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Abstract

In this paper, by using the Schauder fixed point theorem, we obtain the existence of positive solutions for discrete
fractional boundary value problem. Also, we establish upper and lower solution for this problem. Our results extend
some recent works in the literature.
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1 Introduction

In his 1695 letter to Leibniz, L’Hospital posed the question, what does it mean to take a half- derivative
of a function? This question is said to have launched fractional calculus, which has since developed many ways
of extending derivatives to be of any complex order. Basic background in fractional calculus can be found in [16].
Fractional calculus has recently developed into a relatively vibrant research area. It also provides an excellent tool to
describe the hereditary properties of materials and processes. Many successful new applications of fractional calculus
in various fields have also been reported recently. For example, Nieto and Pimentel [I4] extended a second order
thermostat model to the fractional model; Ding and Jiang [5] used waveform relaxation methods to study some
fractional functional differential equation models. Also, fractional differential systems have been used in 3D printing
and oil drilling [4]. For the basic theories of fractional calculus and some recent work in application, the reader
is referred to references [10, [I3] 15, [16] 17]. Discrete fractional calculus consists of studying fractional derivatives
of functions defined on a discrete domain. Discrete fractional calculus has attracted slowly but steadily increasing
attention in the past seven years or so . In particular, several recent papers by Atici and Eloe as well as other recent
papers by the present authors have addressed some basic theory of both discrete fractional initial value problems and
discrete fractional boundary value problems (DFBVPs). More specially, Atici and Eloe [3] have already analyzed a
transform method in discrete fractional calculus. Goodrich [8] considered a discrete right-focal fractional boundary
value problem. All of the fundamental background in discrete fractional calculus can be found in [9] which is written
by Goodrich and Peterson. Other recent works have considered DFBVPs with a variety of boundary conditions, see
[11, 12] and the references therein.
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The purpose of this paper is to establish a method of lower and upper solutions for the following discrete fractional
boundary value problem, as shown

halt) = f(talt— 1)), teNi, (1)
az(a—1) — BVz(a) =0,

~yx(b) + dVz(b) =0 (1.2)

B

in the context of discrete nabla fractional calculus, where 1 < u < 2, «a,7,5,0 > 0 such that — > 1, b—a > 2, f:
e

Ng;ll — R and z are defined on Ngfl.

In this paper we will consider the Green’s function for this DFBVP (1.1))-(1.2) and give some properties and bounds
of this Green’s function in Section 3. Also in this section, using these bounds we establish upper and lower solutions

and existence results for DFBVP (|1.1))-(1.2]).

2 Preliminaries
In this section, we collect some basic definitions and lemmas for manipulating discrete fractional operators. These

can be found in the references [16].

L(t+ k)

For any real number 3, let Ng = {3,5+ 1,5+ 2, ...} and we define tk = 0]

for any ¢,k € R. If n € N then
"=ttt +1)...(t+n—1).

Remark 2.1. Let n and N be nonnegative integers. Then

L'(—n)
['(—=N)

N-n V!
n!’

= (-1)

Also, if t is a nonpositive integer and t + r is not a nonpositive integer, then

FiF(tJrr) _
t —W—O.

Theorem 2.2. The following equality hold

Vt+a)" =nt+a)" !, teR

for values of n € N and a € R.
Definition 2.3. We define the nabla Taylor monomials, H,(t,a), n € Ng by Hy(t,a) =1, t € N, and

(t—a)

H,(t,a) = p

) te Na—n+1
for n € Np.

Definition 2.4. Let u # —1,—2,... we define p-th order nabla fractional Taylor monomial H,(t,a), by

(t—a)”
L(p+1)
whenever the right hand side of the equation (2.1)) makes sense.

