N
A

New subclasses of bi-univalent functions associated with
g—calculus operator

Malathi Venkatesan, Vijaya Kaliappan*

Department of Mathematics, School of Advanced Sciences, Vellore Institute of Technology, Deemed to be University, Vellore-632 014, India

(Communicated by Ali Jabbari)

Abstract

In the present paper, new subclasses of bi-univalent functions associated with ¢g—calculus operator are introduced and
coefficient estimates for functions in these classes are obtained. Several new (or known) consequences of the results
are also pointed out.
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1 Introduction and Definitions

Let A denote the class of functions of the form
f(2) :Z+Zanz" (1.1)
n=2

which are analytic in the open unit disc U = {z : |z| < 1} and normalized by the conditions f(0) = 0 and f'(0) = 1.
Further, let S denote the class of all functions in A which are univalent in U. Some of the important and well-
investigated subclasses of the univalent function class S include (for example) the class S*(a) of starlike functions of
order o in U and the class K(«) of convex functions of order o (0 < a < 1) in U.

The convolution or Hadamard product of two functions f,h € A is denoted by f * h and is defined as (f * h)(z) =

o0 o0
24 Y apb,z™, where f(z) is given by 1) and h(z) = z+ > bpz".
n=2 n=2
From Koebe one quarter theorem [16], it is well known that every function f € S has an inverse f !, defined by

[7Hf(2) =2 (2 €)

and

FUTHw) =w (Jw] <ro(firo(f) = 1/4)
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where
fHw) = g(w) = w — agw? + (2a3 — az)w® — (5a3 — bagaz + as)w? + - . (1.2)

A function f(z) € A is said to be bi-univalent in U if both f(z) and f~1(z) are univalent in U. Let ¥ denote the
class of bi-univalent functions in U given by (1.1]). The functions

z 1 1+2
T —log(l —2), and 210g<1_z)

are in the class ¥ (see details in [20]). However, the familiar Koebe function is not bi-univalent. Earlier, Brannan and
Taha [5] introduced certain subclasses of bi-univalent function class ¥, namely bi-starlike functions of order o denoted
by S5 (o) and bi-convex functions of order o denoted by Ky («) corresponding to the function classes S*(«) and K(«),
respectively. Also, they determined non-sharp estimates on the first two Taylor-Maclaurin coefficients |az| and |as]
(see also|25]). Many researchers have introduced and investigated several interesting subclasses of the bi-univalent
function class ¥ and they have found non-sharp estimates on the first two Taylor-Maclaurin coefficients |as| and |as]
(see[T}, [6, [, 20, 22, 26]also the refences cited there in).

An analytic function F' is subordinate to an analytic function G, written F(z) < G(z), provided there is an
analytic function w defined on U with w(0) = 0 and |w(z)| < 1 satisfying F(z) = G(w(z)). Ma and Minda [II] unified

various subclasses of starlike and convex functions, f € A satisfying the subordination Z ff(lz()z ) < @(z) and convex

1+ 2 f]jl(lz()z ) < @(2), respectively. For this purpose, it is assumed that ¢ is an analytic function with positive real part

in the unit disk U, satisfying ¢(0) = 1,¢’(0) > 0, and ¢(U) is symmetric with respect to the real axis and has a series
expansion of the form
H(2) =14+ Cz+Co2? +&C32° +--- (¢ >0). (1.3)

The study of operators plays an important role in the geometric function theory and its related fields. Many
differential and integral operators can be written in terms of convolution of certain analytic functions. It is observed
that this formalism brings an ease in further mathematical exploration and also helps to understand the geometric
properties of such operators better.

We briefly recall here the notion of g-operators i.e.q-difference operators that play vital role in the theory of
hypergeometric series, quantum physics and in the operator theory. The application of g-calculus was initiated by
Jackson [7] (also see [2] B, 21] ). Kanas and Réducanu [§] have used the fractional g-calculus operators to investigate
certain classes of functions which are analytic in U.

