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Janowski-type mappings associated with the conic like domains
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Abstract

In geometry, a conic is a plane curve whose coordinates satisfy a quadratic equation in two variables and can be
expressed in matrix form. This equation allows deducing and expressing geometric properties of conic sections. In this
article, we define certain subclasses Uy S(\, v, 7, p) and Z/I,S’S (M, 7,7, p) of holomorphic mappings associated with the
Janowski-type mappings. These functions are actually generalizations of some basic families of starlike and convex
mappings. We study sufficient conditions for f € UpS(A,~, T, p) along with the characterization, coefficient bounds
and other problems. Using certain conditions for functions in the class UrS(A, v, 0,0), we also define another class
and study some subordination related result.
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1 Basic Introduction

In geometry, a conic is a plane curve whose coordinates satisfy a quadratic equation in two variables and which
can be expressed in matrix form. The quadratic equation representation allows us deducing and expressing geometric
properties of conic sections. The simplest form of the conic domain Ay, k > 0 is given in the following;:

Ak:{w:(u,v):u2>k2(u—1)2+v2}.

Let UY := {z € C and |z| < 1} and let H = H(UY) denote the family of holomorphic mappings f in UY. Suppose that

fz)=a+ Zanz” € Hla,n] C H.

n=1

Let ¢ € Q be the Carathéodory map such that R(¢q(z)) > 0 and ¢q(z) = 1+ > 02, gn.2", 2z € UJ. The Mdobius
transformation lo(z) = {32 € Q, is the known extremal function. Let the notation < be phrased as subordination.

For f,0 € H, f(z) < {(2), if for w € H(UY) : w(0) = 0 and |w(z)| < 1, we write f(z) = £(w(z)). For detail, see [10].
Using this idea, Janowski [8] introduced the family QJr, p] for —1 < p < 7 < 1. A mapping ¢ € QJr, p], if

1472 1+ 1w(z)
rq(z) = —/———
1+ pz 1+ pw(z)

q(z) < ,w(0) =0 and |w(z)| < 1,z € UY.
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For some related work, we refer, [2] B, [, [5 6, 8, 10]. Clearly, Q[r, p] is contained in Q (1:—;) . This family QJr, p] is
related with the class Q as given below. A mappings ¢ € Q iff

(T+1Dqz) = (1)
(p+1)q(z) = (p—1)

Let f € A C H[a,n] has the following series form

€ 9[r, p|.

f(2) :z—i—Zanz", z e UY. (1.1)
n=2

A mapping f € UpS(p), if the following inequality holds:
YL IASEL
Semdsdiv

where —1 < 8 < 1 and k > 0. A mapping f € UpC(P) iff zf € UpS(B). The above families are studied by Goodman
[7] and Rénning [13]. In 2011, Noor and Malik [I1] introduced the family U S(, p) which is defined as:

_1’, L, (12)

Definition 1.1. A mapping f € A given by (1.1, is in the family U S(7, p) provided that f(z) # 0 and

(p-DHL-(-1| _ |- (-1 O
i FpeTE et S rper e R
p 1) p e

where —1 < p<7<1andk > 0.

This family consists of mappings f associated with uniformly k-starlike mappings in U}. Subsequently, we have
the following:

Definition 1.2. Let f € A. Then f € UpS(v, T, p), if

zF,'Y(z) M
e VEE -0 Je-nEE - i
2F/ (2) >k 2F! (2) 2 EUI’
(,0—|-1) 7, (2) +(7'_1) (p+1) T, (2) +( _1)

where F), is a convex combination of f and 2f,0< \,y<1,-1<p<T<landk>0.
Remark 1.3. The mapping F’, is convergent as a holomorphic mappings in Y.
Extending these ideas, we define a new class UrS(A, v, 7, p) of holomorphic mappings.

Definition 1.4. Let f € A. Then f € UpS(\, v, T, p), if

Y fic el b |y g () 2eU (1.3)
R Rt N (R Rt
where -
Fya(z) = Z {1 +(n—1)\) +(n—1)> )\'y} apz", z€U, (1.4)
n=2

0< Ay, -1<p<7t<landk>0.

Remark 1.5. It is quite simple to see that F, ) converges as a convex combination two convergent series in the unit
disc. Also F, » € UpS(B) in U.
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Let & be the class of holomorphic mapping f of positive coefficients and having the series of the form:
o0
f(z)=2=) anz", ay,>0,z€l. (1.5)
n=2

For details of the class &, we refer [I5].

Definition 1.6. Let f be given by (L.1). Then f € UZS(\, 7,7, p), if and only if
fehr SNy, mp) NS

where —1 < p<7<1,0< A\, y<1,k>0and S is given by (1.5).