H,(t,a) = (2.1)

Definition 2.5. Let f: Ny, ; — R be given and y € RT, then

V) = [ Halp(6) 1)V

for t € N,, where by convention V#(a) = 0.
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Definition 2.6. Let f : N, ;1 — R, p € RT and N — 1 < u < N. Then we define u-th nabla fractional difference
Vi f(t) by
Vi f(t) =YV I f (D),

Definition 2.7. Assume f : N,_yy1 — R, p € Rt and N —1 < p < N. Then we define u-th Caputo nabla
fractional difference of f is defined by

VEF(t) = Vo VWUV F(1), t € Ny
where N := [pu].

The following propositions will be used in the theorem that follows stating the bounds of the Green’s function.

Proposition 2.8. [I] Let f, g be real-valued functions on a set S, such that f(¢),g(¢) > 0 for all ¢t € S. Moreover,
assume there exists sg, s1 € S where maxeg f(s) = f(so) and maxses g(s) = g(s1), i.e. f and g attain their maximum
in S. Then for each fixed t € S,

() = ()] < max{f(t), 9(t)} < max{max f(t), maxg(t)}.

Proposition 2.9. [6] Let g(7,s) := (7 — p(s))” where a >0, s € N? |, and 7 € Nb_,.

(i) g(t,s) =0,
(ii) g is decreasing function of s,
(iii) g is increasing function of 7.

Theorem 2.10. Let a,u € R, 1 < 4 <2, N := [u] =2 and f: N®° — R. Then a general solution to the nabla
Caputo fractional equation

—Via(t) = f(t), te€Ngn (2.2)
is given by

2(t) = co(t —a)’ + 1 (t — a)' — V1 f(t)

) Ca (2.3)
=cota(t—a) =V (1)
for ¢y, ¢c1 e Rand t € N,_1.
Proof. First, we will show that x(¢) given by (2.3)), is a solution to (2.2)) on N,_;. For ¢t € N,_1, consider

—Vh.a(t) = =Vijco +ci(t —a)l] + VIV A f(t)
where we have made use of the linearity of —V*.. Now,
VE(t—a) = V;EHV2t —a) = V2V =V, M0 =0,
for t € N,_1. Hence
—Va-lco +er(t —a)] + Ve VI f(E) = f(1),

which shows that z(t) is a solution to (2.2]). Next, we will show that any solution, y(¢) of (2.2) is of the form (2.3).
We will show that we can express y in the form (2.3)) for fixed given constants cp, ¢; € R.
First, define Ay, := V¥y(a), for k € {0,1}. Then note that y(t) is a solution to the IVP

=Viay(t) = f(t), t€Nap

VFy(a) = Ay. 24
Using Theorem 3.12 in [5], the unique solution y(¢) to the IVP is
y(t) = Ho(t,a)Ao + Hi(t,a) A1 — V" f(1)
=Ao+ (t—a)A;.
Then, taking ¢y := Ag ¢1 := A1, we shown that y is of the form . O

O

The following fixed point theorems are fundamental and important to the proof of our main results.
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Theorem 2.11. Consider the DFBVP (1.1)-(1.2) with 1 < 4 <2, N=2and f:N/;] — R. Thenz:N,_; — R
is a solution of the DFBVP (1.1)-(1.2)) if and only if x(¢) satisfies the integral equation

b
o) = [ Gult. )17 (2.5)

for t € N_,, where G, (t,s) is the Green’s function for the homogeneous equation

—Vix(t)=0, teNy

with the boundary conditions (1.2)) and is given by

G(t,s) == {“ ) (2.6)

alt—a—-1)+p

p (’yHM_l (b, p(s)) + 6H,—2(b, p(s))), v(t,s) = u(t,s) + H,—1(t,p(s)) and d = v(a(b—

where u(t, s) =

a+1)+p) + b
Note that G, : N!_;| — R.

