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1 Introduction

In this presented paper, a several new sufficient conditions for W-asymptotic relationships between W-bounded

solutions of two matrix differential equations
Z'=A(t)Z, (1.1)

Z'=At)Z + F(t,Z) (1.2)
and more, of two Lyapunov matrix differential equations
Z'=A)Z + ZB(t), (1.3)
Z'=At)Z+ZB(t)+ F(t,2). (1.4)
These conditions can be written in terms of fundamental matrices of the matrix differential equations ,

and
7' = ZB(t) (1.5)

and of the function F. Here, ¥ is a matrix function who allows obtaining a mixed asymptotic behavior for the
components of solutions of the differential equations.

A classical result in connection with boundedness of solutions of systems of ordinary differential equations

= A(t)x + f(t,z) (1.6)
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was given by W. A. Coppel [5]. The problems of ¥—bounded solutions for systems of ordinary differential equations
or for Lyapunov matrix differential equations has been studied by many authors. See, for instance, [2], [3], [4], [6], [8],
[9], [10], [11], [13] and the reference therein.

The results of this paper generalize and extend known results of W. A. Coppel [B], T. G. Hallam [IT], F. Brauer
and J. S. W. Wong [3], [].

The main tools used in our paper are Schauder - Tychonoff fixed point theorem and the technique of variation of
constants formula combined with Kronecker product of matrices, which has been successfully applied in various fields
of matrix theory. See, for example, the cited papers and the references cited therein.

2 Preliminaries

In this section we present some basic notations, definitions, hypotheses and results which are useful later on.

Let R? be the Euclidean d — dimensional space. For @ = (x1, 2g,...,74)T €R?, let || z || = max{| z1,| z2|, ..., | d}
be the norm of x (here, T denotes transpose).

Let Myxq4 be the linear space of all real d x d matrices.

For A = (ai;) € Mgxq, we define the norm | A | by formula | A | = sup || Az || . It is well-known that | A | =
lzll<1

d
max {3 | a;l}-

1<i<d ;=)

In the previous equations, we assume that A and B are continuous d x d matrices on Ry and F :R; X Mgyxq —
Mg is continuous function.

By a solution of the equation (|1.4)) we mean a continuous differentiable d x d matrix function satisfying the equation
(1.4) for all t € Ry = [0, 00). For the other equations is similar.

We consider the fundamental matrices X (¢) and Y (¢) for the equations (|1.1)) and (|1.5)) respectively.

Let ¥;: Ry — (0,00), i = 1,2, ...,d, be continuous functions and

U = dlag [\1117\112, e \de]
Let P;, Ps € Mgxaq be supplementary projections and (for short) define
Qi(t,s) = V()X ()P, X L(s)U1(s), fori=1,2.

Definition 2.1. ([6,8]). A vector function ¢ :R, — R is said to be W—bounded on R, if W(t)p(t) is bounded on

Ry (i.e. there exists m > 0 such that | U(t)e(t) || < m, for all t €Ry). Otherwise, is said that the function ¢ is
WU —unbounded on R .

Definition 2.2. ([§]). A matriz function M :R; — Mgyq is said to be W— bounded on R, if the matriz function
U(t)M(t) is bounded on Ry (i.e. there exists m > 0 such that | U(t)M(t) | < m, for all t €Ry). Otherwise, is said
that the matriz function M is ¥— unbounded on R .

Remark 2.3. 1. These definitions extend the definition of boundedness of scalar functions.

2. For ¥ = I, one obtain the notion of classical boundedness (see [J]).

3. It is easy to see that if ¥ and U1 are bounded on R, then the W—boundedness is equivalent with the classical
boundedness.

