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Abstract

The numerical technique for a two-dimensional time-dependent nonlinear Schrodinger equation is the subject of this
work. The approximations are produced using the weak Galerkin finite element technique with semi-discrete and fully
discrete finite element methods, respectively, using the backward Euler method and the crank-Nicolson method in
time. Using the elliptic projection operator, we provide optimum L? error estimates for semi and fully discrete weak
Galerkin finite elements. Finally, we present numerical examples provided to verify our theoretical results.
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1 Introduction

In this section, we consider the following initial boundary value problem for the two dimensional time dependent
nonlinear Schrodinger equation. We seek complex-valued function u = u(z,y,t) defined on Q x [0, T] satisfying [10]

iug = —Au+ gu + |u*u+ f(z,y,t) € Q x [0,T] (1.1)
u(z,y,t) =0 (@,y,1) € 902 x [0,T]
(l’,y,O) = UO(xay)7 (xay) € Q7

where i = y/—1 is the complex unit, 2 € R? is a convex polygonal domain, A is the usual Laplace operator and ug(z,y)
is a given complex valued initial data. Function g(z,y) is a given real -valued external potential and non-negative
bounded for all (x,y) € Q. Function f(z,y,t) is complex-valued .Schrodinger equation is the fundamental equation
of physics for describing quantum mechanical behavior. Especially, the nonlinear Schrodinger equation can be met in
many different areas of physics and chemistry. There are numerous works in the literature to solve the Schrodinger
equations. At present the common numerical methods are finite difference method [IL [3, 5], spectral method [2} [4],two
grid method [6 [12],mixed finite method [8, [[3]. Bao et al [2] studied the performance of time -splitting spectral
approximations for general nonlinear Schrodinger equation in the semi classical regimes. Jin et al [12],s0lved the time-
dependent Schrodinger equation by the finite element two-grid method and analyzed the convergence. The semidiscrete

*Corresponding author
Email addresses: dalal-esmaeel221.math@utq.edu.iq (Dalal Ismael Aziz), ahmedjabbar1974_mathQutq.edu.iq (Ahmed J. Hussein)

Recetved: January 2022  Accepted: March 2022


http://dx.doi.org/10.22075/ijnaa.2022.27518.3634

2454 Aziz, Hussein

schemes are proved to be convergent with an optimal convergence order and the full-discrete schemes are verified by a
numerical example . Rest of the paper is organized as follows .In section 2 we introduce the definition of discrete weak
gradient and weak function space . In section 3 , we define weak Galerkin space, some lemmas which are necessary in
error estimate, and introduce the semi-discrete formulation,. In section 4 , the error analysis of semi-discrete WGFEM.
In section 5 ,the error analysis of fully-discrete WGFEM ( backward WGFEM, Crank-Nicolson WGFEM). In section
6, numerical experiments are given.

2 Preliminaries

In this section, we shall introduce some weak differential operators, such as weak gradient, and then we introduce
some important weak function spaces which are useful in the error analysis of WGFEM. Let K C 2 be any polygonal
domain with boundary 0K .For any triangle K € Tj,such that T} be the quasi-uniform triangular partition of Q with
mesh size 0 < h < 1. A weak function v = {vg, vy} on K has two parts, vg € L*(K) and v, € L?(0K), the first part
represents the values of v in the interior K and the second part on triangle boundary 0K .The space of weak functions
and corresponding vector space defined on K is given by

W(K) = {v={vo,0},v0 € L*(K),v, € L*(0K)} . (2.1)
Define a space

H(div, K) = {v,v € (I3(K))’,V-ve LQ(K)} . (2.2)

Then the weak form of problem (1.1) is defined as follows for all t € [0, T], find u(x,y,t) € Hi () such that
(iug,v) = (Vu, Vo) + (gu,v) + (Jul’u,v) + (f,v),Yv € Hj(Q),t >0 (2.3)

U($>yvt) € Qx [O’T]
u(m,y70) = UO($7y)7 (m,y) SRY)
u(z,y,t) = 0(x,y,t) € 92 x [0, T

We define the normas follow

=
—~
N
=~
~—"

lullw = (Ve + flull?) -

The space of discrete weak function denote by W (K, j,1) is

W(K,j,1)={v= {vo,vb} .00 € P (K°) and v e P(0K)} . (2.5)

Definition 2.1. Let v € W(K), the weak gradient operator of v is defined as a linear functional V4 ,v € H( div,K)
for each K € Ty, as following:

/ Virv-qdk = —/ vo(V - q)dK —|—/ vp(g.n)ds,Vq € H(div, K) (2.6)
K K oK

Where n is the outward normal direction of 0K.