Proof. Assume z(t) is a solution of the DFBVP (1.1)-(1.2). By Theorem we have
a(t) =co+cr(t —a)t — VI f(t). (2.7)

Using the first boundary value condition, we get

azx(a—1) — Vz(a) = a(co +ela—1—a) =V, f(a— 1)) — ,6’(01 — VV;“f(a))
=a(co—c1 = V" fla=1)) = Ber = VV, 2 f(a)
= aleo — ) = fer — (V" f(a) = VY21 £(0)),
For t € N>=1 we know that —V*.z(t) = f(t). So we have
aV  fla—1)+ pVV_ *f(a) = azx(a — 1) — fVz(a). Using the first boundary condition we get aV_ #*f(a — 1) —
BVV e f(a) = 0. So,
alco—c1) —PBer =0

and

f+o
!

Co = C1. (28)
Next, from the second boundary condition and (2.8]) we get
~ya(b) + 8V (b) = v(co +ei(b—a)l — V;“f(b)) + 5(01 - VV;“f(b)) =0

and also

(et b @) - Vi 0) +5( - VEF®) =0

7('8 Z acl +ec(b— a)) +dc1 — <7V;"f(b) + 5Vi_"f(b)) =0
c1 (’Y(BTTO[ +b-— a) + 5) =V f(b) + SVETHF (D).

Then it follows that

o (Y f(0) +6VEHF(D)) (2.9)
; .

c1 =
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Tt is easy to see that d > 0 and now from (2.8), we have

B+«

Co —

B2 (o5 + 59110,

C1

Hence from (2.7)) and ., we have

x(t)—co—i—cl(t—a) -V 1 ()

_B ; X (VI F(b) + IV (D)) +

,B-i-a

SOV FB) + 3V FB) (t - a) = V()

([ ot vws/ Hy (b, p(s))£(5)V5)
o 7/ Hy (b, p(s) Vs+6/ N F()Vs)(t — a)
/H;L 1(t,p(s)) f(s)Vs

:w / (YH,-1(b, p(5)) + SH,u—2(b, p(5))) £ (5)V's / Hyu—1(t p(s))f(5)Vs

- / Go(t,5)f(5)Vs

Hence for s € N! ; and ¢t € Nb,

Gu(t,s) =v(t,s) :=u(t,s) — H,—1(t, p(s))

_ W (VHM—1 (b, p(s)) + 0H 2 (b, p(s))) -

Also, for s € N2, and t e N L or s e N,

at—a—-1)+p
Gult.s) = ult.) = T IIB (G (b, p() + 0, (b 0(5))).
Noting that u(t, s) = v(t, s) when t = p(s), we can also write the Green’s function as v(¢, s) for p(s) <t and u(t, s)

for t < p(s) for (t,s) € No_; x Nb_ . Thus, we have x(t / Gu(t,s)f(s)Vs, where G,(t,s) is given by lb are

b
determined by the boundary value condition 1] is shown by the above steps, it follows that / Gu(t,s)f(s)Vsis a

solution to the DEFBVP ([1.1))-(1.2]). od
The next theorem will give a bound of the Green’s function for the DEVBP (1.1))-(1.2).

Theorem 2.12. Let G, be defined as (2.6). Then
Gty )] < DHyi-1(b,a), (2.10)

(v+0)(alb —a+1)+B)

where D := y for (t,s) e Nb_; x Nb_ .
Proof. First, consider (£,s) € N® x N/ ;. Then note that from ,
(b = p(s))P " +8(u = 1)(b = p(s))* > (t—p(s)"~"

Gult, s)| =

(a(t—a+1)+p8) - (2.11)

dr(p) L'(w)

Now by Proposition (t—p(s))*~1 >0, (t—p(s))*2 > 0 for t € N and also (b—p(s))*~* >0, (b—p(s))*~2 > 0.