Definition 2.4. ([I]) Let A = (a;;) € Myxn and B = (b;;) € Myxq. The Kronecker product of A and B, written
A ® B, is defined to be the partitioned matriz

CLllB a12B cee alnB

ang CLQQB cee agnB
AR B = ) . . .

amlB amQB o amnB

Obviously, A ® B € My,pxng-
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The important rules of calculation of the Kronecker product are given in [1], [I2] and [9, Lemma 2.1]
Definition 2.5. ([12]) The application Vec : My, xn, — R™", defined by

T
Vec(A> = (a117a21;"' y m1, 412,022, ,Am2, " , Aln, A2n, " ° aamn)

)

where A = (a;j) € My, xn, is called the vectorization operator.
For important properties and rules of calculation of the Vec operator, see [9, Lemmas 2.1, 2.2, 2.3, 2.5].
For ” corresponding Kronecker product system associated with ./ see [9, Lemma 2.4].
The [9, Lemmas 2.6 and 2.7], play an important role in the proofs of main results of present paper.

At the end of this section, we give a Lemma which is useful in the proof of our main results. This Lemma is a
modification of [7, Lemma 1] and [5, Lemma 1, p. 68].

Lemma 2.1. Let U(t) be an invertible d x d matriz which is a continuous function of t on Ry and let P a projection,
P e Mjyg.

Suppose that there exist a continuous function ¢ : Ry — (0,00) and the constants M > 0 and p > 1 such that

/t (e(s) | ¥()U(t)PU " (s) U (s) |)pds <M, fort >ty >0

to

and j; P (s)ds =
Then, there exists a constant N > 0 such that

| WU )P |< Ne” @D S @O0 gy > 4.

Consequently, tli}m | () U(t)P |=0

Proof. If P = 0, the conclusion is obvious. For P # 0, let h(t) = ¢P(¢) | €(¢)U(t)P | 7P, for t > to. From the identity
(for t >tp>0)

P) [} h(s)ds
= Ju (71 S 1 LSU ()P )" (2(s)XOUOPU ()T (5)) (97 () U(s)U(5)P) ds

and Holder inequality, we find the inequality (where % + % =1)

| U )P | ft s)ds < [ft ( )| WU () PU(s)TL(s) |)p ds] l/p-

@) 1 RSUEP )T (97 (s) | R ()P ) ds] e

It follows that

| WOU@P | [ hls)ds < M2 ([} h(s)d )l/q

and then

-1/
WU P |< M7 ([} h(s)ds) U fort > to.

Denoting f;o h(s)ds = wu(t) for t > to, we have | U(H)U ()P | (u(t))'/? < MYP and then, | U()U(t)P |=
(h(£))"HPep(t) = (u' ()P (1),
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Thus, we have (u/(t))~"/Po(t)(u(t))/? < MY/? and then, % > M~eP(t), t > to.

—1 pt p
Integrating from ¢ to ¢, (t > t1 > %), we obtain In :((t?) -1 ft ©P(s)ds and then u(t) > u(ty)e™ Ji, ¢ (s)ds
It follows that

1/ v
|\If(t)U(t)P\§< M) P M) [ e (s)ds

Choosing N > MY (u(t;)) /P g €70 * sufficiently large, we have the conclusion of the Lemma.

The proof of Lemma is complete.

3 Main results

The purpose of this section is to give new sufficient conditions for ¥ —asymptotic relationships between ¥—bounded
solutions of two pairs of Lyapunov matrix differential equations.

We begin with a result regarding W—asymptotic relationships between W—bounded solutions of equations (1.1)
and (1.2). This result is motivated by a Theorems of Hallam [I1] and of Brauer and Wong [3], [4].

Theorem 3.1. Suppose that:
1). There exist supplementary projections P1, Po € Maxa, a continuous function ¢ : Ry — (0,00) and the constants
K € (0,0), p € (1,00) such that the fundamental matriz X(t) for matriz differential equation satisfies the
inequality

t 1/p oo 1/p

[l ] | [T e ) as] <k

to t
for all t > tg > 0, where tqg is sufficiently large;
Furthermore, the function o satisfies the condition fooo ©P(s)ds = +o0.
2). The continuous matrixz function F : Ry X Mgxq — Myxq satisfies the inequality