For some special choices, we obtain the following known classes:

i. UpS(0,0,7,p) =ULS (1,p) and US (1,1,7,p) = UrC (T, p).

it. Up.S (0,0,1, 1) = U S and US (1,1,1,—1) = UxC.

iii. UpS (0,1 —28,—1) =UpS (B) and UrS(1,1,1—28,—-1) =UC (B).
. UsS (0,0,7,p) =8*(7,p) and UpS (1,1, 7,p) =C(7,p).

The class UpS(A,7, T, p) also reduces to the families mentioned in (1.2]), see [I3]. For detail of the above classes
and various other cases related to the earlier contributions, see [3| [8, @] [TT], 14 16, 7], I8, 19] with references therein.

2 Preliminaries
Subsequently, we define the subordinating factor sequence.

Definition 2.1. A sequence (¢, : n =1,2,3,...) is termed as a subordinating factor sequence for some mappings in
C, if for each f € C, we have

Zancnz” < f(2), oy =1,z €Y. (2.1)
n=1
Lemma 2.2. The sequence (¢, : n = 1,2,3,...) is a subordinating factor sequence, iff
R {1 = Qchz”} > 0.
n=2
For detail, see [9, 20]. Throughout, we assume 0 < A,y < 1,k >0and -1 <p<7 < 1.

3 Main Discussion

Theorem 3.1. If a function f given by (1.1]) satisfies the condition

S (342t + phn = 1)+ =) [14 (1= 1) A+ 2) + (1= 1 2] Ja] < 7= 1)

n=2

then the function f € UpS(\, v, T, p) defined by (1.3]), where n > ﬁ—; for -1 <p<7<1,0< A\, vy<1land k> 0.

Proof . To have the desired proof, we only show that
(P_l) F%Q(Z) _(7_1) (p—l) o (2) _(7'_1) B

1) Zanl2) 1 SR 1) 2 1
(p+1) o (2) +(r—1) (p+1) o (2) +(7—1)

k
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where F, 5 is given by (L.4), -1 < p <7< 1,0 <\, v<1and k > 0. For F,  given by (L.4) and
2F (2 7z+z 14 (n—1)A™ anz",

consider that

k(p—nf“i) (r 1)_1_%{ w/;(5)—(7—1)_1
(p+1) 720 — (7 +1) ) 2l (1)
(p—1)zF; \(2) - 1) Fy 5
SUER DR, () - R ‘
ZFQ)\Z) Fya(2)

—2(1+k)

—_

( 147
P+ 1)2F () =+ 1) Fya() |’ (W +p)

2 i(lw)(n_n [+ = 1) (A +7) + (= 1) 2] o

< = :
T—p— > {np—7+n-1} [1+(n71)()\+’y)+(n71)2/\7} ||

n=2
The last expression is bounded above by 1 if

o

D B+2k+p) (=1 +p=7] [L4+ =1 (A+7) + (= 1* M Jau <7 = p.
n=2

O

We next prove the characterization of the mapping f as below.

Theorem 3.2. A mapping f given by (L.5) belongs to the family UZS(A, v, 7, p) if and only if

Z{n—l)(1+2k p)+7—ptL=A+nA)(1—y+ny)a, <7 —0p, (3.2)
n=2

where —1 < p<7<1,0< A\, y<1land k> 0.

Proof . Suppose that f € Zx[,?S()\,fy,T, p). Then, making use of the fact that

R(w) > k|lw—1] & R{wl +ke”) — ke'} >0 (3.3)
and taking

(p—1)5 Mi)) (r—1)
(p+1) 728 — (r+1)

WhereF)\lsglvenby.,—l p<T<10<ANy<1k>0in (L.3), we obtain

w(z) =

2F 5 (2)
(p B 1) Fya(z)
zF’ A2 (2)
(p+1) 7% —(T+1)

R (14 ke'?)

or equivalently

! {(1 1 reny P DEEAE) 7 (T D Bz kei9} >0,

(p+1)2F \(2) = (7 + 1) F5 A(2)
which on simple manipulation yields
T—p+ Y {n(p—1—-2ke?) +1—7+2ke?} (1 —A+nX)(1—7+ny) a,z""!
=2

R = > 0.
(r=p)+ X o+ ) =1 =7} [14 (1= D (A+9) + (1= 1)* X apen?




