for all integer n.
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A generalized Jacobsthal sequence {V, }n>0 = {V,(Vo, V1) }n>0 is defined by the second-order recurrence relations
Vo=Vu_1+2Vy_o;, Vo=a, V1 =0, (n > 2) (13)

with the initial values Vj, V7 not all being zero. The sequence {V;,},>0 can be extended to negative subscripts by
defining

1 1
Vo= —§Vf(n71) + in(nfz)

for n =1,2,3,.... Therefore, recurrence (|1.3]) holds for all integer n.

Note that if we set Vo = 0,V; = 1 then {V,,} is the well-known Jacobsthal sequence and if we set Vo =2,V; =1
then {V,,} is the well-known Jacobsthal-Lucas sequence. The first few generalized Jacobsthal numbers with positive
subscript and negative subscript are given in the following Table 1.

Table 1. A few generalized Jacobsthal numbers

n Vi V_n

0 Vo

1 Vi —5Vo + %Vl
2 2w+ 3Vo - *V1
3 2Vh 4+ 3V;
4

)

6

6Vo + 5V UVO— 58

10V, + 11 iy ?2

22V, + 2114 4§V0 Q%V

Jacobsthal sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example, [2], [3], [7], [8], [9], [12], [13], [16], [18], [19], [24], [25], [27], [37].

We can list some important properties of generalized Jacobsthal numbers that are needed.
e Binet’s formula of generalized Jacobsthal sequence can be calculated using its characteristic equation which is

given as
t?—t—2=0.

The roots of characteristic equation are

and the roots satisfy the following
a+p=1 a=-2, a—p3=3.

Using these roots and the recurrence relation, Binet formula can be given as

Aa™ — B™  A2" — B(—1)"

= (1.4)
where A=V, —Vp8=V1+Vy and B =V, — Vha =V} —2V}.
e Binet’s formula of Jacobsthal and Jacobsthal-Lucas sequences are
ot e
and
K,=a"+p8"=2"+(-1)"
respectively.
e The generating function for generalized Jacobsthal numbers is
g(t) = Yor-Vo)i (1.5)

1—t—2t2
e The Cassini identity for generalized Jacobsthal numbers is

Vi1 Vo1 — V2 =2""1(VoVh — Vi — 2V) (1.6)



A study on hyperbolic numbers with generalized Jacobsthal numbers components 1967

A" = oV, + V,_1, (1.7

~—

There are some extensions (generalizations) of real numbers into real algebras of dimension 2 which are the
followings: complex numbers,
C={z=a+ib:a,bcR,i*=—1},

hyperbolic (double, split-complex) numbers, [31],
H={h=a+hb:abecR h*=1},

and dual numbers, [15],
D={d=a+eb:abcR,e?=0}.

In fact, each possible system can be reduced to one of the above and there exist essentially three possible ways to
generalize real numbers into real algebras of dimension 2 (see, for example, [22] for details).

There are also other extensions (generalizations) of real numbers into real algebras of higher dimension. The
hypercomplex numbers systems, [22], are extensions of real numbers. Some commutative examples of hypercomplex
number systems are complex numbers, hyperbolic numbers, [31], and dual numbers, [I5]. Some non-commutative
examples of hypercomplex number systems are quaternions [I7], octonions [5] and sedenions [33]. The algebras
C (complex numbers), Hg (quaternions), @ (octonions) and S (sedenions) are real algebras obtained from the real
numbers R by a doubling procedure called the Cayley-Dickson Process. This doubling process can be extended beyond
the sedenions to form what are known as the 2"-ions (see for example [6], [20], [2]]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [I7] as an extension to the complex
numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848, [I1I]. H. H. Cheng and
S. Thompson [I0] introduced dual numbers with complex coefficients and called complex dual numbers. Akar, Yiice
and Sahin [I] introduced dual hyperbolic numbers.

Here we use the set of hyperbolic numbers. The set of hyperbolic numbers H can be described as
H={z=2+hy|h¢R, h*=1,z,y € R}.