) NYF(EZ) < wt, | W(H)Z])

forall t > tg and Z € Myxgq, where w(t,r) : Ry X Ry — Ry is a continuous function and is nondecreasing in r, for
each fixed t > tg.
Furthermore, the function w satisfies the condition

o0
/ wi(t, \)dt < 400,
0

for a A € (0,00) and%—l—%:l
Then, corresponding to each W—bounded solution Zy(t) of (1.1)), there exists a W—bounded solution Z(t) of such
that

lim | O(t) (Z(t) — Zo(t)) |= 0. (3.1)

Conversely, to each U—bounded solution Z(t) of (-) there exists a W—bounded solution Zy(t) of (1.1} - ) such that (3.1 (-)
holds.

Proof. We prove by means of the fixed point theorem of Schauder - Tychonoff (Coppel, [5], Chapter I, section 2).
Let Cy denote the set of all contiuous matrix functions Z(t) defined on R4 and ¥—bounded on R.. For ¢y > 0

% Y
sufficiently large so that (ft wi(s, )\)ds) "< A/2K and p = \/2, let S, be the subset formed by those functions Z(t)
such that | Z |¢ = sup {| U(t)Z(t) |} < p.

te[to OO

For Z € Sj,, we define the operator T by

(TZ)(t) /X YP X )F(S,Z(s))ds—/tooX(t)PgX1(5)F(5,Z(s))ds (3.2)
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for t > to, where Zy(t) is a W—bounded solution of (1.1)) such that Zy € S,,.
From hypotheses, TZ exists and is continuous differentiable on R .

Indeed, for v >t > tg,

| ftv X(t)PgX’l(s)F(s, Z(s))ds |

=¥ ft t) P2 X 1 (s)W 1 (s)W(s)F (s, Z(s))ds |

<[ wTH(t) | ft (OXOPX ()T (s) |97 (s) | U(s)F (s, Z(s)) | ds
<O | [ e(s) [ Qaltys) | wis, | W(s)Z(s) |)ds

<[ W) | [ pls) | Qalts) | w(s, 2p)ds

<| o [ft s) | Qalt,s) )7 ds] P [ wi(s, 2p)ds]

<L) | S (els) | Qaltys) )P ds] 7

From the first assumption of Theorem, it follows that the integral

/too X ()P, X Y(s)F(s, Z(s))ds

is convergent for all Z €S,, and ¢ > %,.
From hypotheses, T'Z exists and is continuous differentiable on [tg, c0).
This operator T has the following properties:
a). T maps Sy, into itself;
Indeed, for any Z € Sy,, and for t > tg, we have

| W@(TZ)(t) |<] (t)Zo(?) |
+ i () | ltys) [ 97 (s) | W(s)F(s, Z(s)) | ds

+ [ e(s) [ Qa(ts) |07 (s) | (s)F(s, Z(s)) | ds

<| ‘IJ(f) Zo(t) | +

+ i @(s) | ults) [ ws,| ¥(s)Z(s) |)ds

+ [ () [ Qa(ts) [ w(s, | ©(s)Z(s) |)ds

<P+ft s) | (L, s) | w(s,2p)ds

+ [ 0(s) | Qa(t, s) | dsw(s,2p)ds

<p+ [ft 9| (k) 7 ds] 7 [f wr(s.200a8]
(U7 (ols) | Qalt, ) )7 ds] 77 [ wi(s, 2p)ds]

§p+p/K~K:2p~

This proves the assertion.

2365

b). T is continuous, in the sense that if Z,, € Sg,,, (n =1, 2, ...) and Z,, — Z uniformly on every compact subinterval

J of [tg, 00), then TZ,, — TZ uniformly on every compact subinterval J of [to,

00);
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Indeed, from (3.2)), for any t € J C [tg, 00), we have
| (TZ)(t) — (T2)() | (3.3)

[T | [ w(s) [ (t,s) | 07 (s) | U(s) (F(s, Zn(s)) = F(s, Z(s))) | ds

IN

+ I/ $) | Qa(ts) [ 07" (s) | W(s) (F(s, Zu(s)) — F(s, Z(5))) | ds

IN

v [ [ oo e

to

. [/tt (1 o72(5) | W(s) (F(s, Za(s)) — F(s, Z(s))) |)qu} 1/
L e Um (o) | s )pds} r
. [/too (1 0 1(s) | W(s) (F(s, Zn(s)) — F(s,Z(s))) |)qu] 1/q.

