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Abstract

In this paper, we define the binomial transform of the generalized Jacobsthal-Padovan sequence and as special cases, the
binomial transform of the Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan, modified Jacobsthal-
Padovan sequences will be introduced. We investigate their properties in details.
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1 Introduction and Preliminaries

Sequences have been fascinating topic for mathematicians for centuries and the sequences of numbers were widely
used in many research areas, such as physics, engineering, architecture, nature and art. The Fibonacci sequence is a
very well-known example of second order recurrence sequences. The Fibonacci numbers are perhaps most famous for
appearing in the rabbit breeding problem, introduced by Leonardo de Pisa in 1202 in his book called Liber Abaci.
The sequence of Fibonacci numbers {F,,} is defined by

Fn: n—1+Fn—23 nzza F0:07 F1:1

The generalization of Fibonacci sequence leads to several nice and interesting sequences. Horadam [I0] defined a
generalization of Fibonacci sequence, that is, he defined a second-order linear recurrence sequence {W,,(Wy, Wi;r, s)},
or simply {W,,}, as follows:

Wy =Wy 1+ sWy oy Wo=a, Wi =b, (n>2)

where Wy, W7 are arbitrary real (or complex) numbers and r, s are real numbers, see also Horadam [9], [12], [I1].
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In this paper, we introduce the binomial transform of the generalized Jacobsthal-Padovan sequence and we inves-
tigate, in detail, four special cases which we call them the binomial transform of the Jacobsthal-Padovan, Jacobsthal-
Perrin, adjusted Jacobsthal-Padovan, modified Jacobsthal-Padovan sequences. We investigate their properties in the
next sections. In this section, we present some properties of the generalized Tribonacci sequence which is a general-
ization of Fibonacci numbers.

The generalized Tribonacci sequence
{W,,(Wo, Wi, Wasr, s,t) >0
(or shortly {W,}n>0) is defined as follows:
W, =1rWp_ 14+ sW,_o+tW,_3, Wo=a, Wy =bWo=¢, n>3 (1.1)

where Wy, Wy, Wy are arbitrary complex (or real) numbers and r, s, ¢ are real numbers. This sequence has been studied
by many authors, see for example [19], [20], [31], [2], [6], [16], [I7], [23], [29].

The sequence {W,},,>0 can be extended to negative subscripts by defining
S r 1
W_, = *EW—(n_l) - EW—(n—2) + ;W—(n—3)

for n =1,2,3,... when t # 0. Therefore, recurrence (|1.1) holds for all integer n.

As {W,,} is a third order recurrence sequence (difference equation), it’s characteristic equation is

w3 —ra? —sr—1t=0 (1.2)
whose roots are
r
a = a(r7s7t):§+A+B,
B = Blrst)=g+wA+w’B,
v = 7(r7s7t)=g+w2A+wB
where
73 rs t 1/3 r3 rs t 1/3
A = (27+6+2+\/E> ,B—<27+6+2—\/E) :
3t r2s?2  rst §° 2 —1+i\/§ .
A = A(ns’t)_ﬁ_ﬁ—i_?_??—i_Z’ W—f_exp(Z]”/g)'

Note that we have the following identities

atB+y =
af+ay+py = -s,
afy = t.

If A(r,s,t) > 0, then the Equ. (1.2) has one real («) and two non-real solutions with the latter being conjugate
complex. So, in this case, it is well known that the generalized Tribonacci numbers can be expressed, for all integers
n, using Binet’s formula

n

pra” p2" n D3y
(a=PB)a=7) B-)B-7) @G-a)(v—0)

W, = (1.3)

where

p1=Wa— (B +7)W1 + ByWo,
p2 = Wo — (a +7)W71 + ayWo,
p3 = Wy — (a+ B)W1 + afWy.
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(1.3) can be written in the following form:

Wy = Mia" + My ™ 4+ May™

where
M, = Wy — (8 +v)W1 + ByWo
(= B)(a—=1) ’
M, — Wy — (a+v)W1 + ayWy
(B=a)(B=7) ’
M, = Wy — (a+ B)W1 + aﬁWo
(v—a)(v=8)

Note that the Binet form of a sequence satisfying (1.2]) for non-negative integers is valid for all integers n, for a
proof of this result see [I3]. This result of Howard and Saidak [I3] is even true in the case of higher-order recurrence
relations.

(o]
Next, we give the ordinary generating function > W,z" of the sequence W,.
n=0
oo
Lemma 1.1. Suppose that fy, (x) = > W,a" is the ordinary generating function of the generalized Tribonacci

(o]
sequence) {W,},>0. Then, > W,a™ is given by
n=0

> n Wo+ (Wi —rWo)x + (Wa — rWq — sWp)z?
E W,x"™ =
1—rz—sx?2 —txs

(1.4)

We next find Binet’s formula of the generalized Tribonacci sequence {W,,} by the use of generating function for
W,.

Theorem 1.2. (Binet’s formula of the generalized Tribonacci numbers) For all integers n, we have

qa” @p" a37"
W, = + + 1.5
@-fla—  B-aB-2 G-aG-8 5
where
qg = W()Oé2 + (W1 — TWO)Ot + (W2 —rW; — SWO),
@ = WoB*+ (Wi —rWo)B+ (Wa —rWy — sWyp),
g3 = Woy* + (Wi —rWo)y+ (Wa — rWi — sWp).
Note that from (1.3)) and ( we have
Wy — (B+7)W1+ YWy = Woa? + (Wi —rWo)a + (Wa — rWy — sWp),
Wy — (Oé + ’Y)Wl +ayWy = VVOB2 + (Wl — ’I"W())ﬂ + (W2 —rWi — SVV())7
Wy — (Oé + ﬁ)W1 +afWy = Wo’)/2 + (Wl — TWo)’Y + (W2 —rWy — SWO).
In this paper we consider the case r = 0, s = 1,t = 2 and in this case we write V,, = W,,. A generalized
Jacobsthal-Padovan sequence {V;,}n>0 = {Vi,(Vo, V1, V2) }n>0 is defined by the third-order recurrence relations
Vo =Vu_o+2V,_3 (16)

with the initial values V) = ¢p, V1 = ¢1, Vo = ¢ not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining

1 1
Von = _iv—(n—l) + EV—(n—B)
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for n =1,2,3,.... Therefore, recurrence (1.6 holds for all integer n.
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(1.3) can be used to obtain Binet’s formula of generalized Jacobsthal-Padovan numbers. Binet’s formula of gener-
alized Jacobsthal-Padovan numbers can be given as

where

P1
b2
p3

n

pro” p23" D37

Vo, =

= Vo= (B+)Vi+ Vo = Voo® + Via+ (Vo — Vo) = a1,
Vo= (a+ Vi +ayVo = Vof* + Vi + (Vo = Vo) = @,
= Va—(a+B)Vi+afVy=Voy’ +Viy+ (Va = Vo) = gs.