Definition 2.2. Let v € W(K),the discrete weak gradient operator of v is defined as unique polynomial V4 ,v €
[Pr—1(K )]2 on each element K, by the following equation:

/ Varv-qdK = —/ vo(V - ¢)dK +/ vp(q - n)ds,Vq € [Po_1(K))? (2.7)
K K oK
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3 Weak Galerkin finite element space
We define the weak Galerkin space
On = {v= {0} € W(K,j,1),VK € T} } (3.1)
and
0h ={v= {vo,vb} €®h,vb’aKQQQ:0,VKETh} (3.2)

Denoted by P.(K) the set of polynomials on K with degree no more than r. For any non-negative integer r > 0, let
V(K,r) C [Pr(K )]2 be a subspace of the space of vector-valued polynomials of degree r. Let T}, be a quasi-uniform
rectangular partition of Q with mesh size 0 < h < 1, and 0, be the corresponding piecewise bilinear finite element
subspace in Hg (). In general ,for any fixed ¢ € [0, T] and given u(z,y,t) € H} (), we can define its elliptic projection
mru(z,y,t) € ) such that

a(mpu,vp) = a(u,vy), Yo €y (3.3)

And the projection 7y, is assumed to exist and satisfy the following property: Vg € H(div, Q) with mildly regularity,
mhq € H( div,K) such that m,q € V(K,r) on each K € T}, and satisfying

(V-q,0°) o = (V-mhg,0°) ., V0" € P (K°) (3.4)
mpu(z) = u(z),r = (z;,y;)i=1,2,...,nand j =1,2,...,m (3.5)
lu— mull < CH* ullsy 0<p<r 41 (3.6)

Also there exist two projections are defined for each element K € Tj,one is Qpu = {Q%u, Q’,’lu}, the L2 projection of
H'Y(K) on to P; (K") x P,(8K) and Ry, the L? projection of [Lz(K)]2 on to V(K,r).
It is easy to see the following useful identity [9]:

Var (Quu) = Ry, (Vu),Vu € H'(K), (3.7)

Such that P; (K 0) the set of polynomials on K with degree no more than j, and P,(0K) the set of polynomials on
0K with degree no more than [.

Definition 3.1. If u € Hj () N H™(Q), Qnu € 0).Then

|Qou — ull < CHul, 0<p<r+1 (3.8)

IVarQru— Vul < Ch*||lullpp1, 0<p<r+1 (3.9)
Definition 3.1 show that Qnu € 09 is a very good approximation for function u € Hg(Q) N H™(Q).

Lemma 3.2. [12] For any ¢ € H(div, k), we have
Z (7v ’ Q7UO)K = Z (,/Thqa vdﬂ‘v)K Vo = {U07Ub} € Q)?L(]aj + 1)

KeTy KeTy

Lemma 3.3. [7] For u™ € (L?(0,t), L (Q)) with r > 0, we have
7 (Vu™) = Va (Quu™)l| < CRT [[u”]],

The WG FEM based on (1.1) Which is to find u, = {u?,u} } € 0,(j,1) satisfying u* = Q@ on 99 such that

(iug, v°) = aw (un,v) + (Jul*u,v?) + (f,0°) Vo = {vo,vb} c 09(5,0) (3.10)
Where

ay (Up,v) = (Varun, Va,v) + (gu%,vo) (3.11)

Then the semi -discrete WG FEM is find u, = {uf),u} } € 0, such that

(ium,vo) — ay (up,v) — (|u2|2u2,v0) =(f vo) Vo = {vo,vb} c 09

up(z,y,0) = Thuo(z, y) (3.12)
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4 The Error Analysis of semi -discrete WGFE M
In this section, we drive error estimates for the semi- discrete WGFEM in the L?— norm
Lemma 4.1. Let u € H* (0,T, H*(Q2)) be the solution of problem (1.1) .Then
(iue,0%) = (mh (Varu), Varo) + (gu,v%) + (|ul*u, v°) + (f,2°) Vo € 0),
Proof . Multiply Equation (1.1) by v° and integration, we get
(iug, 0°) = — (Au, 0°) + (gu, v°) + (JulPu,v%) + (f,2°)
For the term-( Au,v°) in equation (4.2) and Lemma (3.1), we have
— (Au,2°) = — (V.(Vu),2°) = (mhVa,u, Vo).