Janowski-type mappings associated with the conic like domains 2473
This result holds true for all z € UY. Taking the limit z — 1~ through real values, we thus obtain that

T—p+ i {np—n—2kne® +1—7+2ke} (1 =X+ n) (1 -7y +n7y) oy,
R >0,
(T - )+z{n(p+1)_1_7}[1+(n_1)(x+7)+(n—1)2wan

n=2

which further implies that

n=2

{TpZ{(l+2kp)(nl)+Tp}(1/\Jrn)\)(l’)/Jrn’y)Ozn} >0,

so we have
o0

{0 +2k—p)(n—1)+7—pL=A+n)\)(1—y+ny)on <7 —p.

n=2

Conversely, we let the inequality (3.2 hold true. Then, in view of the fact that R (w (z)) > 0 if and only if |w(z) — 1| <
|w(z) + 1|, for
F! \(2) 2F! \(2)
(p—1) T2 — (1 —1) (=1 %20 — (1)
w(z) = I; *;( L —k ;(Z)) —1l. (3.4)
(p+1) =0 — (T +1) (p+1) 5 oy (T4

we consider

lw(z) + 1]
(=D =F () = =D FaG) |- DR, - = DRaE) [
(p+1)2F] (2) = (T + 1) Fy 5\(2) (p+1)2F] (2) = (T + 1) Fy 5(2)
:|G(Ti|i\|'yz)| T—p—|—2{np—7’—|—k;n—k}(1—)\+n)\)(1—fy—|—n7)oznz"_l|
) ) ) ) n=2
2 (oo}
>m T—p—nz_:Z{np—T—&—kn—k}(l—'y—|—7n)ozn], (3.5)

where G (7,0, A, 7, 2) = (p+ 1) 2F] (2) — (7 + 1) I, x(2). Also for |w(z) — 1| = ¢, we have

e E -0 DG - - D EaG)
(p+1)2F \(2) = (T +1) Fya(2) (p+1)2F \(2) = (T +1) Fyx(2)
_ —2F! \(2) + Fy A (2) B —2F) \(2) + Fya(2)
(p+1)2F] \(2) = (T + 1) Fya(2) (p+1)2F] \(2) = (T + 1) Fya(2)
|G(Ti|z>\|’yz (n+nk—1—-k) (1 =X +n\ (1 —v5+n7)an. (3.6)

n=2

where G (7,p,A,7,2) = (p + 1) 2F \(2) = (7 + 1) F;; A(2). From the condition and the inequalities (3.5) and (3.6),
we deduce that

lw(z) + 1] = w(z) = 1] > 0,
where w is defined by (3.4]). This completes the proof of Theorem O
We next provide coefficient bound for a given mapping f to belong to the family U>S(), v, 7, p).

Corollary 3.3. A mapping f belongs to the family UZS(\, v, 7, p) if

T—p
n < .
n;a A+2k—2p+711+N(1+7)

where — 1 < p<7<1,0< A, y<land k>0
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Corollary 3.4. For a mapping f belonging to the family U>S(),v, 7, p), we have

T—p
n < .
STt 2k—2p+ A+ N (1 +9)

where —1 < p<7<1,0< A\, y<1land k> 0.

The subsequent theorem deals with the integral representation for a given mapping f € Ll,?S Ay, 7, p).

Theorem 3.5. If a mapping f given by (1.5 belongs to the family U>S(A,~, T, p), then f has the following repre-
sentation:

- [ o ) )]

where —1 < p<7<1,0< A, y<1land k> 0.

Proof . For k = 0, the proof is obvious. Let k£ > 0. Then, for f € U,?S()\,’Y,T, p) and

2F! (2
(p—1) 7225 - (r-1)
w (Z) = 2F! | (2)
(p+1) 75+ 1)
we take
R(w) > kjlw — 1|,
which leads
Ll < s
iz
We suppose that
w—1 Q(2)
w ok
and &
w(z) = ,
=50
which yields
ZF—;,)\(Z)
(p—1) o (2) —(r—1) k

2F! () T :
(=D -~y FTQE)

Thus on simplification, we have
SFA() _ 2kr = Q(2)(r — 1)
Foalz)  2k+Q()(p—1)

which proves that

Fya(2) = exp <fz 2kt — Q(t) (T — 1)}dt>

0 t{2k+Q(t)(p—1)

o1 2 2kt — Q) (T — 1)
" p(!rmk+Q@xpn}“)’

or

(1 =X) Fy(2) + A2F.(2) =

which on simple manipulation yields

0= (Bt e (fmm ) ) )

