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Abstract

In this paper we consider a transmission problem for one dimensional waves with nonlinear weights on the frictional
damping and time delay. We prove first, the existence and the uniqueness of the solution using the semigroup theory.
Second, we chow the exponential stability of the solution by introducing a suitable Lyaponov functional.
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1 Introduction

In this paper, we consider global existence and decay properties of solutions for a transmission problem for waves
with nonlinear weights and delay. We consider the following system form

e (2,1) — Qg (2,8) + 1 (F)ue (2, 1)
—|—u2(t)ut (J),t—T) :O, (xvt) € X]O’ +OO[7 (11)

vy (2, ) — bugy (z,t) =0, (x,t) € |L1, La] x ]0, +o0],

where 0 < Ly < Ly < L3,  =]0,L1[U]Lo, L3[,a, b, are positive constants, u1(t) and pa(t) are nonlinear weights
acting on the frictional damping 7 > 0 is the delay. System (I.1)) is subjected to the following boundary conditions,
and transmission conditions:

u(0,t) =u (L3, t) =0,
u (L, t) =v (L, t), 1=1,2 (1.2)
aty (Li,t) = bug (L t), i=1,2
and the initial conditions:
u(xz,0) = ug (z), ug (2,0) =uy (), x €9,
u(z,t—7)= folz,t—71), xeN telo,7], (1.3)
v(x,0) =vg (x), v (2,0) =vy (x), € |Ly,Lsf.
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We are interested in proving the exponential stability for the problem (1.1)-(1.3]) under the assumption

¢ . M (1.4)
b 2(Ly — Ly)
Transmission problems are closely related to the design of material components, attracting considerable attention in
recent years, e.g., in the analysis if damping mechanisms in the metallurgical industry or smart material technology,
see [2]. From the mathematical point of view a transmission problem for wave propagation consists on a hyperbolic
equation for the corresponding elliptic operator has discontinuous coefficients.

Time delay is the property of a physical system by which to an applied force is delayed in its effect, and the central
question is that the delays source can destabilize a system that is asymptotically stable in the absence of delay, see
[5L [8L [16]. Another type of works have been done on similar problems but have focused on the asymptotic solution of
different transmission problems in a thin domain. For example, the authors in [4] have proved the asymptotic behavior
of an interface problem in a thin domain. The asymptotic analysis of a frictionless contact between two elastic bodies
with a dissipative term in a dynamic regime was studied in [9].

The first contribution in literature for transmission problem with time delay was given by A. Benseghir in [3].
More precisely, in [3] the transmission problem

gt (X, 1) — QUgy (2,t) + prug (x,t)
+poug (z,t — 1) =0, (z,t) € Q x]0,+o0], (1.5)

vy (2, 1) — bug, (z,t) =0, (z,t) € |Ly, La[ x 10, +00],

with constants p1, o and time delay 7 > 0 was studied. Under appropriate assumption on the weights of the two
feedbacks (u1 < p2), it was proved the well-possessedness of the system and, under condition , it was established
an exponential decay result.

The result in [3] were improved by S. Zitouni et al. [I5]. There, the authors considered the system with time-varying
delay 7(t) of the form

Uge (T, 1) — QUgy (2, ) + pyug (2, 1)
0,

pigug (2,1 — (1)) = (@, 1) € Q x 10, +00[ (1.6)

Ve (2,1) — bug, (z,1) =0, (x,t) € |L1, La[ x ]0, +00],

In [I3] the authors examined a system of wave equation with a linear boundary damping term with a delay:

uy — Au =0, e, t>0,

u(xz,t) =0, x €Ty, t>0,

%(m,t) = prug(z,t) + pour(z,t —7) x €Ty, t >0, (1.7)
u(z,0) = up(z), x €,

ut(x,0) = up (x) x €,

w(z,t —7) = gola,t — 7) xeQ,T€]0,1],

and proved under the assumption
p2 < i, (1.8)

that the solution is exponentially stable. On the contrary, if (1.8]) does not hold, they found a sequence of delays
for which the corresponding solution of (1.7)) will be unstable. We also recall the result by Xu et al. [16], where the
authors proved the same result as in [13] for the one space dimension by adopting the spectral analysis approach.