Let J = [o, 8]. For a fixed € > 0, we choose t; > to sufficientjy large (t1 > ) so that

) 1/q c
wi(s,2p)ds < .
[/ ( p)} Ksup | U1(0) |
ted

Since F, ¥, ¢ are continuous and Z,, — Z uniformly on [tg, t1], there exists an ng € N such that, for s € [to, 1]
and n > ng,

1
“L(s) | U(s) (F(s, Zn(s)) — F(s,Z c : .
¥ (S) ‘ (S)( (S’ ’ﬂ(s)) (37 (S))) |< 4Ksup ‘ \Iffl(t) | (tl —to)l/q
teJ
Now, for t € J and n > ng, the first integral term of (3.3)) becomes
t) | fo () | Q(t,s) | @=L (s) | U(s) (F(s, Zn(s)) — F(s, Z(s))) | ds

< v [fto (s) | ut.) pras] -

' [ffo (1 ¢7H(3) | W(s) (F(s, Zu(s) = Fls, Z(s) 1) ds] "

q 1/q
1/p +
<[ ¥~ fto s) | u(t,s) Dp ds ’ fto 4KSUP|E‘I’71(t)\ ’ (tl—tlo)l/q ds
teJ
te

1/q
IACOICT T [f; R =T dS] o
For the second integral term of (3.3)), for t € J and n > ng, we have
t) | ft 8) | Qa(t,s) [ 71 (s) [ W(s) (F(s, Zn(s)) = F(s, Z(s))) | ds
=@ | {f $) | Qa(t,s) [ 971 (s) | W(s) (F(s, Zn(s)) — F(s, Z(5))) | ds
+ [y #(s) | Qa(t,s) [ 971 (s) [ U(s) (F(s, Zn(s)) — F(s, Z(s))) | ds}

1/p

<| (o) | {[ L (o(s) | Qat, ) ) ds]

1/q

17 1 906) (F(s. Zuls) = F(s, 2()) 1) ds]
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4 I ol | Qafts) ) as]

I 1976) | 96) (F(5,2u(o) - Fls 200y ) ds] )

q 1/q
t1 1
ft <4K?28|€\Pl(t) ’ (tl_to)l/q> dS]

00 1/q
+ v | K- |:'f.t1 2qwq(s,2p)ds}

< wTHE) | K -

1/q

+2 [ftio wi(s, 2p)ds} 1/q}

_ £ t
S‘ v ( ) | K - {[(4K ‘l(sup|‘~I/ HODE ' t1— tods

— 3
S‘ v l(t) | K- {4Ksup|6\11*1(t)| +24Ksup\€\11*1(t)|} < Is
teJ

ted

From the above results, we obtain that

| (TZ,)(t) = (TZ)(t) |<e, for any t € J and n > ny.

Thus, the sequence (TZ,,) converges uniformly to TZ on compact subintervals of [tg, c0).
We conclude that T is continuous.

c). the matrix functions in the image set TSy, are echicontinuous and uniformly bounded at every point of every
compact subinterval J of [tg, 00).

Indeed, from a), T maps Sy, into itself. This shows that the matrix functions in the image set TSy, are uniformly
bounded at every point of every compact subinterval J of [tg, 00).

On the other hand, for the image V = TZ, we have

V(1) = Zy(t) + J{ X' () PLX "1 (s)F (s, Z(s))ds + X () PLX L (1) F(t, Z(1))

[ X’(t)P2X‘1(s)F(s,Z(s))ds—i—X(t)PgX—l(t)F(t,Z(t))

— A(t ( (t) + [ X(O)PLX "1 (s)F(s, Z(s))ds — [ X(t)PX (s )F(aZ(s))ds)
+X(t) (Pr+ P) XY F(t, Z(1))

= A(t)V(t) + F(t, Z(t)), for t > ty.