Substituting (4.3) in (4.2) which complete the proof. [J

Aziz, Hussein

(4.2)

(4.3)

Lemma 4.2. Let u € H'*"(Q) with 7 > 0 and uy, be the solution of (1.1), Qru = {Q%u, Q4u} the L?— projection of

the exact solution u(z,t).The error equation for the WGFEM is

(=i (un — Qnu)y ,v°) + aw (un — Quu,v) + <|Uh|2 (un — Q) v“o> =

(mh (Varu) — Rp(Vu), Vg ,v) + (g (u — Q%u) ,UO) + [(|u|2 (u — Qpu) ,UO) +

(@n ((Ju] + [un]) (w — Qnu) ,v°) + (Qn ((ul + |unl) (Qnu — up) ,v°)]

Where
aw (up — Qru,v) = (mp (Va,u — Rp(Vu), Va,v) + (g (u— Qpu) ,0°)

Proof . Let v = {vo, vb} € Py, be the testing function, Adding and subtracting the term
@ (Quty0) + (Junf® Quuo”)

To the left (4.1) and using (iQhut,vo) = (iut, vo), we obtain

(iQnut, v°) = (1 (Va,u) — Var (Quu), Va,v) + (g (u — Qru),v°) + (JulPu—

|un|? Qh%vo) + (f:0°) + aw (Qu,v) + (|Uh\2 Qnu, UO) :
From (3.12), we obtain

(itne,0°) = aw (up,v) — (|uh|2 umvo) = (iQnue,v°) — (mp, (Va,ru) —

Rh(vu)v Vdﬂ“v) - (g (’LL - Qhu) ,’UO) - (|U|2'LL - ‘uh|2 Q?zua ,UO) — Qy (Qhua 'U) -

2
(\uh| Qhu,vo).
It can rewritten as

(=i (up — Quu), ,v°) + aw (up, — Quu,v) + (|uh|2 (un — Qpu) 7UO) =

(7Th (Vd,ru) - Rh(vu)v vd,rv) + (g (u - Q%u) 71}0) + (|u|2u - ‘uh|2 Q?zuv ,UO)

(=i (un = Quaw)y,0°) + s (= Qu 0) + (Jun[? (o — Qhu) 00 =
(mh (Varu) — Rp(Vu), Vg ,v) + (g (u - qu) ,UO) + [(|u|2 (u— Qpu) +
Qu (Jul? = fun *) .2°)

(4.5)

(4.6)

(4.7)

(4.8)
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(=i (up — Quu), ,v°) + aw (un, — Quu,v) + (|uh|2 (un — Qhu) ,vo) =
(7 (V) = R (V) Va,v) + (g (u = Qpu) ,0°) + [((Jul? (u — Quu) %) +
(@n (lul + [un]) (Jul = Junl) ,v°)

(=i (un — Qru)y,v°) + ay (un — Quu,v) + <|uh|2 (un — Qhu) 7”0) =
(mh (Varu) — Rp(Vu), Vg ,v) + (g (u - Q%u) ,vo) + [(|u|2 (u— Qpu) ,vo) +
(Qnu ((Ju] + lun]) (u = Qru), %) + (Qnu (([ul + [un]) (@nu — up) ,v°)] (4.9)

The proof complete. [J

Theorem 4.3. Let u € H'™Q ) with » > 0 be the exact solution and u;, be approximation solution of equation
(3.12) denoted by e = up, — Qpu then there exists a constant C' such that

lell* < llun(0) = u(0)* + CH*"+ (Ilu(O)II2 +/0 U(8)||2d8> (4.10)

Proof . Let e = {up, — Qpu}, {eo, eb} = {uo - Q%umb — QZU}, and put v° = e , in equation (4.9), we have