Here, «, 8 and «y are the roots of the cubic equation

2 —x—2=0.

Moreover
a = \3/1 \/T?S + i/l % 1.521379706804568,
78 \/78
B = wj1+vr+w ¢1 A
9 9
v o= w2§/1+\/ﬁ+w\/1 @
9 9
where
—1+14v3
= %f = exp(27i/3).
Note that
atpf+y = 0
af+ay+py = -1,

Now, we present four special cases of the generalized Jacobsthal-Padovan sequence {V,,}.

afy = 2.

@=B- B-aiB-m_ G-a0-5

(1.7)

Jacobsthal-Padovan sequence {Q)}n>0, Jacobsthal-Perrin sequence {L,,},>0, adjusted Jacobsthal-Padovan se-
quence {K, },>0, modified Jacobsthal-Padovan sequence {M,, },>o are defined, respectively, by the third-order recur-
rence relations

Qn+3 = Qn+1 + 2Qn7 QO = 1aQ1 = 1aQ2 = 1a

Ln+3 = Ln+1 + 2L, Ly=3,L1=0,L2 =2,
Knys = Kppit+Kn, Ko=0,K1=1,Ky=0,
Mn+3 = Mn+1 + Mna MO = 37M1 = 1aM2 = 3.

The sequences {Qn}n>05 {Ln}n>0, {Kn}n>0 and {M,},>0 can be extended to negative subscripts by defining

1 1

Qn = *iQ—(n—n + 5@—@—3),
1 1

L., = _iL—(n—l) + EL—(n—i‘))a
1 1

K, = _iK—(n—l) + §K—(n—3)a
1 1

M_, = —-M_-1)+;M_(n_3),

2 2



On binomial transform of the generalized Jacobsthal-Padovan numbers 647

for n =1,2,3,... respectively. Therefore, recurrences ((1.11)-(1.14) hold for all integer n.

For more details on the generalized Jacobsthal-Padovan numbers, see Soykan [25].

Q.. is the sequence A159284 in [21] associated with the expansion of #(1+2)/(1— 2% —223) and L, is the sequence
A072328 in [21] and K, is the sequence A159287 in [21] associated with the expansion of #2/(1 — 2? — 223).

For all integers n, Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan, modified Jacobsthal-
Padovan numbers (using initial conditions in (1.8])-(1.10))) can be expressed using Binet’s formulas as

_ (Oé+1) anl (5+1> n+1 (’V+1) n+1

O =GB TG-wG=" tean-p
Ln - an_’_ﬁn_’_,yn’

K. = ;an—kl + ;Bn—kl + ;'}/n—‘_l

" (= B)(a—7) B—a)(B—7) (y—a)(y—B) ’

_ (30[ + 1) an+1 (Sﬂ + 1) n+1 (3/7 + 1) n+1

Mo = B Tt Teh-an-p

respectively, see, Soykan [25] for more details.
o0
Next, we give the ordinary generating function > V,z™ of the generalized Jacobsthal-Padovan sequence V;, (see,

n=0

Soykan [25] for more details.).

o]
Lemma 1.3. Suppose that fy, () = > V,a" is the ordinary generating function of the generalized Jacobsthal-
n=0

Padovan sequence {V, },>0. Then, ) V,z™ is given by

n=0

$ = ot Vot (Ve

1— a2 — 223 (1.15)

Proof . Take r =0, s =1,t =2 in Lemma|[l.1] [J
The previous lemma gives the following results as particular examples.

Corollary 1.4. Generating functions of Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan modi-
fied Jacobsthal-Padovan numbers are

oo
Y@t =
v " 1— 22— 223’
(o)
S Lt = ST
o " 1—x2— 223’
> x
K" = ——
n;) nt 1— 22— 2z%’
oo
3+
Mpa" = —>1%
RZ:O nt 1—a22— 223
respectively.

2 Binomial Transform of the Generalized Jacobsthal-Padovan Sequence V,,

In [I5], p. 137, Knuth introduced the idea of the binomial transform. Given a sequence of numbers (a,), its
binomial transform (a,,) may be defined by the rule

n n

ay = Z <7Z) a;, with inversion a, = Z (?) (—1)" "y,

=0 =0



648 Soykan, Tagdemir, Ozmen

or, in the symmetric version
" i1 " /n i1
N Nl . _ vifla
an ; (z>( 1) a;, with inversion a, ; (z>( 1) a,.
For more information on binomial transform, see, for example, [I8], [7], [30], [8] and references therein.

In this section, we define the binomial transform of the generalized Jacobsthal-Padovan sequence V,, and as special
cases the binomial transform of the Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan, modified
Jacobsthal-Padovan sequences will be introduced.

Definition 2.1. The binomial transform of the generalized Jacobsthal-Padovan sequence V,, is defined by

The few terms of b,, are

L (0
bo = Z(i)vivo,

=0

1
1
b = Z(i>W:%+V17

=0

2
2
bg = Z<Z>V1V0+2V1+Vg

=0

Translated to matrix language, b, has the nice (lower-triangular matrix) form

bo 10000 Vo

by 11000 1

by 1 2100 Vs

b, | =] 1 3 3 1 0 Vs
1 46 41

As special cases of b, = ‘A/n, the binomial transforms of the Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-
Padovan, modified Jacobsthal-Padovan sequences are defined as follows: The binomial transform of the Jacobsthal-

Padovan sequence @Q,, is
~ n n
Qn=>_ () Qi,

=0

the binomial transform of the Jacobsthal-Perrin sequence L,, is
~ n n
Ln = Li;
()
=0
the binomial transform of the adjusted Jacobsthal-Padovan sequence K, is
~ n n
Kn = . Kia
> ()

the binomial transform of the modified Jacobsthal-Padovan sequence M,, is
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Lemma 2.2. For n > 0, the binomial transform of the generalized Jacobsthal-Padovan sequence V,, satisfies the

following relation:

I (ZL)(V +Vig).

=0

Proof . We use the following well-known identity:

()=
(o) =)= () =

Note also that

Then

bnyr = Vo

This completes the proof. [J

Remark 2.3. From the last Lemma, we see that
" /n
byt1 = by | Vi,
+1 + ; (z) +1

The following theorem gives recurrent relations of the binomial transform of the generalized Jacobsthal-Padovan
sequence.