The hyperbolic ring H is a bidimensional Clifford algebra, see [23] for details. Hyperbolic numbers has been called in
the mathematical literature with different names: Lorentz numbers, double numbers, duplex numbers, split complex
numbers and perplex numbers. Hyperbolic numbers are useful for measuring distances in the Lorentz space-time plane
(see Sobezyk [31]). For more information on hyperbolic numbers, see also [21], [20], [29], [32)].

Addition, substraction and multiplication of any two hyperbolic numbers z; and 25 are defined by

z1tze = (v1+hyr) £ (22 + hys) = (21 £ x2) +h (Y1 £ y2),
21X zg = (214 hy) X (x2 4+ hy2) = z122 + y1y2 + h (2192 + y122) -

and the division of two hyperbolic numbers are given by

21 withyr (214 hy) (32 — hys) _ T1T2 + Y192 4 p Ty + Y122

zo wxa+hys (w2 + hys) (z2 — hyo) x5 —y3 x5 — 3

It is easy to see that this algebra of hyperbolic numbers is commutative and contains zero divisors. The hyperbolic
conjugation of z = x + hy is defined by
z=2=2— hy.

Note that Z = z. Note also that for any hyperbolic numbers z;, 22,2z we have

2tz = Z A7,
z1 X 29 = Z1 X Z2,
Iz = zxz=a%-12

In this paper, we define the hyperbolic generalized Jacobsthal numbers in the next section and give some properties
of them.
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2 Hyperbolic Generalized Jacobsthal Numbers and their Generating Functions and
Binet’s Formulas

In this section, we define hyperbolic generalized Jacobsthal numbers and present generating functions and Binet
formulas for them.

In [4], the author defined hyperbolic Fibonacci numbers and Dikmen [I4] defined hyperbolic Jacobsthal numbers.
Soykan [36], defined hyperbolic generalized Fibonacci numbers.

We now define hyperbolic generalized Jacobsthal numbers over Hp. The nth hyperbolic generalized Jacobsthal
number is

Vo = Vi 4 hViq. (2.1)

As special cases, the nth hyperbolic Jacobsthal numbers and the nth hyperbolic Jacobsthal-Lucas numbers are given

as "
Ip = Jp + th-i—l

and ~
Kn = Kn + hKn+1

respectively. It can be easily shown that _ ~ _
Vi = Vo1 + 2V, _o. (2.2)

The sequence {ﬁn}nzo can be extended to negative subscripts by defining
V_n Z—*V (n— 1)+ V(n 2)-
for n =1,2,3, ... respectively. Therefore, recurrence ) holds for all integer n. Note that

17nh = Vi1 + Vih.

The first few hyperbolic generalized Jacobsthal numbers with positive subscript and negative subscript are given in
the following Table 2.

Table 2. A few hyperbolic generalized Jacobsthal numbers

n Vn V—n
0 Vo + hV1
1 V1+h(2VE]+V1) —*CL—F%I)_ 1V1 0-|—hVO
2 2Vo + Vi + h(2Vo + 3V1) 1 *V1+h( V(H- 1Vl)
3 2Vo+3Vi +h(6Vh + 51) 3v1 58V0+h(% 1)
4 6Vo+5Vi + h(10Vp + 11V) i%vo - %?Vl + h(—g 3V1)
5 10Vp + 11V; + h(22V, + 21V)) 27 n Vo + h(lg ? )
6 22Vo +21V4 + h(42Vp +43V4) % v0 —ZVi+h(=2Vo+ V1)
Note that
Vo = Vo+hVi=Vy+hW,
Vi = Vi+hVa=Vi+h@2Vy+W).

For hyperbolic Jacobsthal numbers (taking V,, = J,,, Jo =0,J; = 1) we get

Jo = b,
J, = 1+h.

and for hyperbolic Jacobsthal-Lucas numbers (taking V,, = K,,, Ko = 2, K; = 1) we get

Ko, = 2+h,
K, = 1+5h.