Consider 0 < ¢ < 1 and a non-negative integer n. The g—integer number or basic number n is defined by

1—qg"
[n], = 1_qq =14q+@+...+¢" [0],=0.
1— t
For a non-integer number ¢ we will denote [t]; = 1 © " The g— shifted factorial is defined as [0],! =1, [n],! =
—q
[1]4[2]4 .. [n]q. Note that lim [n]; =n and lim [n],! = nl.
q—1— qg—1—

The Jackson’s g-derivative operator or g-difference operator for a function f € A is defined by

flaz) = f(2)
D) =4 a1 70 (1.4)
1'(0) ,2=0
is given by
Dyf(z) =1+ Z nganz"
n=2
and

Dgf(z) = Dq(qu(Z))~

Note that for Dyz" = [n],z"'in € N={1,2,...} and z € U. For t € R and n € N, the ¢-generalized Pochhammer
symbol is defined by
[tln = [t[t + Lglt +2]g ... [t +n — 1]
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Moreover, for t > 0 the g— Gamma function is given by

L,t+1)=[t];Ty(t) and Ty(l) =1.

In [15], Obradovic et.al gave some criteria for univalence expressing by R(f’(z)) > 0, for the linear combinations

TUONVNE .
w(1+ T B ) v 20 wzize)

In [I9], Silverman investigated an expression involving the quotient of the analytic representations of convex and
starlike functions. Precisely, for 0 < b < 1he considered the class

L+ (z"(2)/f'(2))
2f'(2)/f(2)

and proved that G, C S*( 1+\/21+W)' That is the functions in the class G, are starlike of order ﬁ. Based on the

Gy=feA:] ~1|<b, z€U

above definitions recently, in [I0], Lashin introduced and studied the new subclasses of bi-univalent functions.

Motivated by the earlier works cited in [9] 12 20] and Lashin [I0], in this paper we introduce new subclasses of
the function class ¥ involving ¢g— calculus operator and find estimates on the coefficients |as| and |ag| for functions in
the new subclasses of ¥. Several related classes are also considered and connection to earlier known(or new) results
are made.

Definition 1.1. A function f(z) € ¥ given by (1.1]) is said to be in the class
Ls q(p, ¢) if it satisfies the following conditions :

zDﬁf(z) B 1
! (1 : z>f<>> H D O "
and ,
w@igw) 1
1% (1 + Dqg(w)> + (1 H)Dqg(w) < ¢(w) (1.6)

where p > 1, z,w € U the function g is given by (1.2).

Definition 1.2. For a function f(z) € ¥ given by (|1.1)),is said to be in the class
Ls4(1,¢) = Ky, 4(¢) if it satisfies the following conditions :

2D2f(2) wD; g(w)
<1 + W) < ¢(z) and (1 + Dyg(w) > < ¢(w)

where z,w € U and the function g is given by (1.2)).

Definition 1.3. A function f(z) € X given by (1.1) is said to be in My 4(9) if it satisfies the following conditions :

2D2f(2) wD2g(w)

1 + 'Dq 1 + q
af(2) (Dqg(w)

f(2) g(w)

where z,w € U and the function ¢ is given by (1.2).

Now, in the following section we determine the initial coeflicients |as| and |as| for functions f in the subclasses
EZ,Q(Mﬂ ¢), and ICZ,q(¢)'
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2 Initial Coefficient estimates for f € Ly (1, ¢), and f € Ks 4(¢),
Define the functions p(z) and ¢(z) are analytic in U with p(0) = 1 = ¢(0) and suppose that
p(z) :=prz+p2z® +--

and
q(z) = qz+ g2+

It is well known that (see [13],p.172)
P <Ll <1-Ipf el <L el <1-al

It follows that,
d(p(2)) == 1+ Cip1z + (€1pa + Cop?)2? + -+

and
P(q(w)) =1+ Crqrw + (C1q2 + E27)w” + - --

Theorem 2.1. If f(z) € L 4(p, @) be given by (1.1) and p > 1, then

CivE

lag| <
V@ = 10201+ 012€1 + A, 0)€F — (20— 1)2(1 + )20
and
(51 .
if ¢ <¢

Apa) ) o e
las| < (20— 1?(1+ 9?1 [C| + G[A(p )€ — (20— 1)*(1+9)*C| &> e,

Al @) |21 = 1)?(1+ 0)2€1 + | A, @)€3 = (201 = 1)2(1 + 0)°C|

where

Al q) = (14 q+¢*)2u+ pg — 1) + (1 —2u) (1 + g)*.