Theorem 2.4. For n > 0, the binomial transform of the generalized Jacobsthal-Padovan sequence V,, satisfies the
following recurrence relation:
bn+3 = 3bn+2 - 2bn+1 + 2bn (21)

Proof . To show (2.1)), writing
bnts =71 X byyo + 51 X b1 + 81 X by

and taking the values n = 0, 1,2 and then solving the system of equations

b3 = rixXby+s; xby+1t1 Xb
b4 = 7’1Xb3+81><b2+t1><bl
b5 = T1Xb4+81><b3+t1><b2

we find that r1 = 3,51 = —2,t; =2. 0

The sequence {by, }n>0 can be extended to negative subscripts by defining

3 1
b_n = bfnJrl - §b7n+2 + §b7n+3
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for n =1,2,3,.... Therefore, recurrence ([2.1)) holds for all integer n.
Note that the recurence relation (2.1)) is independent from initial values. So,

and

Qn+3

Ln+3
Kn+3

—

Mn+3

3Qn+2 — 2Qu+1 +2Qn,
3Lnso — 2Lpi1 + 2L,
3K0 — 2K, 1 + 2K,
3Myio — 2M, 1 + 2M,,.

3

1

Q—n+1 - 7Q—n+2 + 7Q—n+37

2

2

- 3~ 1~
L i1 — §L—n+2 + L _nys,

2

~ 3~ 1~
K—n+1 - 7K—n+2 + iK—n+3a

2

— 3
M—n+1 - 5

— 1~
M—n+2 + 7M—n+3-

2

The first few terms of the binomial transform of the generalized Jacobsthal-Padovan sequence with positive sub-
script and negative subscript are given in the following Table 1.

Table 1. A few binomial transform (terms) of the generalized Jacobsthal-Padovan sequence.

n bn, b_p

0 Vo

1 Vo + Vi —5 (Vi = Va)

2 Vo+2Vi + Vs -5 (2% — Vo)

3 3Vp +4V; + 3V; —12V -3V + W)

4 Vo + 10Vy + TVa 1 (4Vy +2V; — 3V%)

5 23Vo + 26V; + 17Va % (10Vp — 5V; — Va)

6 57Vo + 66V; + 43V — % (4Vo + 8V; — TVa)

7 143V, + 166V + 1094 —L(30Vp — 3V4 — 11V5)
8 361Vp + 418V; 4 275V, — i (8Vp — 22V4 + 11V5)
9 911Vp + 1054V + 693V54 ?1% 66V + 19Vy — 41V3)
10 2297V, + 2658V, + 1747V, a5 (60Vp — 44V, + 3V5)
11 5791V, + 6702V, 4 4405V; —% (94Vp + 101V, — 107V3)
12 14601V + 16898V, 4 11107V —p (208Vy — 50V; — 57V5)
13 36815Vp + 4260617 + 28005V, —1ic (14Vh — 315V4 + 201V3)

The first few terms of the binomial transform numbers of the Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted
Jacobsthal-Padovan, modified Jacobsthal-Padovan sequences with positive subscript and negative subscript are given
in the following Table 2.

Table 2. A few binomial transform (terms).

n 1 2 3 4 5 6 7 8 9 10
Qn 2 4 10 26 66 166 418 1054 2658 6702
R T T T T S TR
L, 3 3 5 15 41 103 257 647 1633 4119 10385
T 7 7
L. 1 =2 2§ § i -4 -3 2 %
K, 0 1 2 4 10 26 66 166 418 1054 2658
L T T T B N S S
M, 3 4 8 22 58 146 366 922 2326 5866 14790
M 1 -3 _3 5 1 1 _2r  _3 47 145
-n 2 2 4 4 8 8 16 16 32
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(1.3)) can be used to obtain Binet’s formula of the binomial transform of generalized Jacobsthal-Padovan numbers.
Binet’s formula of the binomial transform of generalized Jacobsthal-Padovan numbers can be given as

c107 co0% cs0%
b, = + + 2.2
(01— 62)(01 — 03) (62 —01)(62 —05) (05— 61)(05 — 62) 22)
where
c1 = ba— (024 03)by + 020300 = (Vo +2V1 + Vo) — (02 + 03) (Vo + V1) + 0205V0,
ca = by — (91 + 93)()1 + 6103by = (Vo + 2V + Vg) — (91 + 93)(V0 + Vl) + 60,05V,
3 = by — (01 +62)by + 010209 = (Vo + 2V4 + Vo) — (61 + 62) (Vo + Vi) + 0102 V5.

Here, 61, 05 and 65 are the roots of the cubic equation 23 — 322 + 2z — 2 = 0. Moreover,

1 1
0 = 1+ f§/27+3\/%+ f§/27—3\/%7
w?
0y = 27+3\/%+?\/27 3V78,
w w 3
05 = ? +3V78 + V27— 3V/78,
where ‘
= 71%“/5 = exp(27i/3).
Note that
91 + 92 + 93 = 37
0105 + 0105 + 0205 = 2,

0160205 =

For all integers n, (Binet’s formulas of) binomial transforms of Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted
Jacobsthal-Padovan, modified Jacobsthal-Padovan numbers (using initial conditions in (2.2))) can be expressed using
Binet’s formulas as

2007 — 0, + )07 203 — 0.+ 1)05 1 2(03 — 03 +1)05 !

@n = (61 — 02)(01 — 03) (B2 — 61)(62 — 03) (05— 61)(05 — 62) °
L, = 07+05+67,
B (=1+61)07 (=1+62)05 " (=1 +65)0%
" (01— 02)(01 — 03) (02— 01)(02 —03) (03— 01)(03 — 62)’
T 2(20% — 20, + 3)07 1 N 2(203 — 20, + 3)05 " N 2(202 — 205 + 3)05 "
" (01 — 02)(61 — 03) (02 — 01)(02 — 03) (03 —01)(03 — 62) '
respectively.

3 Generating Functions and Obtaining Binet Formula of Binomial Transform From
Generating Function

The generating function of the binomial transform of the generalized Jacobsthal-Padovan sequence V,, is a power
series centered at the origin whose coefficients are the binomial transform of the generalized Jacobsthal-Padovan
sequence.

[ee]
Next, we give the ordinary generating function f, (x) = > b,2™ of the sequence b,,.
n=0
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o0

Lemma 3.1. Suppose that f (z) = > b,a™ is the ordinary generating function of the binomial transform of the
n=0

Jacobsthal-Padovan sequence {V;,},>0. Then, f; (x) is given by

o Vo+ (Vi —2Vy)a + (Vo — Vl)I2

1
Fon (@) 1— 32 + 222 — 22 (3.1)

Proof . Using Lemma|[I.] we obtain

bo + (bl — leo)x =+ (bg — lel — slbo)x2

fo, (x) = 1—rx—s122 —t123
Vo (Vo + V1) = 3Vo)a + (Vo + 2Vi + Vo) — 3(Vo + Vi) — (—2)Vp)a?
N 1—3z — (—2)22 — 223
Vo+ (Vi —2Vo)x + (Vo — Vi)a?
1— 3z + 222 — 223
where
bO = ‘/07
by = Vo+ 1V,
by = Vo+2Vi + Vs,

]
Note that P. Barry shows in [I] that if A(x) is the generating function of the sequence {a,}, then

n
is the generating function of the sequence {b,} with b, = >_ (’Z) a;. In our case, since
i=0
. ‘/0 + Vle + (‘/2 - VQ)IL'2
N 1— 22 — 223 ’

A(x) see (|1.15)),

we obtain
1 Vot W (ﬁ) + (Vo= V) (ﬁf

_ 2 3
T () 2 ()
Vo+ (Vi —2Vo)x + (Vo — V)22

1—3x 4+ 222 — 223 )

S(x) =

The previous lemma gives the following results as particular examples.