The aim of this paper is to study the well-possessedness and asymptotic stability of system — under proper
conditions on nonlinear weights p1(t), p2(t), on the contrary in [3] where the author considered that the weights py, po
are positive constants, we prove global existence and an estimate for the decay rate of the energy. The paper is
organized as follows. In Section [2| we provide notations that will be used later. In Section [3| we state and prove the
global existence result. In Section [} we prove the exponential decay of the energy when time goes to infinity.
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2 Notation and preliminaries

In this section, we present some material in the proof of our main result. We assume
(A1) p1 : Ry —]0, 00[ is a non-increasing function of class C1(R, ) satisfying

i (1)
‘uz(t)‘ <M, Vt>O0, (2.1)

(A2) p2 : Ry —]0,00[ is a non-increasing function of class C'(R. ), which is not necessarily positive or monotone,
such that

lua(t)] < Bua(t), (2.2)
s (8)] < Mapa (t), (2.3)
for some 0 < 8 <1 and My >0

3 Global existence and energy decay

In this section, we prove the local existence and the uniqueness of the solution of system ([1.1))-(1.3) by using the
semi-group theory. So let us introduce the following new variable [13]

y(z, p, t) = u(x, t — 7p). (3.1)

Then, we get
Tye(x, p,t) + yp(z, p,t) =0, in Q x]0,1[ x ]0,4o00]. (3.2)

Therefore, problem (1.1)) is equivalent to
e (2,1) — QUgy (2,8) + p1 (O)ue(z, t) + p2(t)y (z,1,8) =0, (z,¢t) € Q x 10, +o0],
vy (2, 1) — bugy (z,t) =0, (z,t) € L1, La] x ]0, +o0[, (3.3)
Tyt(xap?t)+yp(x7p7t):07 inQX}O,l[X]O,-ﬁ-OO[,

which together with (1.3]) can be rewritten as:

U = AU,
- (3.4)
U(0) = (uo, u1,v0,v1, fol, —7))",
where the operator A is defined by
u 4
@ AUgy — M1 (t)(p - MQ(t)y<7 1)
Al v | = P (3.5)
Y *%yp

with the domain

D(A): u(Li7t):U(L’iat)7 7’:1’2 )
aug (Liyt) = bug (L t), i=1,2

where
H=H*(Q)NH Q) x H(Q) x H* (|L1, La[) N H' (L1, La[) x H'(JL1, La[) x L*(0,1, H(Q)).

Now the energy space is defined by
K =H"Q) x L*(Q) x H(JL1, La[) x L*(JL1, Lo[) x L*((R2) x ]0, 1]).

Let

U= (u,p,v,9,y)" U= (u,p0,97)".
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Let £ be a non-increasing function of class C*(R ) such that

(1) = Cm (), (3.6)
where B
TB<(<T(2=P). (3.7)

We define the inner product in I as follows:

- b 2 ¢(t) ' _
(U, U)k = /Q{W +auglipfdr + | (9P + bugp fde + = /Q/O y(z, p)y(z, p)dpdz.

L,

The existence and uniqueness result is stated as follows;

Theorem 3.1. Suppose that (A;) and (Az) hold, for any Uy € K there exists a unique solution U € C([0, +o0[, K) of
problem (3.4]). Moreover, if Uy € D(.A), then

U € C([0, +oc, D(A)) N C([0, +oa[, K).

Proof . In order to prove the result stated in Theorem we use the semigroup theory, that is, we show that
the operator A generates a Cy-semigroup in K. In this step, we concern ourselves to prove that the operator A is
dissipative. Indeed, for U = (u, p,v,v,y)T € D(A), where ¢(Ly) = 9(Ls), using and (3.7)), we have

Lo
(AU, U)k = a/ Ugppdx + b vml/)dx - pl(t)/ o dx
Q
*uz(t)/ y(., Ddr — / / (@, p)yp(x, p)dpdx (3.8)
Q

+ a/ Uz prdr + b/ Vg dx.
Q L

Looking now at the last term of the right-hand side of (3.8)), we have

/ / (., p)yp(, p)dpdx = ((t) / §aﬁy (z, p)dpdzx

~ [ @y - 2oy

Performing an integration by parts in (3.8)), keeping in mind the fact that y(z,0,t) = ¢(z,t) and using (3.9), we have
from (3.8))

(3.9)

(AU7 U)/C = G[Uzv]ag + b[vww]if

t t 3.10
—ul(t)/ sanaH%/ dex—uz(t)/ y(. V)pda — @/ y?(z, 1)da. (310
Q T Ja Q 27 Jo
Using Young’s inequality, (1.2]) and the equality ¢(Ls) = 9(L2), we obtain from (3.10]), that
¢ B 2 ¢ B / >
<_ _s _F _ S _ 7 1)dz. 3.11
(AU, U)xc < —pur (1) <1 > 2) /Q Far—m() (=5 [ Pena (3.11)

Consequently, using (3.7), then we deduce that (AU, U)x < 0. Thus, the operator A is dissipative.