Since

V() = (A)TH(1) (B()V (1) + ()T (1) (¢~ ()T () F(t, Z(1))) , for t > to,

and the matrices A(t)U~1(¢), U(t)V(t), (t)¥1(¢), o~ L(t)¥(t)F(t, Z(t)) are uniformly bounded on every compact
subinterval J of [to, 00), the derivatives of the functions in TSy, are uniformly bounded on every compact subinterval
J of [tg,00). This shows that the functions in TSy, are echicontinuous on every compact subinterval J of [ty, c0).

Thus, all the conditions of the fixed point theorem of Schauder - Tychonoff are satisfied. We conclude that the
operator T has a fixed point Z in Sy,. This fixed point Z is evidently a ¥— bounded solution of .

To complete the proof, we must verify (3.1)).
Acording to hypothesis 2) of Theorem, for each € > 0, we can choose t; > ¢y such that

00 1/q c
(/tl wq(s,2p)ds) <3K

By Lemma 2.1, there exists a t5 > ¢; so that

R P1|/ F(s, 2()) | ds < 5, for t> .
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where Z(t) is the solution from above of TZ = Z.

Using definition of T, these inequalities and Holder inequality, we obtain for ¢ > o,

| W(t) (Z(t) = Zo(t)) |

<| [P U)X () PLX T (s)F (s, Z(s))ds + [} W(6)X (£)PLX " (s)F (s, Z(s))ds
— [ U)X (£)PyX " (s)F(s, Z(s))ds |

<|¥(OX (0P| [ (s)F(s, Z(s)) | ds

+ [ OXOPLX ()T (s) |97 (s) | (s)F (s, Z(s)) | ds

+ 1 e(s) | \If(t)X(t)P2X*1(s)\I/*1(s) |~ (s) | W(s)F (s, Z(s)) | ds
< S+ [ e(s) | TOXH)PLX ()T Y(s) | w(s, 2p)ds

+ [ () [ W)X () P X (5) W (s) | wis, 2p)ds
1/q

< 5+ (1 (o) | POX 0PN 0 6) ) ds] 7 ([ s 20)05)
2 (o) | O X (E)PX Y (s) T (s) )P ds] 7 - (22 wis, 2p)ds)
< %-i—K(f:owq(s,Zp)ds)l/q CE K- S=e

which establishes ((3.1]).
To prove the last statement of the Theorem, consider a ¥— bounded solution Z(t) of equation (1.2)). Define

—/ X PLX Y (s)F(s,Z(s))ds + /too X ()P X (s)F(s,Z(s))ds, t > to.

With the previous arguments, we can show that Zy(¢) is a ¥— bounded solution of equation (L.1)) that satisfies
(3-1)-

The proof of Theorem is complete.

Remark 3.2. If we put

21 21 o2 filt.2) filt,z) - fi(t2)
7 — Z9 Z9 R Z9 F(t Z) _ fg(t, Z) fg(t, Z) ce fg(t, Z)
24 zd ccc Zd fat,z)  fa(t,z) -+ fa(t,2)

we get a version of Theorem 3.1 for systems of differential equations. In addition, putting V = diag [V, ,- -],
where 1 : Ry — (0,00) is a continuous function, equation becomes equation (2) from [I1)]. Thus, Theorem 3.1
generalizes Theorem 2, [I1]], in two directions: from systems of differential equations to matriz differential equations
and the introduction of the matrix function W which allows obtaining a mized asymptotic behavior for the components
of solutions of the above equations. In addition, the function ¢ satisfies the condition fooo ©P(s)ds = +oo, better than

the condition [ ¢P(s)1~P(s)ds = +oc.
The goal of next Theorem is to obtain a new result in connection with W—asymptotic relationships between
¥ —bounded solutions of two Lyapunov matrix differential equations, namely (|1.3]) and (|1.4]).