Corollary 3.2. Generating functions of the binomial transform of the Jacobsthal-Padovan, Jacobsthal-Perrin, ad-
justed Jacobsthal-Padovan, modified Jacobsthal-Padovan numbers are

A 11—z
;an 1— 32+ 222 — 223
ifnm" B 3—6x+22m2 ’
= 1— 3z + 222 — 223
oo 2

= r— X

Knn - 5
nz:;) v 1— 32+ 222 — 223
2~ 3 — bx + 222

M,a" =
nz_% n¥ 1— 3z + 222 — 223

respectively.
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We next find Binet’s formula of the Binomial transform of the generalized Jacobsthal-Padovan numbers {V;,} by
the use of generating function for b,.

Theorem 3.3. (Binet’s formula of the Binomial transform of the generalized Jacobsthal-Padovan numbers)

4,07 a0 ds03

b, = + + 3.2
(0= 02)(0,—05) (62— 01)(05—05) (85 —01)(65 — ) (3:2)
where
d1 = VOQ% -+ (Vl — 2%)91 -+ (Vé — Vl),
dy = Voba+ (Vi —2Vp)0y + (Vo — V1),
ds = Vo3 + (Vi —2Vp)0s + (Vo — V1).

Proof . By using Lemma [3.1] the proof follows from Theorem [1.2] OJ
Note that from (2.2 and (3.2]), we have

by — (02 + 03)by + 02030 = Vo7 + (Vi —2Vp)01 + (Vo — V1),
by — (01 + 03)by + 01036y = Vob3 + (Vi — 2Vp)02 + (Vo — V1),
by — (01 + 92)b1 + 9102170 = V00§ + (Vl — 2V0)93 + (VQ — Vl),
or
(‘/0 —+ 2V1 + ‘/2) - (92 + 93)(‘/0 + Vl) + 0293‘/0 = VOQ% + (Vl - 2‘/0)01 + (‘/2 - Vl)a

Vobs + (Vi — 2Vp)02 + (Vo — VA1),
Vo3 + (Vi — 2Vo)0s + (Vo — VA1),

(Vo +2Vi + Vo) — (01 + 63) (Vo + Vi) + 6163V
(Vo +2V1i + Vo) — (01 + 02)(Vo + Vi) + 0102V,

Note that we can also write
(bo + 2by + ba) — (B2 + 03) (b + by) + 0203bg = bofF + (b1 — 2b9)01 + (b2 — by),

(bo + 2b1 + ba) — (61 + 03)(bo + b1) + 0165by = bg@% + (b1 — 2bg)02 + (by — b1),
(bo 4 2b1 + b2) — (01 + 02)(bo + b1) + 0162b¢ bo03 + (by — 2bg)03 + (by — by).

Next, using Theorem 3.3] we present the Binet’s formulas of binomial transform of Jacobsthal-Padovan, Jacobsthal-
Perrin, adjusted Jacobsthal-Padovan, modified Jacobsthal-Padovan sequences.

Corollary 3.4. Binet’s formulas of binomial transform of Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-
Padovan, modified Jacobsthal-Padovan sequences are

2007 — 0, + )07 203 — 0, +1)05 1 2002 — 03 +1)05 !

@n = (01 — 02)(01 — 63) (02 — 01)(02 — 03) (03 — 01)(03 — 02)
L, = 07+05+0y,
R (=1+061)07 (=1+02)05 n (—1+63)08
" (01— 02)(01 —03) (02— 61)(02 —03) (05— 01)(05 — 02)’
T 2(20% — 20, + 3)07 1 N 2(203 — 20, + 3)05 " N 2(202 — 205 + 3)05 "
! (01 — 02)(61 — 63) (02 — 01)(62 — 03) (03 — 01)(05 — 02) ~
respectively.

4 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,

Froj1Fn1 — Fi = (_1)n
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which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be

written in the form
’ F71,+1 Fn

Fn anl - (_1) '

The following theorem gives generalization of this result to the generalized Jacobsthal-Padovan sequence {W,, }.

Theorem 4.1 (Simson Formula of Generalized Tribonacci Numbers). For all integers n, we have

Wito Wppr W, We Wi Wy
Worr Wa Way |="| W0 Wo Woy|. (4.1)
Wn Wit Wihoa Wo W_1 W_y

Proof . (4.1)) is given in Soykan [22]. O
Taking {W,,} = {b,} in the above theorem and considering b, 3 = 3bp12 — 2bp41 + 2by,, ¥ = 3,8 = —=2,t = 2, we
have the following proposition.

Proposition 4.2. For all integers n, Simson formula of binomial transforms of generalized Jacobsthal-Padovan num-
bers is given as

bn+2 bn+1 bn b2 bl bO
bpt1 bp by |=2"| b1 by by
bn bnfl bn72 bO b*l b72

The previous proposition gives the following results as particular examples.

Corollary 4.3. For all integers n, Simson formula of binomial transforms of the Jacobsthal-Padovan, Jacobsthal-
Perrin, adjusted Jacobsthal-Padovan, modified Jacobsthal-Padovan numbers are given as

Qniz Qny1 @n

Q/T\L-‘rl AQn C;2\n—1 = _2n,
Qn anl an2

£n+2 L/’QJrl ALn

Ln+1 Ln Ln—l = —26x 271’
Ln Lnfl Ln72

I£n+2 ﬁJrl AKn

Kppn Ky Koo | = =270
Kn n—1 n—2

Moo My 3,

My M, M, | = —23x2"
Mn Mn—l Mn—2

respectively.

5 Some Identities

In this section, we obtain some identities of Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan,
modified Jacobsthal-Padovan numbers. First, we can give a few basic relations between {Q,} and {L,}.

