N
A

Notion of non-absolute family of spaces

Mashael M. AlBaidani®*, H. M. Srivastava®<%¢ Abdul Hamid Ganief

2Department of Mathematics, College of Science and Humanities Studies, Prince Sattam Bin Abdulaziz University, Al Kharj 11942, Saudi Arabia
bDepartment of Mathematics and Statistics, University of Victoria, Victoria, British Columbia V8W 3R4, Canada

¢Department of Medical Research, China Medical University Hospital, China Medical University, Taichung 40402, Taiwan, Republic of China
dDepartment of Mathematics and Informatics, Azerbaijan University, 71 Jeyhun Hajibeyli Street, AZ1007 Baku, Azerbaijan

€Section of Mathematics, International Telematic University Uninettuno, I-00186 Rome, Italy

fSSm College of Engineering, Parihaspora, Pattan, Jammu and Kashmir 193121, India

(Communicated by Michael Th. Rassias)

Abstract

The scenario of this article is to introduce the space R: (p, A) based on a general Riesz sequence space. Its completeness
property is derived and its linear isomorphism property with ¢(p) is proved. The K&the-dual property of the space
R (p, A) is also derived. Furthermore, its basis is constructed and some characterization of infinite matrices are given.
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1 Introduction

By ¥ = CNo, we denote the set of all real or complex-valued sequences, where C represents the complex field and
NO:NU{O}a (N:{1a2737})

Each linear subspace of ¥ is known as a sequence space as can be seen in [11], [I7], [24] and many others. Also, ¢,
¢, ¢g and £(p)denotes all bounded sequences, all convergent sequences and null sequences and p-absolutely convergent
series, respectively.

For an infinite matrix B = (b;;) and ¢ = (p;) € ¥, then as in [3], [22], the B-transform of ¢ is defined by

Bo ={(Be)i},
provided it exists V ¢ € Ny, where

(Bo)i =Y _ bijo;.
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The matrix domain for an infinite matrix B = (b;;) is defined as
Gs={o=1(0j) €V : Boe g} (L.1)
In [14], the author has given the new techniques and introduced the spaces U(A) as follows
U(L) = {0 = (;) € Q: (AD,) € U}
for U € {l,c,c0} and AU; = U; — Uj_1.

i
Let (t;) be sequence of positive numbers with T; = > ¢; for i€ Ny, then, from [2], we have
j=0

R (p,A) = {g = (g;) € ¥: (Ag) € rt(p)} ,

where 7/(p) is given in [I] for 0 < p; £ H < oco.

As in [19], we define the following:

pj

Ri(p,s)=4p=1(p)) €T: Y

J

< o0

1 J
T tipi
J o i=0

2 The Riesz Sequence Space R’ (p, A)

This section introduces the new space Rt (p, A), and prove that this space is a complete paranormed space. Also,
we show it is linearly isomorphic to the space £(p).

Following the investigations made by Dowlath and Hamid [4]-[5], Ganie et al. [6]-[9], Grosse-Erdmann [10], Jalal et
al. [12]-[13], Lascarides [15], Naik and Tarry [I8], Sheikh and Ganie [20]-[21], Talebi[23], Yesilkayagil [25] we introduce
the space R (p, A) as follows.

Definition 2.1. We define the space R (p, A) as

pj

Rp,A)=Sp=(p) €V:>_

J

< o0 g,

1 J
75 Z trApk
k=0

J

where
O0<p;SH<x and 52 0.

Using (|1.1]), the given space can be written as:
R (p, A) = {€(p)}ore (a)-
Define sequence y = (y;) as R (A)-transform of a sequence p = (p;), that is,
1 J
yj = 7TS+1 Z tkApk (21)
i k=0
Remark 2.2. Choosing s = 0 will yields what has been given in [2].

Theorem 2.3. The space R%(p, A) is a complete linear metric space paranormed by ha given by:
Pk ﬁ

1 tx
ha() = | Y |=n ‘ (tj —tj+1)s5 + ﬁ%
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Proof . The linearity of R%(p, A) with respect to the co-ordinatewise addition and scalar multiplication follows from
the following inequalities which are satisfied for ¢, 7 € RL(p, A):

k-1 NS
1 tL
Dol Dt =t (s ) + 2 (k)
k Tk j=0 i
1 ket P\ 1
123
(X Tt (tj —tj+1)s; + TorTok
k k  j=0 k
k—1 P\
1 t
+ Z s+l Z(tj —t1)T T T (2.2)
pll K T;
7=0
and, for any o € R (see [16]), we have
la|P* < max(1, o). (2.3)

For = (0,0,0,---), we have
ha(0) =0 and ha(s) = ha(—s)

for all ¢ € RE(p, A)). Also, the inequalities (3) and (4) give the subadditivity of ha and

ha(as) € max(1, |al)ha(s).