A few hyperbolic Jacobsthal numbers and hyperbolic Jacobsthal-Lucas numbers with positive subscript and neg-
ative subscript are given in the following Table 3 and Table 4.
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Table 3. Hyperbolic Jacobsthal Table 4. Hyperbolic Jacobsthal-
numbers Lucas numbers

n Jn J_n n K, K_,

0 h 0 2+h

1 1+h : 1 1+5h —3+2h

2 1+43n —1+1n 2 5+7h 5_1n

3 3+45h 3_1n 3 T+17h —7g+gh

4 5+11h -2 +3h 4 17+31h }gﬁ—gh

5 114 21h é—é—%h 5 314 65h —§—§+%h

6 21+43h —ZL+ 2Ih 6 65+127h S —3h

Now, we will state Binet’s formula for the hyperbolic generalized Jacobsthal numbers and in the rest of the paper, we
fix the following notations:

a = 14+ha=1+2h,

B = 1+hB=1—h.

Note that we have the following identities:

a = 1+42h,
B = 1-h,

aB = —1+h,
a? = 5+4h,
32 = 2-2h,
a8 = 1-—h,

ap® = —2+2h,
a® = 13+ 14h,
B = 4—4h,
2B = 2-—2h,
@B = —1+h,
B = —4+4h.

Theorem 2.1. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Jacobsthal number is

7 _ Ada” - BBB™  Aa2" — BA(-1)"
" a—pf N 3

where
A = Vi=WB=Vi+V,
B = V1*V()Oé:V172V0.
Proof . Using Binet’s formula ([1.4)) and the recurrence relation (2.1)

_ Aa™ - Bp" A" — B(-1)"
N a—pf B 3

Vi

we obtain

~ A2" — B(—1)™ A2ntl _ B(—1)ntt

A(L +2h)2" — B(1 — h)(=1)"
. .
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This proves (2.3). O
As special cases, for any integer n, the Binet Formula of nth hyperbolic Jacobsthal number is
7 _Ga" - g _ a2 - B(-1)"
" a—-p8 3

and the Binet Formula of nth hyperbolic Jacobsthal-Lucas number is
K, = aa™ + BB" = a2™ + B(—1)".
Next, we present generating function.
Theorem 2.2. The generating function for the hyperbolic generalized Jacobsthal numbers is

S e = Bt (A= Vo)
= 1l—x—-2z

Proof .Let -
g(x) = Z Voa"
n=0

Soykan, Tagdemir

(2.6)

be generating function of the hyperbolic generalized Jacobsthal numbers. Then, using the definition of the hyperbolic
generalized Jacobsthal numbers, and substracting xg(z) and 2z2g(z) from g(z), we obtain (note the shift in the index

n in the third line)
(1—x—22%)g(x) = i Voa — i Vo™ — 222 i Vo™
n=0 n=0 n=0
= Z XN/ngc” — Z YN/,L:E"'H -2 Z f/nx""‘g
n=0 n=0 n=0
= Z Voz" — Z Vo1 —2 Z Vioa™
n=0 n=1 n=2

[ee]
= (Vo+Viz) = Vor + > (V= Vooy — 2V, p)a”
n=2

= (Vo+Viz) — Voo = Vo + (Vi — V).

Note that we used the recurrence relation ‘7'” = ‘7n_1 + 2‘7n_2. Rearranging above equation, we get

_ ‘704-(‘71 — %)m

9(x) 1—2— 222
O
As special cases, the generating functions for the hyperbolic Jacobsthal and hyperbolic Jacobsthal-Lucas numbers
are
=~ h+x
S - A
o _9n2
= l—z—-2x
and -
oo = (2+h)+ (-1+4h)x
v 1—z— 222

respectively.
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3 Obtaining Binet’s Formula From Generating Function

1971

We next find Binet’s formula of hyperbolic generalized Jacobsthal number {‘7n} by the use of generating function

for f/n

Theorem 3.1. (Binet’s formula of hyperbolic generalized Jacobsthal numbers)

‘7 _ dla” _ dgﬁn

" 3 3

where

d1 = ‘7006 + (‘71 - ‘70),

dy = VoB+ (Vi — Vo).
Proof .Let

h(z) =1—z — 22°.
Then for « = 2 and B = —1 we write
h(z) = (1 — ax)(1 - Bx)

ie.,

1—z—22%=(1—-ax)(l - pz)

Hence L =1 and % = —1 are the roots of h(z). This gives @ and § as the roots of
1 1 2
h(-)=1--——==0.
(x) r  x?