Lemma 5.1. The following equalities are true:

52Qn = 2Lpia+3Lnys— 150,40, (5.1)
52Qn = 9Lpi3 —19L,40 +4L,41,

260, = 4Lnis — TLny1 + 9L,

26Q,, = 5Ln41+ 1L, +8L,_1,

13@71 = 8En - En—l + 5En—2a
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and
2L, = 5Qnia — 14Qnss + 4Qu 0,
2L, = Quis —6Qus2 +10Qn 1,
2L, = —3Qni2+8Qnt1+2Q0,
2L, = —Qni1+8Qn —6Q,_1,
2Ly = 5Qn—4Qn 1 —2Qn o

Proof . Note that all the identities hold for all integers n. We prove (5.1). To show ({5.1)), writing

@n:aXEn,+4+bXEn+3+CXEn+2

and solving the system of equations

@o = axz4+bxf3+cxfg
@1 = axi5+bxi4+c><f3
@2 = GXE6+bxf5+ch4
we find that a = %, b= 53—2, c= —é—g. The other equalities can be proved similarly. [

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {Q,} and {K,}.

Lemma 5.2. The following equalities are true:

QQ\n = Kn+4 - 3I?n+3 + 2I/€n+2
Qn = Kn+1
Qn = 3Kn - 2Kn—1 + 2Kn—2
and
4[?71 = _@n+4 + 5@n+3 - 6@n+27
2K, = Qn+3 - 2Qn+2 - Qn+17
2Kn == Qn+2 - 3Qn+1 + 2Qna
K, = anb

Now, we give a few basic relations between {Q,} and {]\//.TH}

Lemma 5.3. The following equalities are true:

46Q\n = 2J/\4\n+4 + 3Mn+3 - 17]/\Zn+27
460, = Mg —21Myis + 4M, 1,
230, = 3Myio— TMysq1 + 9M,,
23Qn = 2My41 +3M, +60M,_;,
230,, = 9M, +2M,_, +4M, _»,
and
2]/\4\71 - 4@n+4 - 11Q\n+3 + 3@n+27
2Mn - Qn+3 - 5Qn+2 + 8Qn+17
Mn = _Qn+2 + SQnJrl + Qna

Mn = 3@71 - 2@71—1-

655
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Next, we present a few basic relations between {L,} and {K,}.

Lemma 5.4. The following equalities are true:

and

Now, we give a few basic relations between {L,} and {J\//jn}

oL, =

2L,

oL, =

oL, =
oL, =

104K,
52K,
52K,
26K,
26K,

K4 — 6Kpnis+ 10K,42,
—3K i34 8K pio + 2K i1,
—RKpio+8K,i1 — 6K,
5K, 1 — AK, — 2K, _1,
11K, — 12K,_1 + 10K,,_,

= —15Ln4q + 490,45 — 241042,
= 2L,43+3Lnio— 150,41,

= 9L,42—19L, 1 +4L,,

= 4Ln41—TLy +9L,_1,

= 5En + En71 + 8En,2.

Lemma 5.5. The following equalities are true:

and

Next, we present a few basic relations between {K,} and {M,}.

46L,,
46L,,
46L,,
46L,,
46L,,

52M,,
52M,,
260,
260,
13M,,

290,14 — 60M,, 45 — 28My o,
27 M,y 13 — 86 M1 + 58 M1,
—5M, o+ 4M,, 41 + 54M,,,
—11M,, 11 + 64M,, — 10M,,_1,
31M,, + 12M,,_, — 22M,,_»,

21 L4 —A0Lp45 — 211,49
23013 — 63Lp4 + 421,41
3Lnio — 2Ly + 231,
TLps1 + 171, + 6L,_1
19L,, — 4Ln_1 4 TLn—s

Lemma 5.6. The following equalities are true:

and

92K,
46K,
46K,
23K,
23K,

—17Myq + 55Myy 5 — 28M,, 1,
2M\nﬂ + 3J/M\n+2 - 17]/\4\n+1,
OMyyio — 21M, i1 + AM,,,
3Myiq — TM, + 9M,_1,

M, + 3M,_1 + 6M,_o,

Kpia —5Kpi3+ 8K o,
- An+3 + 3f(n+2 + f(nﬂa
3Kni1 — 2K,

7K, — 6K,_1 + 6K, _.

Soykan, Tagdemir, Ozmen
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6 Sum Formulas
6.1 Sums of Terms with Positive Subscripts

The following proposition presents some formulas of binomial transform of generalized Jacobsthal-Padovan numbers
with positive subscripts.

Proposition 6.1. For n > 0, we have the following formulas:

(a) ZZ:O bk? = %(anrB - 2bn+2 — b2 + 2b1>
(b) Sr_obok = 15 (3banto — 4bans1 + 10ba, — 3bo + 4by + 6b).
(€) Yh—obaks1 = 15 (Bbansa + 4bapy1 + 6bay — 5by + 12by — Gby).

Proof . Take r = 3,s = —2,¢t = 2 in Theorem 2.1 in [28] (or take z = 1,7 = 3,s = —2,¢t = 2 in Theorem 2.1 in [20]).
O

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
Jacobsthal-Padovan numbers (take b, = Q,, with Qo =1,Q1 =2,Q2 =4).

Corollary 6.2. For n > 0, we have the following formulas:
(a) =0 Qr = 5(Qnts — 2Qn2).
(b) > @% = 71(5(3@2n+2 — 4Q2n+1 + 10@277, +2).

(©) Yo C§2k+1 = %6(5@\2n+2 + 4©2n+1 + 6@% —2).

Taking b,, = En with EO =3, El =3, Eg = 5 in the last proposition, we have the following corollary which presents
sum formulas of binomial transform of Jacobsthal-Perrin numbers.

Corollary 6.3. For n > 0, we have the following formulas:
(a) >p—o Ek = %(En-&-i‘) - 2En+2 +1).

(b) ZZ:O ZQ]C = %(3E2n+2 - 4E2n+1 + 102:211 + 15)

(c) ZZ:O E2k+1 = %(522n+2 + 4Ezn+1 + GZgn =T7).

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
adjusted Jacobsthal-Padovan numbers (take b,, = =K, with Kg=0,K; =1,K, = 2).

Corollary 6.4. For n > 0, we have the following formulas:
(@) Yr oKk =3(Knis — 2K,12).
(b) i Kor = £ (3Kanto — 4Konp1 + 10K, — 2).

(€) k=0 I?Zk-&-l = %(5[/&2”-{—2 + 4[?2n+1 + 6K, + 2).

Taking b, = ]\/Zn with M\o = 3,]T4\1 = 4,]\72 = 8 in the last proposition, we have the following corollary which
presents sum formulas of binomial transform of modified Jacobsthal-Padovan numbers.

Corollary 6.5. For n > 0 we have the following formulas:
(a) Do My = %(Mms — 2M,, 12).
(b) > o My, = %(3M2n+2 - 4J/M\2n+1 +10Mo,, + 10).