Now to show that the operator A is maximal monotone, it is sufficient to show that the operator AI — A is surjective
for a fixed A > 0. Indeed, given (f1, fa, 91,92, k)T € K, we seek U = (u, p,v,9,y)T € D(A) solution of

Au — @ i

Ap — Qg + Ml(t)y(" 0) + p2(t)y(-s 1) f2
Av— 1 =| o1 |- (3.12)

AP — bvgs g2

Ay + Ly, h
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Suppose we have find (u,v) with the appropriate regularity, then

w=Au— fi,
’L/):)\U—gl.

975

(3.13)

It is clear that p € H*(Q) and ¢ € H'(Ly, Ly), furthermore, by (3.12), we can find y as y(z,0) = ¢(x), z € Q , using

the approach as in Nicaise & Pignotti [13], we obtain, by using the equation in (3.12))
P
y(x, p) = p(x)e ™7 + Te_’\’”/ h(zx,0)e M do.
0

From (3.13)), we obtain

P
y(z,p) = Mu(z)e 7 — fi(z)e T + Tef/\pT/ h(z,0)er " do.
0

By using (3.12)) and (3.13)), the functions u, v satisfying the following equations:

MU — atigy + 1 (8 + pa(t)y(z, 1) = fo + Af1,
Ao — bUzr = g2 + Ag1.

Since

1
y(x,1) = p(x)e™ ™ + Te_AT/ h(z,0)e do,
0
= due " 4 yo(z),

for x € Q, we have
1
yo(z) = —f1(z) + Te_’\T/ h(z, a)e/\Tdo.
0

The problem (3.14]) can be reformulated as
/ (N0 — gy + g (E)Au + pg () due ™ wydz
Q
= /(fz + A1 — p2(t) Ayo(x))wide, Vw, € HY(Q).
Q
Lo
/ ()\211 — bugy )wadx
Ly
Lo
— [Tt rgade, o€ HYL Lol
Ly
Integrating the first equation in (3.16]) by parts, we obtain
/ (N2 — atgy + po (H)u 4 po(t) ue ™ wyda
Q

:/)\2uw1dx—a/umw1dx+u1(t)/ )\udx—i—ug(t)/)\ue_’\Twldx
Q Q Q Q

= / )\2uw1dx+a/ Uy (w1)zdz — [augwi]on —i—ul(t)/ )\udas—l—,ug(t)/ \ue Mwidx
Q Q Q Q

— /()\2 + (A + ug(t))\e_’\T)uwldx + a/ Uy (w1)dz — [auzw]oq.
Q Q

Integrating the second equation in (3.16]) by parts, we obtain

Lo Lo Lo
/ A2V — bugy )wodx = Ao wodz + b Vg (wo)pdx — [bvwwg]lff.
L

1 Ly L,y

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Using (3.17) and (3.18)), the problem (3.16)) is equivalent to the problem
D((u,v), (w1, ws)) = l(wy,ws), (3.19)

where the bilinear form @ : (H'(Q))? x (H*(]L1, L»2[)?) — R and the linear form [ : H'(Q) x H'(]Ly, L3[) — R are
defined by

D((u,v), (w1, ws)) = /Q()\z + (N + ug(t)/\e*”)uwldx +a /Q Uz (w1)edz — [augzwilon

Ly

Lo
n / N0 wpda+b [ vp(ws)ede — [bugws] 2,
Lq Ly

and

Lo
o, wn) = /Q (Fa + Afi — () yio(@))onder + /L (g2 + Agr)wnde.