This implies 22 — 2 — 2 = 0. Now, by (2.6) and (3.2)), it follows that

$° 7 - T oo
= (1—azx)(l-Bx)
Then we write ~ o
Vo + (Vi — Vo)z Ay Ap

(—an)1-p2) (—ax)  (1-pa)
So
Vo + (Vi = Vo)z = Ay (1 — Bz) + As(1 — ax).

If we consider z = é, we get Vo + (171 — ‘70)% =A;(1—- Bé) This gives

Voo + (Vi = Vo) dy
Ay = 0ot U Yo)

(@a=p) 3
Similarly, we obtain
e |
Vo+ (V1 — VO)E E

and so _ o
VBt (i-To)  dy

SR ey i &

Thus (3.3]) can be written as
Z Voa™ = Ay (1 —ax) ™' 4+ Ay(1 — Bz) L.

n=0

This gives

o0

Z ‘7”:::” = A Z az" + Ay Z B = Z(Aloz” + A8™)a".
n=0 n=0

n=0 n=0

= As(1—at) = ToB+ (Vi — Th) = As(5 — )

(3.1)
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Therefore, comparing coefficients on both sides of the above equality, we obtain
V,, = Aja™ + A"

and then we get (3.1). O
Note that from (2.3 and (3.1]) we have

(Vi —VoB)a = Voa+ (Vi — W),
(W — Voa),g = VoB+ (‘71 — ‘70)7

ie.,

Vi+Vo)a = 2V + (Vi — V),

Vi —2Vo)B = —Vo+ (Vi — Vo).

Next, using Theorem we present the Binet formulas of hyperbolic Jacobsthal and hyperbolic Jacobsthal-Lucas
numbers.

Corollary 3.2. Binet’s formulas of hyperbolic Jacobsthal and hyperbolic Jacobsthal-Lucas numbers are

L:aw_ﬁenn
3
and B _
K, =a2"+g8(-1)"
respectively.

4 Some Identities
We now present a few special identities for the hyperbolic generalized Jacobsthal sequence {XN/n} The following

theorem presents the Catalan identity for the hyperbolic generalized Jacobsthal numbers.

Theorem 4.1. (Catalan identity) For all integers n and m, the following identity holds

~ 1 _
Vi Vi = Vit = gAB2" " (=1)" 7" (1) = 27)* (<1 + D).

Proof . Using the Binet formula ([2.3)
~  Aa2" — BB(-1)"

Va 4.1
: (4.)
where
A = ‘/1 + V07
B = V-2,
we get

- - - A~2n+m _ B~ -1 n+m A~2n7m _ BN —1)yn—m
Vn+7nvn—m - ‘/7? = a 5( ) a B( )

3 3
Aa2n — BR(-1)"\
B 3
= GABYTT (ST () - om) G
1

_ §A£H"‘”(—1V*m+1«—1W1—2m)20—1+h)
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O

As special cases of the above theorem, we give Catalan’s identity of hyperbolic Jacobsthal and hyperbolic Jacobsthal-
Lucas numbers. Firstly, we present Catalan’s identity of hyperbolic Jacobsthal numbers.

Corollary 4.2. (Catalan’s identity for the hyperbolic Jacobsthal numbers) For all integers n and m, the following

identity holds
~ ~ ~ 1

Jn+mJn7m - J72L = §2”—m (_1)nim+1 ((_1)m - 27”)2 (_1 + h)
Proof . Taking V,, = J,, in Theorem [£.1] we get the required result. OJ

Secondly, we give Catalan’s identity of hyperbolic Jacobsthal-Lucas numbers.

Corollary 4.3. (Catalan’s identity for the hyperbolic Jacobsthal-Lucas numbers) For all integers n and m, the fol-
lowing identity holds

Ry K — K2 = 277" (1" ((=1)" = 2)* (=1 + h).

Proof .Taking V,, = K,, in Theorem we get the required result. O

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic generalized Jacobsthal
sequence.

Corollary 4.4. (Cassini’s identity) For all integers n, the following identity holds
Vi1Vt — V2= AB2"" 1 (=1)" (=1 + h).

As special cases of Cassini’s identity, we give Cassini’s identity of hyperbolic Jacobsthal and hyperbolic Jacobsthal-
Lucas numbers. Firstly, we present Cassini’s identity of hyperbolic Jacobsthal numbers.