Let {<"} be sequence of points of R (p, A) such that ha(s" —¢) — 0 and let (cv,) be sequence of scalars such that
ay, — a. Then {ha(¢™)} is bounded, since, by subadditivity, the following inequality:

ha(s™) < ha(s) +ha(s"™ —5)

holds. Thus,

1
Pr\ M

k
n 1 n
ha(ans™ —as) = Z WZ@J’ = tjr1)(ans) — agj)
k k=0

L L
S lan — al ™ ha(S") + [a M ha(S" = <)

which tends to zero as n — co. Hence, the continuity of scalar multiplication is established, so ha is a paranorm on
Ri(p, A).

Now, to prove its completeness property, choose {¢’} as a Cauchy sequence in R’ (p, A), where
gi = {gé,gi,. .. }
Hence, for a given € > 0, there exists a positive integer ng(e) such that

ha(s'—¢7) < e (2.4)
for all i, j = no(€). Definition of ha for each fixed k € Ny yields

[(RIAC), — (RIAT )| = (Z |(RIAG), — (iﬁéch)k‘pk> <e
k

for 4,7 = ng(e). Consequently, {(RIA)x, (RIAL), - - - } is a Cauchy sequence of real numbers for every fixed k € Ny.
But R being complete, it converges as follows:

(RLAGH, — (MRIAG), (i = 00).
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Using these infinitely many limits (RIA¢)g, (RIAG)1, - - -, we define the sequences {(RZA¢)o} and (RIAS)1, - - }. From
(2.3)), then for each m € Ny and 4,5 = ng(e) that

> 1A — (RIAT ) S hals' = )M < €M, (2.5)
k=0

Take any 4,5 = ng(e). First, if we let j — oo in (2.5) and then m — oo, we obtain

ha(s' —¢) Se.

Finally, taking e = 1in ([2.5)) and letting i = ng(1), we see, for each m € Ny and by using Minkowski’s inequality, that

(Z |(9‘V<)k|pk> S hal(s' =<) +ha(s") <1+ ha(sh,
k=0

which shows that ¢ € RE(p, A). Since ha(s — <) < € Vi = ng(e), it follows that ¢* — ¢ as i — oo. Hence R:(p, A) is
complete. [

Clearly, the absoluteness property is not satisfied on the spaces R%(p, A)), which means ha(x) # ha(|z|) for at
least one sequence in RE(p, A) and hence RE(p, A) is a sequence space of non-absolute type.

Theorem 2.3. The space R%(p, A) is linearly isomorphic to the space {(p), where 0 < pp < H < oo.

Proof . In order to establish the result, we must show the existence of a linear bijection between the spaces R (p, A))
and [(p), where 0 < pr, < H < co. With the notation of (2.1]), define the transformation G from R%(p, A)) to £(p) by
x — y = Gx. The linearity of G is trivial. Further, it is obvious that = 0 whenever Gx = 6 and hence that G is
injective.

Let £ € ¢(p) and define the sequence ¢ = (k) by

k—1
1 1 Ts-‘rl
ok = ( - ) Tete, + ];k &k,

for k € Ng. Then

S8

E—1 Pk
1 t
ha(Q)= (> WZ(%‘ —ti41)¢ + W@
k k j=0 k

1
Pr\ M

k
=D&
k |7=0

= <Z|§k|pk> =H1(§) < oo,
K

where

5kj =

0 (k#))

Thus, we have z € RE(p, A). Consequently, G is surjective and is paranorm-preserving. Hence, clearly, G is a linear
bijection. Consequently, the spaces R (p, A) and ¢(p) are linearly isomorphic. [J
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3 Basis and a-, 8- and y-Duals of the Space R(p, A)

In this section, we compute a , 3- and v-duals of the space R (p, A) and determine its basis..

For the sequence spaces T and @, define the following set:

S(T,®)={v=(v): (v=(Cr)EPV (e T} (3.1)

By the representation of (3.1)), we may define the a-, (- and ~- duals of a sequence space T, respectively, denoted
by T, T8 and Y7, and are defined by

T =&(Y,1;), TP =6(T,cs) and TV =&(T,bs).