(C) ZZ:O Moy = %(5M2n+2 + 4May 1 + 6 Mo, — 10)~
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6.2 Sums of Terms with Negative Subscripts

The following proposition presents some formulas of binomial transform of generalized Jacobsthal-Padovan numbers
with negative subscripts.

Proposition 6.6. For n > 1 we have the following formulas:

(@) Y bg = 3(=3b_p_1—2b_p_3+ by — 2by).
(b) 2221 b_op = Tlﬁ( 5b_on41 + 12b_9, — 6b_9, 1 + 3by — 4b; — 6b0).
(C) ZZ:l b_2k+1 %( 3b_2n+1 +4b_o, — 10b_9,,_1 + Dby — 12b1 + 6b0)

Proof . Take r = 3,5 = —2,¢ = 2 in Theorem 3.1 in [28] or (or take z = 1,r = 3,s = —2,¢ = 2 in Theorem 3.1 in
[26]). O

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
Jacobsthal-Padovan numbers (take b, = @Q,, with Qo =1,Q1 = 2,Q2 = 4).

Corollary 6.7. For n > 1, binomial transform of Jacobsthal-Padovan numbers have the following properties.
(a) ZZ:I Q\fk: = %(_3@7n71 - 2@7n73)-
(b) 2221 @—Qk - %(_5@—271-&-1 + 12@—271 - 6@—2n—1 - 2)

(€) Y-y Q-ops1 = %6(*3@—271-5-1 +4Q -2, —10Q 2,1 +2).

Taking b,, = fn with ZO =3, El =3, Eg = 5 in the last proposition, we have the following corollary which presents
sum formulas of binomial transform of Jacobsthal-Perrin numbers.

Corollary 6.8. For n > 1, binomial transform of Jacobsthal-Perrin numbers have the following properties.
(a) ZZ:] E—k %( 3L—n 1= 2L—n 3~ 1)
(b) 2221 L_g = ( 5L on41 + 121 on — 6L—2n 1 —15).

(c) Yor_y E72k+1 = %(_3L72n+1 +4L_5, —10L_9p_1 + 7).

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
adjusted Jacobsthal-Padovan numbers (take b, = K with Ko =0, K1 =1 KQ =2).

Corollary 6.9. For n > 1, binomial transform of adjusted Jacobsthal-Padovan numbers have the following properties.
(@) Yy K p = L(-3K 1 — 2K, 4).
(b) Sy Kook = f5(—5K pnp1 + 12K 5, — 6K 5,1 +2).

(C) Zk 1 K_2k+1 %( 3K_2n+1 + 4K_2n — 10K_2n_1 — 2).

Taking b, = ]/\4\,, with Z/W\o = 3,]\71 = 4,]\72 = 8 in the last proposition, we have the following corollary which
presents sum formulas of binomial transform of modified Jacobsthal-Padovan numbers.

Corollary 6.10. For n > 1, binomial transform of modified Jacobsthal-Padovan numbers have the following proper-
ties.

(8) S, My = 1(-3F s — 200 s).
(b) i M_oy = 15 (= 5J\7—2n+1 +12M g, — 6M_g,_1 — 10).

(€) Sr_y Mook = £5(—3M 9,41 + 4M_2, — 10M_g,,_1 + 10).
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6.3 Sums of Squares of Terms with Positive Subscripts

The following proposition presents some formulas of binomial transform of generalized Jacobsthal-Padovan numbers
with positive subscripts.

Proposition 6.11. For n > 0, we have the following formulas:

(8) S b2 = to(—Tb2, 5 — 642, — 4462 , | + 40by 1 3bnto — Abyy3bn 1 + 48D, obys1 + ThE + 6467 + 44b2 — 40byby +
dhoby — 48bybo).

(b) Zk 0 bk+lbk = %( bn+3 16bn+2 4b%+1 + 4bn+3bn+1 + 8bn+3bn+2 + b% + 16[)% + 4()(2) — 8byby — 4bgbo).

() Sor_obrraby = 1 (962, 5 + 4862, + 3602, — 400, 43bpso + 120, 3D i1 — 48D, 2by i1 — 9b3 — 4807 — 36b2 + 40
baby — 12b5bg + 48by by).

Proof . Take x = 1,7 = 3,s = —2,t = 2 in Theorem 4.1 in [27], see also [24]. O

From the last proposition, we have the following Corollary which gives sum formulas of binomial transform of
Jacobsthal-Padovan numbers (take b, = @Q,, with Qo =1,Q1 = 2,Q2 = 4).

Corollary 6.12. For n > 0, binomial transform of Jacobsthal-Padovan numbers have the following properties:
(a) >ro @% = 117;( 7Qn+3 64@$L+2 - 44@31+1 + 40@n+3@n+2 - 4@n+3@n+1 + 48@n+2@n+1 +12).

(b) Yr_oQri1Qk = 15(~Q%5 — 16Q2 15 — 4Q2 .1 +4Qu13Qn+1 +8Qn13Qn 2 +4).

(€) o Qur2Qr = 75(9Q% 15 +48Q% 15 + 3607 41 — 40Qn+3Qn+2 + 12Qn13Qn+1 — 48Qu12Qns1 — ).

Taking b,, = En with Zo =3, El =3, ZQ = 5 in the last Proposition, we have the following Corollary which presents
sum formulas of binomial transform of Jacobsthal-Perrin numbers.

Corollary 6.13. For n > 0, binomial transform of Jacobsthal-Perrin numbers have the following properties:
(8) S oL} = &(~7TL2, 5 — 6412, — 4412 | +40Ly 3Lnt2 — 4Lns3Lps1 +48Lp oLyt + 175).

(b) Sp_oLes1Ly = £5(—L2,5 — 16125 — 412, + 4Ly 3Lnt1 +8Lnys Lo + 25).

(€) Sh_o LisoLy = {5(9L2 5 + 4812, + 36Eg 1 —40Lyy3Lnqo + 120,301 — 48L, 9Ly 11 — 129).

From the last proposition, we have the following corollary which gives sum formulas of binomial transform of
adjusted Jacobsthal-Padovan numbers (take b, = K,, with Ko =0,K; =1, Ky = 2).

Corollary 6.14. For n > 0, binomial transform of adjusted Jacobsthal-Padovan numbers have the following proper-
ties:

(a) Yo K? = (—TK2, 3 — 64K2,, — 44K2 | + 40K, 3K, 10 — 4K, 43K q1 + 48K 10 K1 +12).
(b) Sh_o Kii1 Ky = &(— K}l vy~ 16K2 , —4K2, | + 4K, 3Kni1 + 8Ky 3K 12 +4).
(€) iy KnioKy = £ (9K2, 5 + 48K2+2 +36K2,, — 40K, 13K 0 + 12K, 3K, 11 — 48K, 10K, 41 — 4).