Corollary 4.5. (Cassini’s identity of hyperbolic Jacobsthal numbers) For all integers n, the following identity holds

Jn+1jn71 - jz = 2n—1 (_1)n (_1 + h)
Secondly, we give Cassini’s identity of hyperbolic Jacobsthal-Lucas numbers.

Corollary 4.6. (Cassini’s identity of hyperbolic Jacobsthal-Lucas numbers) For all integers n, the following identity
holds

Kny1Kn 1 — K2 =9x2"1 (=1)"" (=1 +h).

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using the Binet Formula of the
hyperbolic generalized Jacobsthal sequence:

The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of the hyperbolic generalized Jacob-
sthal sequence {V,,}.

Theorem 4.7. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

(b) (Gelin-Cesaro’s identity)

~ = o~ ~ 1
(VA VA VAR VAP Vi 35 AB2" (—1)" (22" A% + 4(-1)*" B?

+13(=1)"2"AB) (~1 + h).
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(c) (Melham’s identity)

_ _ 1
Vo 1VagaViys — Viys = gAB (—)" 2t (2 x 2" A= 5(=1)" B) (1 —h).

n

Proof .
(a) Using the Binet formula, we get

Aa2m+t — BB(—1)™*! Aa2m — BR(—1)"

Vm+1‘7n - ‘7m‘7n+1 ==

3 3
_Aa2m — BB(—1)™ Aa2ntt — BR(—1)"*!
3 3

= %AB ((=1)™ 2" — (=1)" 2™) (=1 + h).

(b) Using the identities

a8 = (~1+h)

ap® = (—4+4n)

B = (2-2h)
we obtain

AG2mt? — B(-1)"+2 Aa2nt! — BA(—1) !

‘7n+2‘7n+1‘7n71‘7n72 - ‘77? =

3 3
AG2"~' — BB(-1)""! Aa2"—2 — BB(~1)""?
3 3
- (Aa2” - BB(—l)”>4
3

= %ABQ” (—1)" (22" A%6°3
+2(-1)" B%ap® — 13 (—1)" 2" ABa*3?)

_ %ABT’ (—1)" (227 A% (=1 + h) + 4 (—1)2" B2(—1 + h)
—13(=1)"2"AB(1 — h))

Soykan, Tagdemir

= %ABQ” (=1)" (22" A% +4(=1)*" B> + 13 (=1)"2"AB) (—1 + h).

(c) Taking account of the identity

&8 = 1-—h,
B> = —2+2h,

and Binet formula of ‘7”, we get

Aaantl — BR(—1)"t! Aa2nt2 — BB(—1)n+2

e e 7 173
Vn+1 Vn+2Vn+6 - Vn+3 -

3 3
~ ~ 3
Agoant6 _ Bﬁ(—l)"+6 (A&2”+3 _ Bﬁ(_l)n—&-i‘))
3 3

= —%AB (—1)" 2t (2"+2A&25+ 5(=1)" 3&52)

= éAB (—1)" T 2m 22 A1 — h) + 5 (=1)" B(—1+ h))

= %AB (=1)" 12 t2 (2% 2"A —5(—=1)"B) (1 — h).
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O

As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of hyperbolic
Jacobsthal and hyperbolic Jaco-bsthal-Lucas numbers. Firstly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’
identities of hyperbolic Jacobsthal numbers.

Corollary 4.8. Let n and m be any integers. Then, for the hyperbolic Jacobsthal numbers, the following identities
are true:

(a) (d’Ocagne’s identity)

Tmi1dn = Tndngr = 5 (1) 2" = (=1)"2™) (=1 + h).

Wl

(b) (Gelin-Cesaro’s identity)

T T T T T 1 n n n n on
T2 dns1dp1Jdn_g — Jb = 52 (D) (4(=1)*" 422" +13(=1)"2") (=1 +h).

(c) (Melham’s identity)

T T T ]‘ n n n n
Tnstdniaduie = Jipg = 5 (-1 2@ =5 (1)) (1 - h).

Secondly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of hyperbolic Jacobsthal-Lucas num-
bers.