(—iet, €) + ay(e,e) + (|uh\2 e,e) = (mp, (Va,ru) — Rp(Vu), Vyre) +
(9 (u—Qhu),e) + (lul? (u— Qpu) ,e) + (Quu ((Ju] + unl) (v — Qhu) ,e) —
(@nu ((Jul + |un|) e, €) (4.11)
By comparing the imaginary parts of (4.11), we get
R (er,e) = —Im (m), (Varu) — Rp(Vu), Vare) —Im (g (u— Qhu) ,e)
—Im (|u|2 (u— Q%u) ce) —Im (Qnu ((Ju| + |un|) (v — Q?Lu) .€)

By Cauchy Schwarz inequality and Young inequality, we have

L ell? + 6llel, + un el < *Ilﬂh (Va,ru) = Rh(vu)”2+5”vd,r“2+
3\U|

2dt

3
390 — @ + 2 el +

= @bl +*|| ||2+ 5 | Qnu(ful+
funl) | [|u = Qhul)” + §||€||2~

From definition (3.1), we obtain

L2 < U2, + Co D a2y + CoB Dl + ot
e g3l P, 3
01:4*5,02f 15 , O3 = oy ,04:—\Qhu(|u\+|uh|)|
4 < om0 g,
where

C' = max (Cl, CQ, 03, 04) .

Multiply by 2 and integral both side from 0 to t, we get

t
WWSW@W+0#W”/nwwws
0
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where
1e(O)]] = [[un (0) — Quu(O)]
< un(0) — u(0)] + u(0) — Quu(0)]
< [lun(0) — w(0)[| + CATTV ||u(0) ;1.
lel® < [lun(0) — u(©)[2 + CA2e+D (||u<o>||2 - u<s>||2ds) (4.12)
[l

5 Error Analysis of Fully-Discrete WGFEM

In this section, we focus on the time discretization with the backward Euler scheme and Crank-Nicolson scheme.

5.1 backward Euler WGFEM

Let 7 = £ be the time step of the interval [0, T],the time nodes ¢; = j7,j = 0,1,... N and time elements

Rj = (tj,tj+1),j =0,1,...,N — 1.

To simplify the notation, we denote u (x,y, t,) by «"™. Then we discretize (3.12) by backward Euler WGFEM and
the fully discrete finite element solution uj(x,y) € 05,0 < n < N of problem (1.1) can be defined by

(ig't (UZ)O,UO) = ayp (ul,v) + (‘(uz)of ()" ,v°> + (f,0°) Yo € 0, (5.1)
where 1
Or () = = (i) = (wz™)")
and

aw (upy,v) = (Varup,Va,v) + (g (up)® ,v0> .

Lemma 5.1. Let function series uj}(z,y),0 <n < N, be the backward weak Galerkin finite element solution defined
in (5.1), if 7 < %, then we have

|ey’] <o (5.2)

Proof . Taking v = (u})° in (5.1), we obtain

<(Z (up)” — (UZH)O) »(uZ)O) = ay (U, ull) + (‘(UZ)O

‘ 2

() )" + (7)) (5.3
By comparing the imaginary parts of (5.3), we have

(o] - e s ) ) = {07 ))

"< e s+ i ]

which implies that

That is H(uﬁ)OH < H(u}f—l)OH + 7/f™]|. Summing form j =1to j=n
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o] < ]+~ 1

= lImnuoll +7 3 [
j=1
< Olluof| + T max ||| (5.4)
Therefore, (5.2) follows from (5.4). O

Theorem 5.2. 5.1 Let u™ and u}} be the solution of (3.12) and (5.1) respectively ,then there exists a constant C,
independent of h such that

1
tn 2
n T n 2
el < ] + O+, + (07 [ sl 55
0

Proof . Let t = t™ and u™ = u (") in equation (4.1)
(i (1) ,0°) = (7n (V™) V) + (g (@) 00 ) + (Jul? (@) 0°) + (£.0°) (5.6)

Adding and subtracting

(10 (Qru™) ,v°) — (10 (Qru™) ,0°) + (Var (Qru™), Va,v) —
(Var (Quu™), Varv) + (9Qnu”,0°) = (9Qnu™,v°) + (Ju*Quu”, v°) —
(JulQnu™, v°)
to equation (5.3) with Qpu™ = u (t"), we get
(10 (Qnu™) ,v°) — (i0: (Qru™) ,v°) + (Var (Qru™) , Va,v) —
(Var (Qpu™ ) Varv) + (9Qnu™,v°) — (9Qnu™, v°) + ([ul?Qpu™,v°) —
(P @uu, v°) = = (it ("), 0°) + (1 (T g}, Vago) + (g (@), 00) +