1

It is clear that ® is continuous and coercive, and [ is continuous. So applying the Lax-Milgram theorem, we deduce
that for all (w1, ws) € HY(Q) x H'(]Ly, Ly[), problem admits a unique solution (u,v) € H(Q) x (H(]Ly, La|).
It follows from and that (u,v) € (H?(Q)NHY(Q) x H2(JL1, Lz[) N HY(JL1, L[)). Therefore, the operator
(M — A) is dissipative for any A > 0. Then the result in Theorem follows from the Hille-Yoshida theorem. O

4 Exponential decay of the solution

In this section we investigate the asymptotic of the system (|1.1))-(1.3). For any regular solution of (1.1))-(1.3]), we
define the energy as:

Ei(t) = 1/ w2 (z, t)dz + 9/ w2 (z, )dx, (4.1)
2 Ja 2 Ja
and
1 [F b [l
Es(t) = 7/ v (x,t)dx + 7/ v2(z,t)dx. (4.2)
2 L1 2 L1
The total energy is defined as:
_ O
QJo

where ¢ defined in (3.6).

Our decay result reads as follows:

Theorem 4.1. Let (u,v) be the solution of (1.1])-(1.3]). Assume that (2.1)-(2.3) and

a Ls+Li— Lo
@ il 44
b= 2(la—L1) (44)

hold. Then there exist two positive constants C' and d such that

E(t) < Ce ™,  Vt>0. (4.5)
The proof of Theorem [4.1] will be done through some lemmas:

Lemma 4.2. Let (u,v,y) be the solution of (3.3]), (1.3]). Then the energy functional defined by (4.3)) satisfies

%}Et) < —uq(t) (1 — % — g) /QyQ(LO,t)dm — p(t) (;T — g) /Qyz(;v, 1,t)dx. (4.6)
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Proof . We have from (4.3) that

dEi(t) :/utt(%t)ut(ac,t)dm—&-a/uzt(x,t)um(mj)dm.
dt Q Q

Using system (3.3)), and integrating by parts, we obtain

dEq(t
dl( ) = a[uxut]aﬂ - ,Ltl(t) / ut2 (ZL',t) - :LLQ(t) / ut(x7t)y (Ia 1,t))d£€
t Q Q
On the other hand, we have
dE5(t)
e b[vxvt]ff.

Using the fact that

1 1
:litC(Qt)/Q/O y2(x,p,t)dpdx:§(t)/ﬂ/0 y(x, p, t)y:(x, p, t)dpdz
2(x, p, t)dpdz,

2 JalJo
1
CE-t)/ﬂ/o yp(ﬂfapat)y(x,l)at)dpd:c
¢ [
+ B /Q/o y-(z, p, t)dpdx
1
——@// di?ﬁ(ﬁ,p,t)dpdx

(z, p, t)dpdx

0

A0} / (12 (2,1,t) — (2, 0,1))de

// (z, p, t)dpdx.

From (4.8), (£.9), (4.10) and using the conditions (L.2)), we know that

E’(t):g(i)/ﬂyQ(m,O,t)dx—g(i)/ﬂy( 1,0)d // (@, p, t)dpda

—n(t) /Q u? (2.1) — pia(t) /Q w(z, £y (. 1, ) dz,

Due to the Young’s inequality, we have

pa(®) [ eyt 10)ds < P50 [ e de P20 2,0

O Inserting in ([4.11)), we obtain
20 < (-t - 2 - 20) [ o, tyas
(2(? - '“22“)') /Qyz(x,l,t)dx
- Cét) /Q /O 1 v*(x, p, t)dpdx

g)/ﬂutz(x,t)d:r

977

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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Hence, the proof is complete.
Following [I], we define the functional

¢
I(t):// s~ 2 (x, s)dsdz,
QJt—7

and we have the following lemma.

Lemma 4.3. Let (u,v) be the solution of (L.1)-(1.3)). Then we have

dI(t) ) _ ) _ by
——= < / uy (z,t)dx — e T/ uy(x,t —7)dr —e T// ui (x, 8)dsdx. (4.14)
dt Q [9) QJt

The proof of Lemma [4.3] is straightforward, we omit the details.

Now, we define the functional D(t) as follows:

Lo
D(t):/uutdx—l—/ vopde. (4.15)
Q

Ly

Thus, we have the following estimate.