Taking b, = ]/\/[\n with Z/W\o = 3,]\/4\1 = 4,]/\4\2 = 8 in the last proposition, we have the following corollary which
presents sum formulas of binomial transform of modified Jacobsthal-Padovan numbers.

Corollary 6.15. For n > 0, binomial transform of modified Jacobsthal-Padovan numbers have the following proper-
ties:

(8) Sp_o MZ = (—TM2, 5 — 64M2, o — 44M2; + 40My 43 Mo — AMy i3 Myt + 48My 2 My g + 108).
(b) Sp_o Mip1 My = 15(—M2, 5 — 16M2, o — 4M2. | + 4Mpy 3Mp1 + 8Myy3 Moo + 4).

(€) Sp_o MyyoMy = 1= (OM2, 5+ 48M2, 5 + 36 M2, — 40My 5 Myyo + 12My 4 5 My 1 — 48Mi 40 Myyy — 100).
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7 Matrices related with Binomial Transform of Generalized Jacobsthal-Padovan num-

bers

Matrix formulation of W,, can be given as

n

Whto r s t Wy
Wi |=[ 1 0 0 W (7.1)
W 0 1 0 Wo
For matrix formulation (7.1), see [I4]. In fact, Kalman gave the formula in the following form
W, 01 0\" /W
W | =[ 0 01 W
Wiao r s t Wo
We define the square matrix A of order 3 as:
3 -2 2
A= 1 0 O
0 1 0
such that det A = 2. From ([2.1) we have
bn+2 3 =2 2 bn+1
bor | =1 0 o0 b (7.2)
bn 0 1 0 bp-1
and from (7.1) (or using (7.2) and induction) we have
brta 3 =2 2\" /[ b
bosr | = 1 0 0 by
by 0 1 0 bo
If we take b,, = @n in 1) we have
C2n+2 3 -2 2 @ﬁ-{-l
Qur |=[1 0 0| Qn (7.3)
Qn 0 1 0 Qn—l

For n > 0, we define

~

n+1 n A n—1 73 n A
k=0 Q& —2 Zkfg Qr +2 Zki% Qr 2 Zkf(i Qr
B, = Zk:({ Qr —2 Zk:% Qr +2 Zk:% Qr 2 Zk:% Qr
ZZ;() Qk -2 ZZ;O Qk +2 ZZ;() Qk 2 Ez;o Qk

and
bn+1 —2b, +2b,1 2b,
Cn = bn _2bn71 + anf2 2bn71
bn—l _2bn—2 + 2bn—3 2bn—2
By convention, we assume that
-1 -2 = 1
> Qr=0, ZQk—ia ZQk:§
k=0 k=0 k=0

Theorem 7.1. For all integers m,n > 0, we have

(a) B, =A".
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(b) CLA™ = AC.
(C) CTL-‘rT)’L - Can - B7rLCn~

Proof .

(a) Proof can be done by mathematical induction on n.

(b) After matrix multiplication, (b) follows.

(c) We have
3 -2 2 b —2b,1+2b,_2 2b,_1
AC,_, = 1 0 0 bp_1 —2b,_o+2b,_3 2b,_o
0O 1 0 bpn_o —2b,_34+2b,_4 2b,_3
bn+1 —2b,, + 2b,_1 2by,
= by, —2by,—1 + 2by,—2  2b,_1 =C,.

bn—l _an—Q + 2bn—3 2bn—2
i.e. C, = AC,_1. From the last equation, using induction, we obtain C,, = A"~ 1C;. Now
Crom = AVT=1C = An71A™C) = A0 A™ = O, B,,

and similarly

Cn+m = BmC’n
O
Some properties of matrix A™ can be given as
A" = 3An—1 _ 2An—2 4 2An—3 _ An—i—l _ §An+2 4 }An—&-?’
2 2
and
and
det(A™) = 2"

for all integers m,n > 0.
Theorem 7.2. For m,n > 0, we have

m+1 m m—1 m

b = b0 Gty (zm s Qk) f2,.30,
k=0 k=0 k=0 k=0
m+1 m—1

bn Z @k + (_an—l + 2bn—2) @k + 2bn—1 Z @k~
k=0 =0 k=0

k

Proof . From the equation Cy,,, = C,, B,,, = B;;,C,, we see that an element of C, 4., is the product of row C), and a
column B,,,. From the last equation, we say that an element of C,, 4., is the product of a row C,, and column B,,,. We
just compare the linear combination of the 2nd row and 1st column entries of the matrices C, 4., and Cy,B,,. This
completes the proof. [
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Corollary 7.3. For m,n > 0, we have

( QZQk+QZQk> nzg:@k,
< QiQk—FQZQk) +2L,
<—2Z@k+22c§k> +2K
< >+2 zm:@k.

From Corollary we know that for n > 0,

m—+1

Qn > Qr+Qn
k=0

N m—+1 N N

Ln Z Qk + Ln—l
k=0
m—+1

Kn Z Qk: + anl
k=0
m+1

Mn Z Qk + Mn—l

k=0

Qn+m

L @k,

n+m

~

Kn+m

-~

722Qk7

m—1

22Qk+2§j@k

—

Mn+m

n

>

k

Qn+3 - 2Qn+2)

So, Theorem [7.2] and Corollary [7.3] can be written in the following forms:

Theorem 7.4. For m,n > 0, we have

1 ~ N N N N
~(Qm+a — 2Qm+3)bn + (—Qm+s + 3Qm+2 — 2Qm41)bn—1
2

+(@m+3 - 2Q\m+2)bn*2

bn+m

Soykan, Tagdemir, Ozmen

(7.4)

Remark 7.5. By induction, it can be proved that for all integers m,n < 0, (7.4]) holds. So, for all integers m,n, (7.4)

is true.

Corollary 7.6. For all integers m,n, we have

Qnim = %(@mJﬂl ~2Qm+3)Qn + (—Qm+3 + 3Qms2 — 2Qm41)@n—1
+(Qmt3 — 2Qm+2)Qn-—2,

Lpim = %(@m+4 —2Qm+3) L + (— Qs + 3Qm+2 — 2Qm+1)Ln1
+(Qm+3 — 2Qm+2)Ln—2,

Koym = %(@m-ﬁ-él — 2Qum+3)Kn + (~Quts + 3Qmr2 — 2Qmi1)Kn1
+(Qmts — 2Qm2) Ko,

Myim = %(@mJﬂl —2Qum+3) My + (—Qms + 3Qms2 — 2Qmi1)

@ )

Now, we consider non-positive subscript cases. For n > 0, we define

0@k 2050 Q-k 230 Q-k) —235
B, = ZZ 0@k 2 50 Q k=235 Q k) 25,
Zk:OQ k anﬂ k_22n+2 —k) _22n+
and
b_n+1 —2b_p, +2b_,, 1 2b_,,
Cn= b_n —2b_p1+2b_p 2 20,
b—n—l _2b—n—2 + 2b—n—3 2b—n—2
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By convention, we assume that
1

- -2
Q=0 > Qi=-L
k=0 k=0

Theorem 7.7. For all integers m,n > 0, we have

(a) B_, =A™

(b) C_1AT"=A"C_;.