Corollary 4.9. Let n and m be any integers. Then, for the hyperbolic Jacobsthal-Lucas numbers, the following
identities are true:

(a) (d’Ocagne’s identity)

Kms1 Ky — KpKpyr = 3((=1)" 2™ — (=1)"2") (=1 + h).
(b) (Gelin-Cesaro’s identity)
KpioKpi1Kn 1Kpo— KX = 9x 27 2(=1)" " (4(=1)" + 22" —13(=1)"2") (=1 + h) .
(c) (Melham’s identity)

Kni1KnyoKpi6— K2 3 =9(-1)"2""2(5(-1)" +2x 2") (1 - h).

5 Linear Sums

In this section, we give the summation formulas of the hyperbolic generalized Jacobsthal numbers with positive
and negative subscripts. Now, we present the summation formulas of the generalized Jacobsthal numbers.

Proposition 5.1. For the generalized Jacobsthal numbers, for n > 0 we have the following formulas:

(a) ZZ:O Vi = %(Vn+2 - W).
(b) Sr_o Vo = 1(2Vanta — 2Vang1 — Vo + (Vi + 2Vo)n).
(€) ko Vart1 = §(=Vant2 + 10Van 41 = 3V1 +2V0 + (2V1 — 4Vo) n).

Proof . For the proof, see Soykan [34]. O

Note that we can write (c¢) of the above proposition as

- 1
> Varsr = 5(2Vants = 2Vansz = Vi + (Vi — 2V0)n)
k=0
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by using (a) and (b) of Proposition [5.1] and the identities

n 2n+1 n
> Vakpr = > V=Y Var,
k=0 k=0 k=0
‘/2n+3 - 2Vv2n+2 = Vi —-2W.

Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Jacobsthal
numbers.

Theorem 5.2. For n > 0, dual hyperbolic generalized Jacobsthal numbers have the following formulas:.

(@) Yoo Vi = 3 (Vagz = V).
(b) Sp_o Var = 1(2Vanso — 2Vang1 — Vo + (—Vi + 2Vp)n).
(€) >r-o V41 = %(2172”+3 — 2Vonia — Vi + (‘71 - 2‘70)71)'

Proof . Note that using Proposition (a) we get

n

1
> Vi = §(Vn+3 — Vi —2W).

k=0
Then it follows that
Z‘A}k = ZVk +hZVk+1
k=0 k=0 k=0
1 1
= 5V = V&) b (Vs = Vi — 21)
1 ~
= i(Vn+2 — (Vi +hV2))
1 ~ -
= i(Vn+2 - Wi).

This proves (a).
(b) Note that using Proposition (b) and (c) we get

D Vo = > Var+hY Varn
k=0 k=0 k=0

1 1

= §(2V2n+2 —2Vopt1 — Vo + (=V1 +2Vp)n) + h §(2V2n+3 — 2Vapyo — Vi + (Vi — 2Vp)n)
1

= -(2Vang2 + hVants) = 2(Vang1 + hVang2) — (Vo + hV1) + ((=V1 + 2Vp) + h(Vy — 2Vp))n)
3

1 ~ ~ ~
= 3(2Vansz = 2Vanp1 = Vo + ((=Vi + 2V) + h(=V2 + 2V1))n)

1 ~ ~ ~
= 3(2Vens2 = 2Voni1 = Vo + (=(Vi + hV2) +2(Vo + hVi)n)

1~ ~ ~ ~ ~
= 5(@Vani2 = 2Vani = Vo o+ (=13 + 2V0)n).
(c) Note that using Proposition (b) and (c) we get

- 1
> Varir = 5(2Vanta = 2Vanss — Vi — 2V + (Vi + 2V0)n).
k=0
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Then it follows that

n
E Vok41 =
k=0

Vogy1 + R Z Var4o

NE

k=0 k=0
1 1

= §(2V2n+3 —2Vopt2 — Vi + (V1 —2Vp)n) + h§(2‘/2n+4 — 2Vopqs — Vi =2V + (=V1 + 2Vo)n)
1

= 5(2(V2n+3 + hVonta) — 2(Vapga + hVanys) — (Vi + h(Vi +2V0)) + (Vi — 2Vh)

+h(=V1 +2Vp))n)

1 - N
= §(2V2n+3 —2Vopyo — (Vi + hVa) + ((2V1 — 4Vp) + h(2Va — 4V1))n)

1 ~ ~ ~ ~ ~
= §(2V2n+3 — 2Vongo — Vi 4+ (VI — 2Vo)n).