Lemma 4.4. For any ¢; > 0 and C,, is the Poincaré’s constant, the functional D(¢) satisfies the following estimate:

d 1 L
—Dt) < ([1+ — / uidz — (a — p3(0)Cper) / u?dx — b/ vidx
dt 261 (9] Q L1
B (4.16)
2 52 9
+ / vide + — [ y*(z,1,t)dx.
Ly 2e1 Ja
Proof . Taking the derivative of D(t) with respect to ¢, we find
d L, L,
—D(t) = / uZdr — a/ uldx — ul(t)/ uurdz + / vidr — b/ vide
dt Q Q Q Ly Ly (4.17)
- Mz(t)/ u(z, )y(z, 1, t)dz + [augu] o + [bogv] 2 .
Q
From hypothesis (A1) and (As), we have
d 2 2
—D(t) < | uidr —a | uidr+ pi(0)| | vuedz| + Bui(0)| | u(z,t)y(z, 1,t)dx
dt Q Q Q Q
Lo Lo (4.18)
—|—/ vide — b/ v2dr + [augu) 5 + [bvxv]éf .
L, L,y
Using the boundary conditions (1.2)), we have
laugu] 5, + [bvmv]if = auy (L1, t)u(Ly,t) — auy, (Lo, t)u(Ls, t)
+ b’l)w(LQ, t)’l}(LQ, t) - b’UI(Ll, t)’l)(Ll, t) = 0.
Now, by Young’s inequality and Poincaré’s inequality we conclude the lemma. [
Now, inspired by [10], we introduce the functional
L
1‘—?1, xE[O,Ll],
Lo+ L
g@)=4 - 2; 3, 2 € (Lo, Ly], (4.19)
Lo — L3y — L Ly
- L — Ly, Ls].
2(L2—L1) (1' 1)+ 23 xe[la 2]
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It is easy to see that ¢(z) is bounded, i.e., |¢(z)| < M, where

L —
M=maxd 2 s~ L2l
27 2

Next, we define the following functionals

and

E@Z—Ad@%mw,

Lo
Fo(t) = —/ q(z)vyvde.
L,y

Then, we have the following estimates:

Lemma 4.5. For any

e > 0, we have the estimates:

ol L1 2 a 2 2 ﬁ
dt}—l() (2+2€2>/Qutdx+(2+M w1(0) 52)/Qu dr + -

and

_a [(Lg — Lo)uZ (Lo, t) + Liu2 (Lo, t)]

[(Ls — La)ui(La, t) + Lyui (L, 1)]

»-b\r—‘

d Ly —L3—1IL /L2 2 /L2 2
— < —— d bvid
dt]—"z()_ 1 (Lo —T0) <L1 vide + . vy dx

»MH»M@

((L3 = La)va (Lo, t) + Lyv}(Ly,t))

((LS - LQ)Ut (L2a ) + le?(le t)) .

/ (z,1,t) dx

Proof . Taking the derivative of Fi(t) with respect to ¢ and using equation (|3 , we get

q(x umutd:n—/q(x)uwuttdx,
Q Q

/ ) Ut d

—/ﬂm%w%Aaw—mwwmw—mawumww%

/ utwutdx - CL/ q(x)uLuil(x7t)dx
Q

+u1(t)/ut(x,tdx+u2/y(x,l,t)dm.
o o

Using integration by parts, we find

_ _1 / 2 1 2
/Qq(x)um.utdx =3 /Q ¢ (z)uidr + 5 [q(x)ut]aﬂ.

On the other hand, we have

1 2 1 2
/Q aq(x)ugpude = -5 /Q aq (x)usdz + 5 [aq(m)uw]aQ .

Inserting (4.22) and (4.23) into (4.22)), we find

—F) = %/Qq’(w)ufdx + %/Qaq’(m)uidx - % [q(z)u

+ / q(z)ug (p1 (B)ue(z, t) + pa(t)y (z,1,t)) de.
Q

2
t

Jon

979

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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By (A1) and (As), we have

d 1 , 1 ,1 , 1 ,
%.7:1(1?) < 5/9‘1/(33)utd$ + i/ﬂaq'(x)uwdx —5 [q(m)ut]aﬂ -3 [aq(sr:)ugc}aQ

b

+mmﬂémm%mmww+wmmﬂ4amwmuWMx

1 1 1 1
< B /Q urdr + 3 /Q autdr — 3 [q(x)uf](,m ~5 [aq(m)ui]aﬂ

+ Bu1(0)M ‘/Qumy(:c, 1,t)dz

+ p1(0)M ’/ ugpuy(z, t)de
Q
By using the boundary conditions, we have

[q(m)u?] an [(L?’ - LQ)U?(LQ’ t) + Llth(Lla t)] ’

[g(x)uf] 5 <

Inserting the above two equalities into (4.25) and by Young’s inequality we obtain (4.20]).
By the same method, taking the derivative of F5(t) with respect to ¢, we get

e RS TN St

[(Lg - LQ)Ui(LQ, t) + Llui(Ll, t)] .