(lul? @)° ) + (£,0°) (5.7)
Subtracting equation (5.7) from (5.1 ) and using V4, (Qpru™) = Ry Vu™, we get

(igt (Qnu™ —uy) ,7}0) + (Var (up, — Qpu™), Vg, v) + (g (up — Qpu™) ,vo)
+ (lul? (up — Qnu™,v°)
= (i (0 (u™) — u}) ,0°) + (m (Vau™) — Ry, (Va,u™), Va,v)

+ (g (@ = Quun) %) + (jul? (@)° - Quur) o)

(i0; (Qnu™ = upt) ,v°) + aw (uf — Quu™,v) + (Juf* (uf} — Quu™, %) =
(i (B (™) — ) ,0°) + (74 (Va ™) — Ry (V™) , Va,) + (g ((u”)o -
Qnu™),v°) + (\U|2 ((U”)O - Qhun> 7v°) - (5.8)
Since " = ul — Quu", we have
(=10, 0%) + ay (€™, v) + (Jul?e™,0°) =i (Fpu” — up,v°) + (7h (Va,u™) —
Ry, (Vo) Vazo) + (9 (@) = Quu) o) + (Juf? (@) = Quu) ,o°) (5.9)
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Use v° = e” in equation (5.9), we obtain

(—idie™, ") + ay (e, €™) + (Ju’e™, ") =

(i (O™ —uy) ,e") + (mn (Varu™) = Ry (Varu™), Vae) + (g ((u")o —

Quu) o)+ (Juf? (@) = Quur) o). (5.10)
By comparing the imaginary parts of (5.10), we get

- R, (876”, e") = R, (Eu” —uy, 6") +Im (1, (Va,u™) — Ry (Va,u™),Vare)
+1Im ((g ((u")o>) — Qhu”> ,e”) + Im (|u|2 ((u")o - Qhu"> ,e") .

Let
ET =R, (_tu” — u?)
By =TIm (m, (Va,u") — Ry (Vu"))
B3 - (o 1~ )
By =T (Ju? ((@)° - Quu"))
We have
(—0ie™, ") + aw (e",e") + (Jul?e™, e") = (B}, e") + (B3, Va,e") + (By, e") + (Ef,e"). (5.11)
Hence
(F22er) e+ (e, ) = (Be?) + (B, Vare®) + (Bt + (Bfoe®). (52

By (@-elliptic ) of the bilinear form and Cauchy-Schwartz inequality, we obtain

2 2 2
le™ I + 7 lle™ Iy, + 7lul® [le”]

< TlET[ e+ T IES [ Vare™ [ + 7 EZ] ™[] + 7 [|EL | l[e™ |
1 n—1(2 1 n|2
+ 5 e+ S lem
Using Young’s inequality ,we obtain
1 2 2 2
3 lle”l + 7 len |5, Tl fle|
2 2 2 2 2
<C (1B + 185 1 + |1 B3 1P + IBEI) + 7 e -

Then, by induction, we arrive to
9 9 n "2 n "2 n "2 n 9
el < | + e | 3 HE{H +3 HE@H +3 HEg,H +S B (5.13)
j=1 j=1 j=1 j=1

The first term of the equation (5.13)

E{ = u{ - % (uj —uj_l)

. . tj
TE] =71 (uj> —/ ugdt
t

j—1

= (t; —t;_1) (ug) —/ttj wpdt.

Jj—1
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Adding and subtraction ¢;_; (ui _1), we get

() (o () = = o ()0 (7))

j—1

t; 17
= / tuttdt — tj—l / Uttdt
tj71 tj71

) tj
TE{ S T/ ||utt|| dt.

tj71

By Jensen’s inequality

2
12 tj dt tj dt 2
|E| <7 / lul =) < 72/ luw]® Z = 7/ e dt. (5.14)
tj—1 T t T 1

i b
To approximate Eg by Lemma (3.3), we get,

B} = Cr | (Va,u™) = Ry (Vau™)|*

< CTR*UH lun|f3,, (5.15)
To approximate E;) by equation (3.6)
Ej < CRUHD |y, (5.16)
To approximate Ei by definition (3.1)
B < CRUHY w7, (5.17)