This finishes the proof of Theorem O

Theorem 3.6. If f; is such that

i(z) =2 — niz" € USSN, v, T, p), i=1,2,2€ 19,
: k 1

n=2

then
f(Z) = (1 —(5)f1(2’) +5f2(2’) GUSS(/\,’Y,T,/)), 0 < 0 < LZ € U(l)
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Proof . For the mappings f; such that

fz(z) =z Zan,izn S Z/{I?S(/\f}/a T, p)

n=2
and by using Theorem we write
S {2k = p) (1= 1)+ 7= ph (1= A+ ) (L= 7+ 7 s <7 p (3.7)
n=2
and -
D A0+2%k—p)(n—1)+7=p}(1=A+n)) (1 =7 +n7)anz <7 —p. (3.8)
n=2

By considering (3.7)) and (3.8)), we write

(1—6)2{(1+2k—p)(n—1)+T—p}(1—)\—&—n)\)(l—v—l—nw)aml

n=2

+5Z{(1+2k—p)(n—1)—|—7’—p}(1—)\—&—n)\)(l—’y—kn'y)amg

n=2
SA=0)(r—p)+d(r—p)=7—0p
Again by using Theorem we reach the conclusion. [J
In the following, we define the family U, S* (A, 7, T, p) of holomorphic mappings f satisfying the coefficient conditions

(3.1). Assume that
(o)
fR)=2+) an2" € A

n=2
Then f € UpS* (A, 7, T, p), if we have
D IB+2k+p)(n=1)+p—7](1=A+n)) (1 =7 +ny)|an] <7 —p,
n=2

for some £k > 0,0 < A,y<land -1 <p<7<1.

For special choices of A,~, T, p, k and the mapping h, we mention the study of Aouf and Mostafa [2] and others.
Clearly
UpS™ (A, 7,7, p) CURS(X, Y, T, p)

Adopting the procedure found in [2 [} [16], we have:

Theorem 3.7. If f € Up,S*(A,~, T, p) and
TP+t B+2k+2p—T7)(1+7)(1+A)

RU@)> Grokiz nrary oo Uh (3.9)
then
(14+2k—2p4+7)(1+7) 1+
e 2k 2t e <), 2e UL (3.10)
where

f(2)xh(z) =2+ Zancnz” = h(z) * f(2),z € VY,
n=2

for the mapping f given by (1.1) and
h(z) =2+ 3 cp2™, 2 € UY.

n=2

for all A € C. The constant factor

(142k—2p4+7)(1+7) (14 X)
2[r—p+ (1 42k =20+ 7)1 +7) (1+ )]

in (3.10) cannot be replaced by a larger one.
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o)
Proof . Let f € UpS*(\, 7, 7,p) and let h(z) = z+ > ¢,2™. Then
n=2

(B4+2k+2p—7)(L+7) (1 +A) (fxh)(2)
20 —p+ (B+2k+20— 7)1 +7) (L+ N)]

B+2k+20—7)1+7) Q1+ AN [z4+ > ancyz"]
n=2
2T —p+B+2k+2p—7)(1+7) 1+ V)]
In view of Definition and Lemma (3.10) will hold if

{ (342k+20—1)(147) (14 A) o }°° b1
W

2 —p+B+2k+2p—7)1+7v) 1+ A
is a subordinating factor sequence. Using Lemma we see that (3.11)) is equivalent to

L (B42k+20—7)(1479) (14 N) a2z
14 > 0.
{ ZT—p+ (B342k+20—7)(1+7)(1+N)

The mapping
en)={B+2k+p)(n—1)+p—7}(1—=A+n\) (1 —-7+ny).

is an increasing mapping for n > 2. Taking this fact into account along with (3.12]), we can write

— B+2k+2p—7)(1+7) (1+A) 2" _
{1+ZT—p+ 3+2k+2p—7')(1+'y)(1+)\)}’K_3+2k
_ g 2o+ A+ Nz i (K+20-1)(1+7) 1+ N ane" |

Top+(K+20—-1)1+0)(1+))  Z7—p+(K+20—-7)1+7)(1+))

(K+2p-nA 404N KT DU+ Nl

2l_T—p+(K+2p—T)(1+’)’)(1+)\) T+ K420+ (14N
Kty G DU Vel
T T pH(E 2011+ (AN Tp+ (K20 -7)(1+7) (1+N)
Kz nuay ey ST IR0 Vel

Tt (K+2 -1+ (1+N  T—p+ K21+ 1+N
On using , we see that
{1+§: (3+2k +2p = 7)(1+7) (L +X) an| 2" }

[T—p+B+2k+20—7)1+7)(1+N)]

(K+2p—7)1+~) 1+ N7 (r—p)r
T—p+(K+20-1)1+70)A+N) t-p+(E+20—7)(1+7) (1+N).
=1-r>0,r—1,K=3+2k