- T(t-a+i
Note that for each i € {0,1}, (t —a)' = w

T —a) > 0 since (¢, s) € N? x N/, implies ¢ > a + 1. Since d > 0 and
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Proposition 2.8 we have

(b= p(s)* " 48— 1) (b~ p(s))" >
|Gu(t, s)] Smax{irelzzéc { ) (alt —a+1)+B)

= oy
" tend I(p) '

b=,

-1 —p(s))*~% and D > 1, we have

Since

v(b— p(s))P~ 1+ 8(b— p(s))F~ L
dl' ()

(a(t —a+1)+B)

teNt

|Gu(t,s)| < max {max l

e | £ 2D
" teN? [(p)

o [det—at )1 8) b-pe )] [ pe)T
- teNd d IN(T) "teNy T'(w)
c=pr T [ +)(aboat ) +8)
N X7 d ’
(t—pls)" "
() max {D, 1}
— H,_1(b,p(s)) max {D, 1}
= DH,_1(b,a).
Next, consider (¢,s) € Ngj\,ﬂ X anax{aﬂjﬂ}. Then from 1} we get
20— p()P T 8 = 1)(b— p(s)F 2
Gty s)| = ) (a(t—a+1)+/3)‘
1 v(b—a)ﬁ—f—cS(b—a)ﬁ
< ) y (a(t—a+1)+ﬁ)‘
1 (v(b—a)“j—&-(S(b—a)“ﬁ) (a(b—a—i—l)-i—ﬁ)
- T(w) d
(b—a) '
=PI
= DH,_1(b,a).
Hence we have |G,(t, s)| < DH,_1(b,a) for all (t,s) € No_; x Nb_ . oo

Corollary 2.13. The Green’s function, G,,(¢,s) : Nb_, XNZ_H — R for the DFBVP l) 1} satisfies the inequality

/b |G(t,9)| Vs < DH,_1(b,a)(b—a).

3 Upper and Lower Solutions

In this section, we present a method of lower and upper solutions for the DEFBVP (1.1)-(1.2) and prove the
existence of positive solutions for this problem.

Theorem 3.1 ([9], Theorem(3.123)). Assume that N—1<v <N, f:N,_ni1 — R, Vo f(t) >0 fort € Noyq
and VN=1f(t) > 0 for t € N,.

For N = 2, we get following;

Theorem 3.2 ([9], Theorem(3.116)). Assume that f: N! |, — R, V¥, f(t) > 0 for each t € N,y and Vf(a) >
q0 with 1 < g > 2. Then Vf(t) > 0, for t € N,.
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Theorem 3.3. (Schauder-Tychonov Fixed Point Theorem) Let X be a Banach space. Assume that K is a closed,
bounded, convex subset of X. If T': K — K is compact, then T has a fixed point in K.

M
Theorem 3.4. Assume that f is continuous on [a — 1,b] x R. If M > 0 and DH,,_1(b,a)(b —a) < ) where @ > 0
satisfies
Q > max{|f(t,2)|  t € [a—1,8], |o| < M},
then the DFBVP (1.1))-(1.2) has a solution.
Proof. Define B to the Banach space of all continuous functions on N2 equipped with the norm ||.| defined
by
= t ll z € B.

] [ lz(t)]  for all

Let K:={zeB:|z] <M}

It can be shown that K is a closed, bounded and convex subset of B. Define T': K — B by

b
Tx(t) := / Gu(t,s)f(s,x(s—1))Vs

for t € [a — 1,0]. It is easy to shown that T': K — B is continuous. Let x € K and consider

Ta(t)] = | [ Gult,9)f (.25 = D)V

b
g/ﬁeﬁu@ﬂ&us—nnvs

b
g@/ Gt 5)] Vs

< QDHufl(bv a)(b - (L)
< M7

for all ¢ € [a,b]. This implies that | Tz|| < M. Hence T : K — K. Using the Arzela-Ascoli theorem it can be shown
that T: K — K is a compact operator. Hence T has a fixed point x in K by the Schauder-Tychonov theorem. This
implies that z is a solution of the boundary value problem (1.1]) and (1.2). oo

Corollary 3.5. If f is continuous and bounded on [a — 1,b] x R, then the DFBVP ([1.1)-(1.2)) has a solution.