O

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
Jacobsthal numbers:

Corollary 5.3. For n > 0, dual hyperbolic Jacobsthal numbers have the following properties:
(a) >p—o Tk = %(jn+2 - jl)

(b) ZZ:O j2k: = %(Qj;n-&-Q - 2'727L+1 - j}) + (_t}i + 2%)”)

(¢) —=>r_p j2k+1 = %(2=72n+3 - 2:an+2 —Ji+ (J~1 — 2%)71).

As a second special case of the above theorem, we have the following summation formulas for dual hyperbolic
Jacobsthal-Lucas numbers:

Corollary 5.4. For n > 0, dual hyperbolic Jacobsthal-Lucas numbers have the following properties.
(a) ZZ:O Ky = %(Kn+2 — Ki).

(b) ZZ:O I?Qk = %(2I?2n+2 — 2E2n+1 — I?O —+ (—I?l —+ 2.[?0)77,)

() Yo Koji1 = %(2k2n+3 — 2K9,40 — K1 + (K1 — 2Ko)n).

Now, we present the formula which give the summation formulas of the generalized Jacobsthal numbers with
negative subscripts.

Proposition 5.5. For n > 1 we have the following formulas:

(@) Cpoy Vor = 3(=3Vopn1 =2V o + VA).
(b) >y Voo = 2(2V_gn — 6V_o,—1 + (34 — 5Vp) + (—V1 + 2Vo)n).
(€) Xkoy Vezkr = 3(2Voznin — 6Vogn + (—2V3 +6V0) + (Vi — 2Vo)n).

Proof . This is given in Soykan [35]. See also Soykan [34]. O

Next, we present the formulas which give the summation of the first n dual hyperbolic generalized Jacobsthal
numbers with negative subscripts

Theorem 5.6. For n > 1, dual hyperbolic generalized Jacobsthal numbers have the following formulas:

(@) Sy Vo= 3(=3Vo 1 =2V 5 + Th).
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(b) >, Voo = %(2‘7—271 — 6V gn_1 + (3V1 — 5Vp) + (=Vi + 2Vo)n).
(c) Yopey Viogkir = %(2‘7—2n+1 —6V_g, + (—2‘71 + 6‘70) + (‘71 - 2‘70)73)-

Proof . We prove (a). (b) and (c) can be proved similarly. Note that using Proposition (a) we get

- 1
Y Vo= 5 (53Von =2V + Vi £ 2V0).
k=1

Then it follows that

Z‘Zk = vak +hZV7k+1
k=1 k=1 k=1
1 1
= (Vo =2V + Vi) + o (<3Von = 2V + Vi 4 2V)
1
= 5(3(‘/_”_1 + hV_n) — (V_n_z + hV_n_1) +Vi+ h(Vl + QVO))
1 ~ ~
= 5(73‘/—71—1 - 2V—n—2 + (‘/1 + h‘/g)
1

- 5(—317'_n_1 — 2V o+ Vi)

This proves (a).
(b) Note that using Proposition (b) and (c) we get

ZV,QIC = ZVLQ}C + hZV72k+1
k=1 k=1 k=1
1
= 5(2‘/_2” —6V_on_1+ (3V1 — 5V0) + (—V1 + QVO)H)

1
+h§(2V_2n+1 —6V_9, + (72‘/1 =+ 6V0) =+ (‘/1 — 2V0)TL)

1
= 5(2(‘/_2" + hV_2n+1) — 6(V_2n_1 + hV_Qn) + ((3V1 — 5V0)

+h(=2V1 + 6V0)) 4+ ((=V1 + 2V%) + h(V1 — 2Vp))n)
1 ~ _ _ _ _ _
= §(2V—2n —6V_9,—1+ (3V1 —5V)) + (—V1 4+ 2V)n)