Theorem 3.3. Suppose that:
1). There exist supplementary projections Py, Py € Myxa, a continuous function ¢ :Ry — (0,00) and the constants
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K >0 and p € (1,00) such that the fundamental matrices X(t) and Y(t) for the linear matriz differential equations
and respectively satisfy the inequalityg

t 1/p
[/ (p(s) | (YT (T H(s) @ (T X ()P X (s)0 7 (s)) I)pdS} + (3.4)

to

1/p

+ [/too (e(s) | (YT (T 7H(s)) ® (ROX () PX ()0 (s)) 1) dS] <K

for allt > tg > 0, where ty is sufficiently large;
Furthermore, the function ¢ satisfies the condition fooo PP (s)ds = +0o0
2). The continuous matriz function F Ry X Myxq — Myxa satisfies the inequality

IO | UF(t, Z) < w(t, | ¥(H)Z])

for all t > to and Z € Myxgq, where w(t,r) : Ry X Ry — Ry is a continuous function and is nondecreasing in r, for
each fixed t > tg.
Furthermore, the function w satisfies the condition

/ wi(t, \)dt < 400
0
for a A € (0,00) and%—k%:l.

Then, corresponding to each U—bounded solution Zq(t) of , there exists a U—bounded solution Z(t) of Lyapunov
matriz differential equation such that

Tim [ W(E) (Z(t) - Zo(t)) | = 0. (3.5)
Conversely, to each W—bounded solution Z(t) of (1.4]), there exists a W—bounded solution Zo(t) of such that

holds.

Proof. We will use the version of Theorem 3.1 for systems of differential equations and some results from [9].

From [9, Lemma 2.6], we know that Z(t) is a U—bounded solution on Ry of (1.4) iff z(t) = Vec(Z (t)) is a
I ® ¥(t)—bounded solution of the corresponding Kronecker product system associated with (1.4)), i.e. the system

Z=T®Alt)+BT(t)®1)z+ f(t,2), t > to (3.6)

where f(t,2) = Vec(F(t, Z)).
We verify the hypotheses of Theorem 3.1 (version for systems of differential equations).

a). From [9, Lemma 2.7], we know that U(t) = Y7 (t) ® X (¢) is a fundamental matrix for the homogeneous system
associated to (3.6)), i.e. the system
Z=(I®Alt)+BTt)®1I)-=. (3.7)

With the help of [9, Lemmas 2.1, 2.3], we have
(6(5) | u(t,5) ) = (2(5) | T @ W) U@(T © PYU(5) (T 0(s)) ™" |)
= (¢(s) [T w) (YT ()@ X)) [0 P) (YT () X(9) ™ (Tew(s) ™ [)]

= (o(s) | (YT O@T) M) @ (TOX O PX ()T (s)) )"

Thus, the hypothesis 1) ensures the hypothesis 1) of Theorem 3.1 (with Y7(¢) ® X (¢) in role of X (¢), I ® ¥(¢) in
the role of ¥(t) and I ® P; in role of P;).

b). Similarly, by using [9, Lemma 2.5, we have, for t > to and Z € Mgxq,
G0 | (L)) f(t2) |= 97 (8) | (I© W(t) Vee (F(t,2)) |
<o) | WOF(L 2) 1< wit, | T2 ) < w(t,d | (I V(1) Vee(Z) |
—wt,d| IU()z].
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Thus, the hypothesis 2) ensures the hypothesis 2) of Theorem 3.1.
Now, we finish the proof.
Let Zo(t) be a U—bounded solution of (1.3). From [9, Lemma 2.6], the function zo(t) = Vec(Zy (1)) is a I ®

U(t)—bounded solution of (3.7). From Theorem 3.1 (the version for systems), there exists a I ® ¥(t)—bounded
solution z(t) of (3.6) with the property that

Jim | (19 W(0) (+(1) ~ 20(8)) |= 0. (33

From [9, Lemmas 2.5 and 2.6], we obtain that (3.5) holds, where Z(t) = Vec™!(z(t)) is a ¥(t)—bounded solution of
).