We define the set

H :={y: V*y is continuous on N,_1}.

For any u,v € H, we define the sector [u,v] by

[u,v] ={w e H:u<w<wv}.

Definition 3.6. We say that v € H is called a lower solution of DFBVP |||i on N®_, provided

Vha(t) > f(tu(t— 1)), teNg)
au(a —1) — BVu(a) <0,

yu(b) + 6Vu(b) <O0.

Similarly, v € H is called upper solution of (1.1)-(1.2) on N%_, provided
~Vieo(t) < f(to(t—1)), teNg
av(a —1) — fVu(a) > 0,
~yo(b) + 6Vu(b) > 0.
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We will prove that when the lower and upper solutions are given in the well order, i.e. u < v, DFBVP (1.1))-(1.2)
has a solution admit lying between both functions.

Theorem 3.7. Let f: N, — R be continuous functions. Assume that u and v are respectively lower and upper
solutions for the DFBVP (|1.1)-(1.2) such that v < v on N’_;. Then the problem (L.1)-(1.2) has a solution z € [u, v]
on Nb_,.
Proof. Consider the following DFBVP
—Viha(t) = F(t,z(t—1)), teN ] (3.1)
ax(a —1) — pVz(a) =0,

vz (b) + 0Vx(b) =0 (3.2)
where
ft,vt—1)) + m ¢ >(t),
F(t,¢) =4 f(t.0) u(t) < ¢ < w(t),
fltu(t—1))+ m ¢ <ult),
for t € Nt

a—1-

Clearly, the function F is bounded for t € [a — 1,b] and ¢ € R, and is continuous in ¢. Thus, by Corollary
there exists a solution z(t) of the the DFBVP (3.1)-(3.2).

We claim that z(t) < v(t) for t € N°_,. If not, from the boundary conditions we know that z(t) — v(t) has a
positive maximum solutions at some ¢ € N1, Since

—Vh.z(c) = F(c,z(c — 1))
= fle,v(c=1)) +
> f(e,v(c—1))

> =Vgu(e),

z(c) = v(c)
L+ |z(c)]

we have V4. (z —v)(c) < 0. Also we know V(z — v)(a) < 0, using (z — v)(t) has a positive max of z = a. So from
Theorem [3.1] we get

V(r—v)(c) <0, ceN--L
which is contradiction with maximum of t = c. It follows that () < v(t) on NI |.
Similarly, we have u(t) < z(t) on Ngfl
Also, from the first boundary condition we get aw(a —1) — BVa(a) = az(a—1) — B(z(a) —z(a— 1)) = 0 and from
Definition 3.1 we get au(a — 1) — BVu(a) = au(a — 1) — B(u(a) — u(a — 1)) < 0. Thus, we have
(a@+B)(u—1x)(a—1) <pu—w)(a) <0.
That is to say (u —x)(a —1) <0, so u(a—1) < z(a—1).

On the other hand, from the second boundary condition we get yx(b) + §Vx(b) = 0 and from Definition 3.1 we get
~yu(b) + IVu(b) < 0. Thus, we have

(v+0)(u—2)(b)—0(u—2z)(b—1) <0.
That is to say (u— x)(b) <0, so u(b) > x(b).
Similarly, we get z(a — 1) < v(a — 1) and x(b) < v(b). So, we have u(t) < z(t) < v(t) for t € Nb_,. oo
Example 3.8. Consider the following DFBVP
—Vha(t) = —e 2N p gt —1), t € NJ
z(0) — 2Vz(1) = 0,
2(10) + V(10) = 0.

It is easy to check that u(t) = 0 is a lower solution and v(¢) = 1 is an upper solution of the problem. Thus, by Theorem
3.4, problem has a solution z(t) € [0,1] on ¢ € [0, 10].
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