Proof . It follows from (L.5) and (1.6]) that

2D2f(z) B I uls
’ (1 + e ) L= W) = o)

and

W)\

From ([2.5) and (2.6, we have

L+ (20— 1) (14 q)asz + [(1+q+¢*) (20 + pg — Das + (1 — 2u) (1 + ¢)%a3] 2° + - -
=14 p1z+ (C1pg + Copf)2® + -+

and

1= (2p—1)(1+qasw

+ [2O+q+®)Cu+pg—1)+ (1 —2u)(1+q)?] a3 — (14 g+ ¢°)(2u + pg — Daz|w?- -

= 1+¢quw—+ (@1(]2 + ngf)’wQ 4+
Now, equating the coefficients of z and 22 , we get

(2u—1)(1 + q)az = &ipy,

Malathi, Vijaya

(2.4)

(2.7)
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(1+q+¢*)(2u+ pg— Daz + (1 —2u)(1 + ¢)%a3 = E1ps + Capi,
—(2p = 1)(1 + q)az = €iq1,

and

21+ q+¢*)2u+pg — 1) + (1 —2p) (1 + q)*] a3

— (L4+q+¢*)(2u+ pg — az = €1q2 + Caq3.

From (2.7) and (2.9), we get

P1=—q

and
2021 — 1)%(1 4 q)a3 = € (p} + q7).

Now from ({2.8)), (2.10)) and (2.12)), we obtain

(202p - 120+ q)?C + 201+ g+ ¢*) (2 + pg — 1) +2(1 — 2u)(1 + ¢)*] €F

—2(2u — 1)2(1 + q)°€2) a3 = € (p2 + o).

From(2.11)), (2.13) and by using (2.1)), for the coefficients po and g2, we have

12020 —1)*(1+ @€+ 2(1 + ¢+ )2+ pg — 1) +2(1 — 2u)(1 + ¢)*] €F

—2(2p — 1)2(1+ q)° @5 [as|* < €|(1 = pa]?).

From(2.7)) and (2.14) we obtain

jas] < Gva .
VI +a+a)@u+pg—1) + (1 - 2)(1 + 92 €] — (21— 1)2(1 + 9)2(|C| — €1)

For convenience we let,
A(p,q) = 1+ q+¢*)2p+pg — 1) + (1= 2p) (1 4 ¢)*.

Hence

Ve
V20— D21+ )21 + A, )€ — (21— 12(1+ )28
From (2.8) from (2.10) and using (2.11)), we get
2[(1+q+¢*)2u+pg—1)+ (1 —2u)(1+q)*] (L+ g+ ¢*)(2p + pg — Das

=201 +q+¢*)2p + pg — 1) + (1 = 2p) (1 + ¢)%] €1p2
—(1=2u)(1 +)°Cigo +2(1 + ¢ + ¢*)(2p + pg — 1)Copi.

lag] <

Then by using (2.1)), for the coefficients py and go, we get
(14 q+¢*)2u+pg— 1) + (1 —2u)(1 + q)?] |as| < €& + [|€2] — €] [p1]*.
From(2.7)),

> |CL2|2
¢

2u—1)2(1+9)°¢
(21— 1)2(1 + q)%€1 + |A(p, )€ — (2p — 1)2(1 + ¢)2¢, ]|

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Thus by substituting for |p;|? in (2.16) and by simple computation we get,

¢
if ¢ <¢
A(p,q) e
sl <9 @p- D249 [+ QAR Q8 — 2u - D)?(A+ 0]
1 2
Al @) (20 = D21+ 0)2€1 + [ A 0)€F = (21 = 12(1 + )28, |
where A(u,q) is as assumed in (2.15)). O
By taking u = 1 we state the following :
Theorem 2.2. Let f(z) be given by (L.1)) and f € Ks 4(¢), then
¢Ve
las] < v (2.17)
\/(1 +9)°€ + |A(9)€F - (1+9)°¢|
and
¢
_ if ¢ <c
A(q) e
as] < {0+ @]+ GA@E - (1+9°¢] (2.18)
if ¢ >0,
A@[(1+g12¢1 +[A(@)e} - (1+0)°E|
where A(1,q) = A(q) = 1+ q+¢*)(1+q) + (1 + ¢)*
3 Coefficient estimates for the function class My ,(¢)
Theorem 3.1. Let f(z) is given by (L.1) and f € My 4(¢). Then
Ve
las| < — (3.1)
l9(¢* — 1) — &+ &
and
¢y : 1
< (1+9)(1+4?) if &< (1+q)(1+¢?)°
las] < T+ (1 - 1 ) 3 if ¢y > e
(14+4q)(1+4?) (1+9)(1+¢*)€1 / |q(q? —1) €T~ C2[+C4 L (14+q)(1+4¢?) "
Proof . We can write the argument inequalities in (1.7]) equivalently as follows:
z 2 z w 2 w
L 2 o
W = ¢(U(Z)) and W = ¢('U(’LU))7 (32)
f(z) g(w)
and proceeding as in the proof of Theorem [2.1] we can arrive the following relations from (3.2))
az = Gipy, (3.3)
(1 +q) (1 +¢%)az — (1 +q)*a = E1p2 + Copf (3.4)
and
—az = &iq, (3.5)
(14 ¢*+2¢*)a2 — (1 + @) (1 4 ¢*)az = €1q2 + €3 (3.6)
From (3.3 and (3.5)), we get
P1=—q1 (3.7)