If a sequence space A paranormed by h contains a sequence (b,,) with the property that, for every ¢ € A, there is
a unique sequence of scalars (a,) such that

lim h(¢ — Zakbk) =0,
k=0

then (by,) is called a Schauder basis (or, briefly, basis) for A. The series Y by which has the sum ( is then called the
expansion of ¢ with respect to (b,,) and written as ¢ => aybg.

We now state the following lemmas which are needed in proving our theorems.

Lemma 3.1. (see [10])
(i) Let 1 < pp £ H < 00. Then A€ (U(p), £1) if and only if there exists an integer B > 1 such that

’

Py
< 0.

sup Z

Kes ™

Z ankB_l

nek

(ii) Let 0 < pp < 1. Then A€ (U(p), 1) if and only if

Pk

Z ankB_l

nek

sup sup < Q.

Keg¥ k

Lemma 3.2. (see [16])
(i) Let 1 < px £ H < 0o. Then A€ (U(p), L) if and only if there exists an integer B > 1 such that

supz |ank B™HPr < oo. (3.2)
"ok

(ii) Let 0 < pr < 1 for every k € Ng. Then A € (U(p) : L) if and only if

sup |ank|?* < 0. (3.3)

n,k

Lemma 3.3. (see [10]) Let 0 < pp < H < oo for every k € Ng. Then A € ({(p) : ¢) if and only if (3.2) and (3.3)
holds true and
lim a,, = ,Bk fO?“ k € Ng (3.4)

also holds true.
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Theorem 3.4. Let 1 < pp £ H < oo for every k € Ng. Define the sets D(p) and D5(p) as follows:

Di(p) = ,
Py
U a = (ag) : sup Z Z (1 - 1) anTET + aanflefl < oo
B>1 Kes 7 | g \te trta Tn
and
D3(p) = ,
n Py
ak 1 1 s+1 -1
U a:(ak):ZH<+<—> Zai>Tk B < oo
B>1 k 2 be e/ 57,
Then

[RE(p,A)]" = Di(p) and [R(p,A)]" = D3(p) N es = [R(p, A)]" .

Proof . Choose a = (a) € U. We can easily derive with (2.1) that

n—1
1 1 a
G = — = Va,Ts! Znostly  — (Cy), 3.5
an, 1;—0<tk tk—i-l)a K yk+TnQn Yn = (Cy) (3.5)

where C = {cpi} is defined as follows:

1 1
<> a, TF (0Sk<n-—1)
te  Trt1

= An g
Cnk TiQ"H (k — n)

0 (k>n)

for all n, k € Ny. Thus we observe by combining with Part (i) of Lemma 3.1 that
as = (ansp) € 41

whenever ¢ = (s,,) € Ri(p, A) if and only if Cy € ¢, whenever y € £(p). This yields

[R(p, A)]" = Di(p)-

We further consider the following equation:

Saa=3 (£ (- rm) X )5 w=on. (36)
k=0 o L\t be e/ 5
= = i=k+1
where D = (d,) is defined as follows:
1
%’“ (; - ) a)TeH (0<k<n)
dnk — k k+1/ i=k+1

0 (k> n).

Thus we deduce from Lemma 3.3 with (3.6)) that ax = (a,x,) € cs whenever x = (z,,) € R.(p, A) if and only if
Dy € c whenever y € £(p). Therefore, we find from (8) that

ay 1 1 ) - i1
L= a; | T,
Z [(tk <t’“ brta i:;-i-l > *

k

’

Py

B! <o (3.7)
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and lim d,,;, exists and hence shows that
n

(R (p,A)]” = Ds(p) N es.

As this, from Lemma 3.2 together with (3.6) that ac = (agsk) € cs whenever ¢ = (g,) € RL(p,A) if and only if
Dy € Lo whenever y = (yx) € £(p). Therefore, we again obtain the condition (3.7) which means that

[ (p, A)]” = D3(p) N es.

U
Theorem 3.5. Let 0 < py, < 1 for every k € Ng. Define the sets D5(p) and Dj(p) as follows:

D5(p) =
11 an Qs o
a € U : sup sup Z [(t — t> anle‘H + nTn } B!l <
Ke§ k | g k k+1 n
and
Di(p) =
1(p) . ) n Pk
ak s+1| p-1
a€eV:su — 4 |- — a; | T, B <00y
{ kp l(tk <tk tk‘“) i:;'rl ) * }
Then

[RE(p, A)]" = Dj(p) and [R:(p,A)]" = [Ri(p,A)]" = Da(p) N cs.