Substitution (5.14),(5.15), (5.16) and (5.17)in to (5.13), we get

tn
e < HeOHQ—I—OThZ(T“) ||u”||§+r+cr2/ l|wee||? dt.
0

Hence, we have

Nl=

t’Vl
lle™ || < ||eo|| + CTh™t! ||u"||1+r + (072/ ||utt2dt> . (5.18)
0
The proof is complete. [J

5.2 The Crank-Nicolson WGFEM

In this sub section, we’ll look at how to discretize time using the CrankNicolson technique. Let 7 = % be the time
step of the interval [0, T, the time nodes t; = j7,j =0,1,..., N,

1

ey = 5 (i 1)

and time element k; = (¢;,t;41),7 =0,1,..., N — 1. For function series uj(z,y),n =0,1,..., Let

a n—i—% _ 1 n+1 n
Oy, ™ = — [up ™ =g,

wpE = St ]

\V]
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To simplify the notation, we denote w(z,y,t,) by u™ Then we define the fully discrete finite element solution
u(z,y) € 0p,0 < n < N of problem (1.1) satisfying the Crank—Nicolson weak Galerkin finite element

.~ nt+id n+i n+i
(z@tuh Q,UO) = Uy (uh 2,11) + <‘uh 2

up (2, y) = Thuo(z, y),
1
[ (“Z+2’U) = (vclm'U,Z"r?’vd,TU) + (g (Uz+2) ,UO> .

Theorem 5.3. Let ™ and u} be the solution of (3.12) and (5.19) respectively ,then there exists a constant C,
independent of A such that

uZJré,vO) + (f”Jr%,UO) Yo e Dy, (5.19)

where

1
tn 2
n T n 2
el < el + €7t (s = el ) + (€72 [ el ) (5.20)
Proof . Let t = t"t2 and u"t2 = u (t”*é) in equation (4.1)
. n+1 0 nt1 n41 0 0
(zut(t 2),v>z(ﬂ'h(vd7,«u 2),Vd77«v)—|— g(u 2) U
+ (‘uh“ (uZ“) ,v°>> +(frtho0). (5.21)

Adding and subtracting

(igt (Qhu7b+%) ,UO) - (iét (Qhumr%) 71)0) + (Vd,r (QhU"Jr%) 7vd,rv)

- (vd,r (@n) U’”%,Vd,rv) + (thuH%,vo) - (thuM%,vO)
#(Jure anreroe) = (e[ Quuneo0)
to equation (5.21) with Quu"+? = u (tn+%), we get
(0 (0u8) ) (1 (0uim1) ) + (5, (an) )
- (@) Bar) + (o) - (st )
( ® Ot 1)0) — (u QQhu“%,uO) - (wt (t”+%> ,UO)
# (mn (Tarr2) Vao) o+ (o (2) 00 ) o (fug

+ (). (5.22)

1 1
n+z n+z

n+3 n+3

Subtracting equation (5.22) from (5.19) and using V., (Qhun+%) — RpVu™ 3, we get
(i00 (Quurtt —u2+%),v0) + (vd,r (™% = Quum*?) Vo) + (g (-
) ) (1] (74 ~qut) ) - (43 () -
) ) (o (T ) = R (Tau ) Vo) + (o (w0
) o) ([ ()" - it ) o0)

n+ 5
Up,

|-

)0
n+ i 5
Up,
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ie.
_ n+1 n+1 n4+1 2 n+i
(i@t (Qhu’”% - uh+2) ,UO) + ay (Uh+2 - thﬂﬁ%ﬂ’) + ||thr2 (“h+2_
1 — 1
1) ) = (Y= (7). ) (o () -
0 ntl 0
Ry, (Vd,run+%) )Vd)Ty) + (g ((un-i'%) — Qhun-‘ré) ’UO> + (|'u,h+2 ‘2 ((un+§) _

Qhu“%) ,vo) : (5.23)

+% n+i
— Qpu"Tz2, we have

_ 2 _ natl
<7iaten+%a7fo> T (en+%»”) + ( e”+§,v0) =1 (&u”*% — ut+2,v0)
1 1 1\ 0 1 0
+ (7Th (Vd,ru"+2) — Ry (Wﬁ,ﬂt"“) an,rU> + (g <(U”+2) - Qhu“z) ) >
n+1 2 0
+ (‘uh+2 ((u’”’é) — Qhum'%) ,UO) . (5.24)