and
2a5 = €1 (P} + 4. (3.8)
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Now from (3.4)), (3.6)) and (3.8]), we obtain
2¢(q® — 1)€% — 2¢2a3 = —C3(py + o). (3.9)
From (3.7), (3.9) and by using (2.1)), we get
2lq(¢® — €T — &yflas)* < 21— [p?)

@3ay)?
R S
{la(¢® = D€ = & + Ci}ao|? < €. (3.10)
From (3.5))and (3.10]
las| < &vE

lg(¢* — )&} — & + &1
Next, in order to find the bound on |ag|, from (3.4) (3.6), and using (3.7), we get
2(14q)(1+¢*)as = €1 (p2 — g2) + C2(pf — ¢7) + [(1 + 9)* + (2¢° + ¢* + 1)]a3.
Thus by using(3.5) ,(3.7) and (3.10]) in above equation, we get
201+ )1+ ¢*)az| < 2€(1—|p1]*) +2(1 + @) (1 + ¢°)[azf®

|ag|?

%, )+ (1 +a) (1 +¢*)azf?

1+a)(1+¢*)as| < &1~

[
€ g(g? = 1)EF — &+ &

G+{(1+q(l+¢°) -

5]
{ (1+9)(1+¢?)

=

: 1
B4 < mpay

1
E 14> aparey

IN

|as] [ e

1
(1+q)(1+¢?) + (1 - (1+Q)(1+q2)€1) la(g2—1)€7—C2[+€;

—-

O
Taking ¢ — 1 in Theorem [2.1] we obtain Theorem 1 given by Lashin [10] .

Remark 3.2. Suitable choices of ¢(z) as given below
1. For 0 < a<1)and —1< B < A <1, taking the function ¢ as

$(2) = Gigz) =1+a(A—B)z = S[2B(A=B)+ (1 —a)(4 = B)Y2* + - (3.11)

which gives €; = a(A — B) and €; = —$[2B(A — B) + (1 — a)(A — B)?].

2. If we take a =1 and —1 < B < A <1, then we have
14+ Az
9(z) = 1+ Bz

thus we have €; = A — B and €, = B(4 — B).
3. By fixing A =1 and B = —1 we have

=1+(A-B)z+B(A-B)z*+--- (3.12)

1
Be) = Tt = 14224257 4 (3.13)
thus we have €; = 2 and €, = 2
4. Further for some ¢ € (0, 1], taking
c 2,
(b(z):\/l—&—cz:l—&—Ez—gz +... (3.14)

then the class is said to be associated with the right -loop of the Cassinian Ovals [4]. In particular if ¢ = 1 then
the class is associated with right-half of the lemniscate of Bernoulli [23] is given by

qb(z):\/l—i-z:l—i-%z—ézz—k.... (3.15)
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5. Taking
1 1
d(z) =2+ 1+22:1+z+522—§z4—|—.... (3.16)
then the class is said to be associated with the right crescent [17].
6. Again by taking
4 2
P(2) =1+ 2+ 227 (3.17)
3 3
then the class is said to be associated with the cardioid [I8].

and thus by fixing the values of €; and €, as given in - from Theorems we can state the estimates
laz| and |as| for f in the classes Ls 4(p, @), Kx,q(¢), and My 4(¢).
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