For the last statement of Theorem7 let Z(t) a ¥(t)—bounded solution of (L.4). Then, z(t) = Vec(Z(t)) is a
I®¥(t)- bounded solution of From Theorem 3.1 (version for systems), there exists a [ ® ( )—bounded

solution zy(t) of - ) such that 1.) holds. From [9, Lemmas 2.5 and 2.6], we obtain that (3.5) holds, where
Zo(t) = Vec™ ( o(t)) is a ¥(t)—bounded solution of .

The proof is now complete.

Remark 3.4. If the hypothesis 1) of Theorem 3.3 is not satisfied, then the conclusion of Theorem 3.3 does not hold.
This is shown by the next simple Ezample obtained after an example due to O. Perron, [T]]].

Example 3.5. In equations (1.5 (m and (w consider

sinlnt + coslnt
A=

Njw O
S~~~
o}
—
~
S~—

Il
7N\

|
S v
=)
[\
N~

and .
(0 be 2
F(t,2Z)= ( 0 0 ) Z,

where t > 1, Z € Maoys and b €R, b # 0.

In addition, consider

[en) ST
a

s &
N———

U (8)F(t, Z)| = ‘\If(t) ( 8 bef )Z’ _ ’\I’(t) < 8 be(f )\I/l(t)\ll(t)Z‘ <

<pew (5 2" Yoo\ pozi=|(§ ) lwozi= ez

and then, w(t,\) = %e_t/\.
In addition, the condition fooo wi(t, \)dt < +00 is satisfied for ¢ > 1 and X € (0, 00).

Suppose that the condition 1) of Theorem is satisfied. Then the conclusion of Theorem holds. In particular,
corresponding to each ¥—bounded solution Zy(t) of (-) there exists a ¥—bounded solution Z(t) of Lyapunov matrix
differential equation such that (-) holds

We find the general solutions of and in a particular case considered here.
FEquation becomes

7 _ < sinlnt +coslnt—1 0

0 _1

)z =1
2

A fundamental matriz for this equation is

et[sinlnt—l] 0
X(t):( . e_%t),tZL
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Then, the general solution of equation is Z,, = X (t)C, where C is a real 2 X 2 constant matriz.

FEquation becomes

. _ — 14
Z’:( smlnt—|—((:)oslnt 1 be 12 )Z, t> 1.
2

A fundamental matriz for this equation is

Y1) = ( Z—t%) u(()t) )

where u(t) = !Bt and v(t) = bu(t) - [} e~*5nnsds, for ¢ > 1.
The general solution of this equation is Zy =Y (t)C, where C is a real 2 X 2 constant matriz.

Now, we consider the particular solution

so=xo(19)=(1) )

of , where ¢ # 0. It is easy to see that this solution is ¥— bounded on [1,00).

From Theorem, there exists a W—bounded solution Z(t) of Lyapunov matriz differential equation such that
holds. We can take

C3 C4 cle 2 coe” 2

Z(t) =Y (1) < c1 co > _ ( ero(t) +esut)  cv(t) + cau(t) >

and then,

scrv(t) + gezu(t)  Feov(t) + equ(t)
C1 C2 '

Since v(t) is unbounded (see in [5], pp. 71) and u(t) is bounded on [1,00), the solution Z(t) is ¥— bounded on
[1,00) iff ¢1 = co =0. In this case,

W(t) (Z(t) - Zo(t) = < %CS_uC(t) %%g(t) )

But ¢ # 0, it being impossible to make tlim | O(t) (Z(t) — Zo(t)) |= 0.
—00

This proves the assertion.

Remark 3.6. This Example shows that 1) is essential hypothesis in Theorem.

Remark 3.7. Theorem 3.3 generalizes Theorem 3.1, from matriz differential equations to Lyapunov matrix differential
equations.
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