Use v° = e"*3 in equation (5.24), we obtain

Since e"tz = u,,

n+%
up,

n+%

2
.5 1 1 1 1 1 1
(—z@te”+2,e”+2) + ay (e"+2,e"+2> + <uh e”+2,e”+2>
= 1 +1 1 1 1 1
(0 ) ) () < B (Sa)

+ (g ((u”Jré)O — Qhu"+’1’) ,e”+é> + < ’ ((u’”é)o — Qhu’”%) ,e”+é> . (5.25)

By comparing the imaginary parts of (5.25), we get

n-‘r%
Up,

- R (ae%%veﬁ%) =R (atu"Jr% - U?Jr%,e’”%) +Im (Wh (Vd,ru“%)
0
- (Vara ) Tare ) im0 (7)) ) - Qurtt) 01 )
n41 2 1\ 0 1
+ Im <‘uh 2 ((u”*z) _ Qhu”+2> 7en> .

Let
nt} 5ttt
B :Re(tu 2 — Uy )
BT =T (mn (Vapuh) = Ry (Vur )
E"+2 I ( (( n+l> _ n+ ))
s > =Im|g| (u""2 Qpu™T2
1 ntll2 0
E;T7 =Im < uy 2 <<u”+§) - Qhu”+z>
We have
<87te”+%,e”+%> + Gy (e"+%,e"+%) + (UZJ'_% etz e”"’i) = (EILJF%,e""’%)

1 n+i 1 n+i 1
+ (E§+2,vd7re"+%) + (E3+2,e"+5) + (E4+2,e"+%> . (5.26)
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Hence

entl —en entl 4 en 1 1 +1
, +ay (T2, e ) + UZ 2
T 2

+ (E;L+%,Vd,re"+%> + (E;+%,e"+%> + (E;H_%,er”r%) .

2
6n+;76n+é> _ (EIH_%,@"JF

By ( @-elliptic ) of the bilinear form and Cauchy-Schwartz inequality, we obtain

Jer P et |2 g v gt [ e

2
wtT

1
2

1 n+i 1
ents +THE3 2| ||ent3

n+: 1
+ 7 HE2 2 Hvd,,«e”ﬂ

1
< THE{LJr2

n+2 1
+THE4+2 ents —|—§||e”||2

by Young’s inequality on the right hand side of the above equation, it follows

2 2 1
st < v (|1

2

1 1 1 1 2 ntl
5 et et +HE2 o+

2
n
—l—T‘uh
w

2
+7
n+%

2
n HE2

P+

L2
etz
w

1
5 e

2 1
+E

n+%
|

2 nat i 2 1
e ) + g e

2
+ HE;’H-%

Jer | < 2rc (i

then by induction, we arrive to

2 12
+ ez

2 L1
i+3
#=

2 o
Eh

el < [l + v (3 |51
j=1

The first term of the equation (5.28)

1/ i j f
= (tj+1—t5) 5 (“t + ut) - uydt
t.

J

1 PR ; ti+1
=5 G =t u + 5 (G — ) w —/ uydt
tj

1 g1 1 ;o1 tit1 1 [ti+r
= 5 (tj+1 - tj) uy o+ 5 (tj-i-l — tj) Uy — 5 ; usdt — 5 y updt.

Adding and subtraction 1t;ul, 3t; 1ul™" we get

t;
o™ —tud — [ wdt| — (i —
]+1’LLt ]Ut Ut B Jut jut
t

DO =

J

[ZES 1

- _ - .

tirug — tjup */ ugdt| — 5 (tj+1u§ - tj+1ui)
t

J

1 /tj+1 J 1 ti+1 J 1 [+ J 1 tj+1 J
= — tutt t— —t; / Ut t+ — / tutt t— —t i+1 / Ut t
2 277 2/, 277 ),

tj tj J J

t.

i1 T j4+1

FEITE < 5/ e .
t

DN | =

+

i

Aziz, Hussein

(5.27)

(5.28)
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By Jensen’s inequality