N Qo=

Lo

d La
SF0) =~ [ awnands— [ @,
L L

1 1

- 1/L2 ¢ (x)vide — 1 [q(m)vQ]Lz + 1 " by (z)vidx — b [q(m)vQ]Lz
2 L, t 2 t Ly 2 L T 2 Tl[q?

Ly —L3— 1L, /L2 2 /L2 2
< = — vidr + bvdz
4(Lg — Ly) < Lo I
+ = ((Ls — La)v3(La, t) + L1v2(L1, 1))

+

= s o

((Lg — LZ)UtZ(LQ, t) + lef(Ll, t)) .

which is exactly (4.21)). O
Proof .[Proof Theorem We define the Lyapunov functional £(t) as follows

L(t) = NE(t)+ I(t) + 7v2D(t) + v3F1(t) + 1aF2(t),

(4.25)

(4.26)

where N, 792,73 and 74 are positive constants that will be fixed later. By the Lemma 4.2, there exists a positive

constant K such that

E'{t)<-K [/ ufda:—k/ yz(x,l,t)d:c} .
Q Q
Now, it is clear from the boundary conditions (1.2)), that

a*u?(Li,t) = b2 (Lit),  i=1,2.

(4.27)

(4.28)

Taking the derivative of (4.26) with respect to ¢ and making use of (4.6, (4.14), (4.16]), (4.20]),(4.21) and taking
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into account (4.28]), we obtain

d 1 1 1
ﬁﬁ(t) < —{KN— <1—|—2> Y2 — <2+252) ’Y3+1)}/Qut2dx
2 2
((KN—i’YQ—;i:’}/g—f—e T)/QyZ(x,l,t)dx

— | (a—p3(0)Cper) 72 — ( +M2u%(0)52>73}/uid:c
Q

— L3 — 1 ]/L2 2
b— vadx
[72 L2 L) T T 14 L
Lo—Ls— L
+{ 3 1'744-72}/ vide —e” // (z,s)dsdx
L,y t—T1
L2) a ali ,
(73 ) )~ (1 - ) el
Ly Ls—L
(s = 9) i (La, 1) = (s = ) =i (Lo, ).

At this point, we choose our constants in (4.29)), carefully, such that all the coefficients in (4.29) will be negative.
Indeed, under the assumption (4.4]), we can always find ~ys,y3 and 4 such that

Ly —Lz— L, a V3

—_ 0 - - 4.29
ALy — L) 74+ 72 <0, V3 > V2> 5 (4.29)

Once the above constants are fixed, we may choose €1 and 5 small enough such that

11(0)Cperys + Mt (0)eays < alye —73/2).
Finally, keeping in mind (3.6) and choosing N large enough such that the first and the second coefficients in (4.29)
are negatives.

Consequently, from above, we deduce that there exist a positive constant 1y, such that (4.29) becomes

%it) <-m /Q(u?(x,t) +ul(x,t) +ui(z,t —7))dx

Lo
—771/ (v (x,t) + v2(x,t) dm—m// ?(x, s)dsdx, vt > 0.
L t—T

1
Consequently, recalling (4.3)), then, we deduce that there exist also 7y > 0, such that

aL(t) _

S —mE@®), V0. (4.30)

On the other hand, it is not hard to see that from (4.26)) and for N large enough, there exist two positive constants
1 and B2 such that

B E(t) < L(t) < BE(t),  Vt>0. (4.31)
Combining (4.30) and (4.30)), we deduce that there exists A > 0 for which the estimate
dL(t
% < AL(),  Wi>0, (4.32)

holds. Integrating (4.30) over (0,t) and using (4.30]) once again, then (4.5)) holds. Then, the proof of the Theorem
is completed. [J
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