(c) Note that using Proposition (b) and (c) we get
- 1
Z Vogpto = §(2V72n+2 —6V_gpp1 + (4V1 —4Vo) + (=V1 +2Vp)n).
k=1

Then it follows that

n n n
D Veaktr = Y Vearpi+hy Voogys
k=0 k=0 k=0

1
= §(2V_2n+1 —6V_gp + (—2V1 +6Vh) + (Vi — 2Vp)n)

1
+h§(2V—2n+2 —6V_gp41 + (4V1 —4V) + (=V1 + 2Vp)n))

1
= 5(2(‘/_2”+1 + hV_2n+2) — 6(V_2n + hV_2n+1) + ((GVQ — 2V1)

+h(4Vi — 4Vp)) + (Vi — 2Vo) + h(=V1 + 2Vp))n)
1 ~ - - - - -
= §(2V_2n+1 —6V_o, + (—2V1 + 6‘/0) + (Vl — 2V0)’I”L)
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O

As a first special case of above theorem, we have the following summation formulas for dual hyperbolic Jacobsthal
numbers:

Corollary 5.7. For n > 1, dual hyperbolic Jacobsthal numbers have the following properties:

(@) Sh Tk =2(-3Tno1— 2] o+ 1)
(b) S ) Jook = 22T 0y — 6J_2p1 + (3J1 — 5Jo) + (—J1 + 2Jo)n).

(c) Yopy J_opi1 = %(2j—2n+1 — 6], + (—le + 6jo) + (jl - 2jo)n)-

As a second special case of above theorem, we have the following summation formulas for dual hyperbolic
Jacobsthal-Lucas numbers:

Corollary 5.8. For n > 1, dual hyperbolic Jacobsthal-Lucas numbers have the following properties.

@ Sy K= M-3Ry 2R R
(b) ZZ:I I?—Zk - %(2}?_271 — 6]:?—271,—1 —+ (3]}1 — 5]?(10) + (7}?1 + 2}—?0)”)

(C) ZZ:I I?_Qk_i'_l = %(2[?_2”4'_1 — Gg_gn + (—2[’?1 =+ 6[?0) =+ ([}1 — 2[?0)?1)
6 Matrices related with Hyperbolic Generalized Jacobsthal Numbers

p=(1 1)

such that det D = —2. Induction proof may be used to establish

n_ [ JInv1 2Jp
b= < JIn 2Jn1 ) (61)

<V{L/:1>(} (2)>n<1‘2> (6.2)

We define the square matrix D of order 2 as:

and (the matrix formulation of V,,)
Now, we define the matrix Dy as

This matrice Dy is called hyperbolic generalized Jacobsthal matrix. As special cases, hyperbolic Jacobsthal matrix
and hyperbolic Jacobsthal-Lucas matrix are

by (5 20
Jo 2J;

and
Dy = [:(3 ZI:Q
Ky 2K,

respectively.
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Theorem 6.1. For n > 0, the following is valid:
D%} 1 2 — Yn+3 QYTH-Q ) (63)
Lo Vn+2 2Vn+1
Proof .We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we assume it is true for
n = k, that is
Dy D = Vits 2Vig2 |
Vitz 2V
If we use ll then we have ‘7k;+2 = ‘71«+1 + 21~/k. Then, by induction hypothesis, we obtain

Dy DFFL = (Dka)D = ‘:/k+3 ‘:/k+2 ( 12 ) = ‘:/k‘H” +2‘:/k+2 2‘:/’”3
Vk+2 Vk+1 10 Vk+2+2vk+1 2Vk+2

_ ‘:/k+4 2‘Zk+3
Vits 2Vigo
Thus, (6.3]) holds for all non-negative integers n.[]

Remark 6.2. The above theorem is true for n < —1. It can also be proved by induction.

Corollary 6.3. For all integers n, the following holds:

Voo = Vadns1 + 2V J,.

Proof .The proof can be seen by the coefficient of the matrix Dy and (6.1)). O

Taking V,, = J,, and V,, = K, respectively, in the above corollary, we obtain the following results.
Corollary 6.4. For all integers n, the followings are true:

(a) jn+2 = <72Jn+1 + 2(71Jn

(b) Kpio = Kodpi1 + 2K1J,.
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