J+3
=

2
2 ti+1 ds ) tit1 ds
< / lueell — | =7 / [Juet || —
t; T t: T

J

- tj+1 9
t

j
i1
To approximate E;+2 by Lemma (3.2), we get

1 2
E%Jrz =CT H7Th, (Vd,runJr%) — Ry (Vd,ru"+%> H

< Crh?r+Y ‘ ] . (5.30)
147
To approximate E§+% by equation (3.6)
BTt < Ch2<T+1>’u"+% 1 . (5.31)
To approximate Ef_% by definition (3.1)
Ei+% < CR20r+D) ’ Wt ; _ (5.32)

Substitution (5.29), (5.30), (5.31) and (5.32) in to (5.28), we get

Hen”2 < H€0H2 JrCTh?(rJrl) ‘ unJr%

2 ) tn 5
+ Cr / ||utt|| dt.
1+7r 0

Hence, we have

llel < [|e°[| + O™ ‘ ut s

1
tn bl
+ <C7’2/ ||utt2dt>2
r+1 0
0 rt1 (1 n+1 n 2 b 2 :
< ||°|| + Crh (2(||u 1+ Il ||T+1))+ (CT /0 [[aage dt)

1
tn 2
< [l + G ([ gy + "l ) + (072 / |utt||2dt)
0

By induction we arrive to

tn
el < [le]| + Crhm+t (Nl = 0], ) + ((172/0 |utt||2dt)

We complete the proof. [

(NI

6 Numerical Experiments

In this section, we use a uniform triangular mesh 7} and discrete weak space Uy (Pr(K), P-(0K),r =0, 1. e,
space consisting of piecewise polynomial of order r on the triangles and edges respectively with V,.;1(K) to be the
Raviart-Thomas element RT, as a space of discrete weak gradient, which were used in [I1] for the numerical studies of
the weak Galerkin method for second order elliptic problems .to present the numerical results of the error between the
L2?— projection Qpu of the exact solution and the numerical solution wuj. We use the following norms: Element-based

L?— norm,
3
||eo||<z / |602dz) .
KeTy, K
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||eb||=<2 he/ |eb2ds> :
Eh

ecey,

Edge-based L?— norm,

where €, the of all edges and h, the diameter of edge e.

6.1 Test Problem

In this subsection, we present the test problem to illustrate the backward Euler WGFEM for the time dependent
nonlinear Schrodinger equation (1.1) over a square domain €2 : [0, 1] x [0,1], the time interval [0,7T] = [0, 1], and the
function f(x,y,t) is chosen corresponding to the exact solution and g(z,y) = 1 [10]

u=ce (1 —-2z)(1—y)sinzsiny + ie’zysin(l — z)sin(1 — y)
Uug € PQ(K),VK e Ty

Up =< u=(ug,up): up € Py(e),VK € T}, and e C OK ¢ 01,
uy = €p, VK € Ty, and 0K € 00

Table 1: convergence rate for real part where r =0.1,t =1

h L2 Error order
1/2 | 3.508 x 1072 0
1/4 | 1.7628 x 10~2 | 0.99277
1/8 | 8.8987 x 10=3 | 0.98623
1/16 | 4.4941 x 10=3 | 0.98557
1/32 | 2.2697 x 1073 | 0.98551

Table 2: convergence rate for the imaginary part where 7 = 0.1,t =1

h L2 Error order
1/2 | 1.3268 x 1072 | 0
1/4 16.6339 x1073 | 1
1/8 | 3.3319 x 10~ | 0.99349
1/16 | 1.6743 x 1073 | 0.99284
1/32 | 8.4133 x 10~* | 0.99278

Tables 1 and 2, show the rate convergence for the WG solution in L? norm on triangle meshes, the triangle mesh
is obtained by divided each diagonal line with a negative slope. In the test 7 = 0.1 is used to check the order of
convergence with respect to time step size 7 and mesh size h = %, n = 2,4,8,16, 32, the numerical results show that

the WG solution with constant space (r = 0) equivalent to slandered finite element solutions with linear space (r = 1)
with convergence rate o(h) in L?-norm, this results are show in figures 1 and 2.

7 Conclusions

In this paper we introduced the weak Galerkin finite element method to solve the nonlinear Schrodinger equation,
the error was determined in two ways :semi -discrete and fully - discrete .In fully discrete WGFEM that has been
addressed upon (backward,Crank-Nicolson).We found that the convergence order of the error o (h’““) is 7+ 1, where
r is the degree of the polynomial used in the research. The practical results show the theoretical side.
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Figure 1: Numerical and exact solutiom wu for real part in case 7 = 0.1,t =1
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