Proof . The proof follows by the similar technique as in the proof of Theorem 2.7 above by using second parts of
Lemmas 3.1 and 3.2 instead of the first parts. So, we omit the details. [
Theorem 3.6. Define the sequence b® (t) = {b%k)(t)} of the elements of the space RL(p, A)) for every fized k € Ny by

s+1 k
a4
k

bgbk) (t) — <Tn tn-i-l

1 1 Tt
) T

0 (n>k—1).

Then the sequence {b*) ()} is a basis for the space R (p, A)) and any ¢ € R,(p, A)) has a unique representation given
by
¢ =Y A(tp™(t) (3.8)
k

where A\ (t) = (RLAG)y for all k € Ny and 0 < pp < H < oc.
Proof . Tt is obvious that b (t) C R (p, A), since

READHF) (1) = e®) e (p) for ke Ny (3.9)

and
0<pr SH< oo,

where e(*) is the sequence whose only non-zero term is 1 at kth place for each k € Np.

Let ¢ € R (p, A) be given. For every non-negative integer r, we put

RS Z Ak ()05 (1) (3.10)
k=0
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We then obtain by applying RLA to with (3.9) that

KA = Z Ak (£) (RE(A)F) (1) Z A (t)e®)
k=0

and

ra(-) -
' (RLA):  (i>71),
where 4,7 € Ng. Given € > 0, there exists an integer ry such that
1
M

(; |<%§A<>i|pk> <

for all » 2 ry. Hence we have

&l

9a (s =) = (i |<m§A<)i|Pk>
< (i I(%ZMMP"‘) < 5<¢

)

for all 7 = rg, which proves that ¢ € R%(p, A) is represented as (3.8)).

AlBaidani, Srivastava, Ganie

To prove this representation for ¢ € R, (p, A), given by (3.7)), is unique, we assume that there exists a representation

in the following form:

<= (O (t)
k

Since the linear transformation G from R (p, A)) to £(p), used in Theorem 2.2, is continuous, we have

(RLAQ), = Zﬂk ) (REAR (1))

k

for n € No, which contradicts the fact that (RLAgq),, = A\, (t) for all n € Ny. Hence the representation (3.8)) is unique.

g

4 Matrix Mappings on the Space 2R!(p, A)

In this section, we characterize the matrix mappings from the space R%(p, A) to the space £

Theorem 4.1.

(i) Let 1 < pp < H < oo for every k € Ng. Then A € (Ri(p,A), L) if and only if, for a natural number B > 1,

and {ank tren, € cs for each n € Ny.
(ii) Let 0 < py <1 for every k € Ng. Then A € (R.(p,A), ls) if and only if

Pk

(4.2)
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and {ank tren, € cs for each n € Ny.

Proof . Here we only prove Part (i), since Part (ii) may be established in a similar fashion. So, let A € (R (p, A), o)
and 1 < pr, < H < oo for every k € Ny. Then A( exists for ¢ € Ri(p, A) and implies that {ank }ren, € {Ri(p, A)}°
for each n € Ny. Hence the necessity part of (4.1)) holds true.

Conversely, suppose that the necessity parts (4.1 hold true and ¢ € R%(p, A).

Since {ani fren, € {RE(p, A)}? for every fixed n € Ny, the A-transform of ¢ exists. Consider the following equality
obtained by using the relation (11):

"o (1 1\ & |
k=0 i= J

Now, using the hypothesis of Theorem 4.1, we derive from (4.3) as m — oo that

a1 1) o= |
= L A Ty 4.4
Sani =3 T+ (5 t)z o (1.4

As in the earlier work [3], for B > 0 and for any complex numbers a and b, we have
abl < B (aB7H" +Jol")

with p=! +p/ o1, Therefore, by using this inequality, we see from (4.4) that

Zanka < sup Y ank <tk—1> > an

neNy b1/ 570
< B[O(B) + 57 <y>] < .

sup ! |y

n€Ng

This shows that AC € £o, whenever ¢ € R.(p,A). O

5 Conclusion

In this manuscript, we have introduced the space R%(p, A) based on general sequences of Riesz form and the
operator A. We have shown it to be complete paranormed space and its linear isomorphism property with £(p)
have been determined. The basis and Ko6the-duals property of the concerned space has been determined. Also,
some characterization of infinite matrices concerning it are given. The consequences of the results obtained in this
manuscript are more general and extensive than the pre-existing known results.
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