(C) C—n—m = C—nB—m = B—mC—n-

Proof .

(a) Proof can be done by mathematical induction on n.

(b) After matrix multiplication, (b) follows.

(c) We have
3 -2 2 b_p =201 4+2b_y0 20,4
A0, = 1 0 0 b1 —2b_y_o+2b_p_3 2b_,_o
0 1 0 b—n—2 _Qb—n—?) + 2b—n—4 2b—n—3

bopir  —2b_p+3b_ny  2b_,
= b_n —2b 1 +3b 2 20,1 = C—na
b—n—l _2b—n—2 + 3b—n—3 2b—n—2

ie. C_, = A~'C_,_1. From the last equation, using induction, we obtain C_,, = A~""1C_;. Now,
Copm=A"""m 10 =A"1A™C_ =A""1C_ 1A ™=C_,B_,,

and similarly,
C—n—m = B—mc—n-

O
Some properties of matrix A™" can be given as
3 1

Afn _ 3A7n71 o 2A7n72 + 2A7n73 _ AfnJrl o 5147n+2 + §A7n+3

and
AT AL — AT AT
and
det(A™™")=27"

for all integers m,n > 0.
Theorem 7.8. For m,n > 0, we have

m—2 m—1 m m—1

bonem = —bon ) Qk—bonnr (—2 Q-+ 2ZQ_k> ~ 22 ), Qi
k=0 k=0 k=0 k=0
m—2 m—1 m
= —b_, Z Q*k - (_Qbfnfl + 2b7n72) Q*k —2b_pn1 ZQ*k'
k=0 k=0 k=0

Proof . From the equation C_,,_,, =C_,B_,, = B_,,C_,,, we see that an element of C_,,_,, is the product of row
C_, and a column B_,,. From the last equation, we say that an element of C'_,,_,, is the product of a row C_,, and
column B_,,. We just compare the linear combination of the 2nd row and 1st column entries of the matrices C_,,_,,
and C_,, B_,,. This completes the proof. [J
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Corollary 7.9. For m,n > 0, we have

m—2 m—1 m m—1
Qnm = QY Qir—Qun (2 Qr+2) Q_k> —2Q 02y Qo
k=0 k=0 k=0 k=0
R m—2 N N m—1 R mo N m—1 N
Loy = —L, ka —L_pn <_2 ka + 22 Qk) —2L_ 2 Z kay
k=0 k=0 k=0 k=0
N N m—2 N N m—1 . m N N m—1 N
K—n—m = *K—n Z Q—k - K—n—l <2 Q—k + 22 Q—k) - 2K—n—2 Q—ka
k=0 k=0 k=0 k=0
- e m—2 N - m—1 N mo e m—1 N
M_ym = —-M_, Z Q—k: —M_pq <_2 Q—k + 22 Q—k) —2M_p—2 Q—ky
k=0 k=0 k=0 k=0
From Corollary [6.7] we know that for n > 1
Z@*k = 5(_3Q7n71 - 2Q7n73)
k=1
Since @0 = 0, it follows that
noo_ 1 R R
>0k =5(-3Q-n-1 —2Q-n3).
k=0
So, Theorem [7.8] and Corollary [7.9] can be written in the following forms.
Theorem 7.10. For m,n > 0, we have
1~ .
b—n—m = 5(3Q—m+1 + 2C?—m—l)b—n + (73Q—m + 3Q—m—1 - 2Q—m—2 + 2Q—m—3)b—n—1
+(3©fm + 2@7m72)b7n72~ (75)

Remark 7.11. By induction, it can be proved that for all integers m,n < 0, (7.5) holds. So, for all integers m,n,

(7.5) is true.

Corollary 7.12. For all integers m,n, we have

Qn-m = %(36»2 mt1 +2Q—m—1)Q—n + (—3Q—m +3Q—m—1 — 2Q—m—2 +2Q_m—3)Q—n—1
+(B3Q—m + 2Q—m—2)Q—n—2,

Lopm = %(3 1 +2Q 1)Ly + (=3Q i +3Q o1 — 2Q—m—2 + 2Q_p—3) Ly
+(BQ—m +2Q-m-2)L_p_2,

K opm = %(3 i1 F2Q 1)K+ (=3Q—m + 3Q-m—1 — 2Q—m—2 + 2Q_m—3)K_n1
+(3Q—m +2Q_m-2)K 2,

My = %(3 1 +2Q o )My 4 (—3Q i +3Q 1 —2Q 2 +2Q _p3)M_,

(

+(3Q_m + 2Q_ z)an 2.

8 Conclusions

In the literature, there have been so many studies of the sequences of numbers and the sequences of numbers were
widely used in many research areas, such as physics, engineering, architecture, nature and art. We introduced the
binomial transform of the generalized Jacobsthal-Padovan sequence and as special cases, the binomial transform of
the Jacobsthal-Padovan, Jacobsthal-Perrin, adjusted Jacobsthal-Padovan, modified Jacobsthal-Padovan sequences has
been defined.



On binomial transform of the generalized Jacobsthal-Padovan numbers 665
e In section 1, we present some background about the generalized 3-step Fibonacci numbers (also called the
generalized Tribonacci numbers).
e In section 2, we defined the binomial transform of the generalized Jacobsthal-Padovan sequence.

e In section 3, we gave Binet’s formulas and generating functions of the binomial transform of the generalized
Jacobsthal-Padovan sequence.

e In section 4, we present Simson formulas of the binomial transform of the generalized Jacobsthal-Padovan
sequence.

e In section 5, we obtained some identities of the binomial transform of the generalized Jacobsthal-Padovan
sequence.

e In section 6, we present sum formulas of the binomial transform of the generalized Jacobsthal-Padovan sequence.

e In section 7, we gave some matrix formulation of the binomial transform of the generalized Jacobsthal-Padovan
sequence.

Our work can be carried to other number sequences. For example, we can suggest the following titles for new
research papers:

On Binomial Transform of the Oresme Numbers (second order recurrence relation).

A Study on Binomial Transform of the third order Jacobsthal Numbers (third order recurrence relation).

Binomial Transform of the Tetranacci Numbers (fourth order recurrence relation).

A Note on Binomial Transform of the Pentanacci Numbers (fifth order recurrence relation).

Binomial Transform of the Hexanacci Numbers (sixth order recurrence relation).
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