This proves the (3.12). Thus we get (3.10). Also (3.9) is obtained from (3.10) for the mapping
h(z) = (ze1Y).

n=1

21-

For sharpness of
B+2k+2p—7)(1+7)(1+N)

AT —p)+ B+2k+2p—1)(1+~) 1+ N)]

we propose the function fy such that

fO(z):Z_(3+2k+2(i_p) 2.
p=T)1+7)(1+X)

(3.11)

(3.12)

(3.13)
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Using (3.10) and (3.13)), we can have

(B34+2k+2p— 7)1 +7)(1+N)
2Qr—p+(B+2k+2p—7)1+7) (14 )]

z

Assume that

(B+2k+2p—7)(1+7)(1+))
%{2[7P+(3+2k+2p7)(1+y)(1+/\)}f0(z)}
. BH2%k+2-1)(1+9) (14N -
St G2 — D0y A Yol K =342k
L (E42 -1+ (4N)  rop+ (K2 -r)(1+9) (14N
20r—p)+ (K+2p—1)1+7)(1+N]  (K+20-1)(1+7)1+N)

Thus, we see that

min R
|zI<r

{ (B4+2k+2p—7)(14+7)(1+N) f()}——l
Ar—p+(B+2k+20— 1)1+~ A+ N~

5
This establishes that the constant 2[T_<if(§j§,§;;;(_1j)ﬁ$j)?ﬁ 5] is best possible. O

4 Concluding Remarks

In this study, we have used idea of convex combination in defining some subfamilies U S(\, vy, T, p) and Z/{,;‘\‘ S\, T, p)
of holomorphic mappings involving starlike and convex mappings and associated with the conic domains. We derived
sufficient conditions along with the characterization, coefficient bounds, integral representation and other related prop-
erties. Using the sufficient conditions for mappings belonging to the family UrS(A, v, T, p), we also defined a family
UrS* (A, 7, 7, p) and then making use of a particular sequence, we discussed some subordination result. Our findings
can be related with the existing known results.

5 Declarations

The authors declare that the research is original and have not submitted anywhere in any form. All authors have
equally contributed and have no competing interest to disclose. The authors accept any sort of ethical responsibility
regarding the manuscript publication.

References

[1] M.K. Aouf and A.O. Mostafa, Some properties of a subclass of uniformly convex functions with negative coeffi-
cients, Demonst. Math. 2 (2008), 353-370.

[2] M.K. Aouf, R.M. El-Ashwah and S.M. El-Deeb, Subordination results for certain subclasses of uniformly starlike
and convez functions defined by convolution, Eur. J. Pure Appl. Math. 3 (2010), no. 5, 903-917.

[3] A. A. Attiya, On some application of a subordination theorems, J. Math. Anal. Appl. 311 (2005), 489-494.

[4] S.Z. H’ Bukhari, T. Bulboacd and M. S. Shabbir, Subordination and superordination results for analytic functions
with respect to symmetrical points, Quaest. Math. 41 (2018), no. 1, 1-15.

[5] S.Z. H’ Bukhari, M. Raza and M. Nazir, Some generalizations of the class of analytic functions with respect to
k-symmetric points, Hacet. J. Math. Stat. 45 (2016), no. 1, 1-14.

[6] S.Z. H’ Bukhari, J. Sokol and S. Zafar, Unified approach to starlike and convex functions involving convolution
between analytic functions, Results Math. 30 (2018).

[7] A'W. Goodman, On uniformly starlike functions, J. Math. Anal. Appl. 155 (1991), 364-370.

8] W. Janowski, Some extremal problems for certain classes of analytic functions, Ann. Polon. Math. 28 (1973),
297-326.

[9] S. Kanas and A. Wisniowska, Conic domains and starlike functions, Rev. Roumaine Math. Pures Appl. 45 (2000),
647-657.



2478 Bukhari, Asghar

[10] S.S. Miller and P.T. Mocanu, Differential Subordinations: theory and Applications, Series on Monographs and
Textbooks in Pure and Appl. Math. No. 255 Marcel Dekker, Inc., New York, 2000.

[11] K.I. Noor and S.N. Malik, On coefficient inequalities of functions associated with conic domains, Comp. Math.
Appl. 62(2011), 2209-2217.

[12] R.K. Raina and B. Deepak, Some properties of a new class of analytic functions defined in terms of a Hadamard
product, J. Inequal. Pure Appl. Math. 9 (2008), 1-9.

[13] F. Ronning, Uniformly convez functions and a corresponding class of starlike functions, Proc. Amer. Math. Soc.
118 (1993), 189-196.

[14] M. Shafiq, N. Khan, H.M. Srivastava, B. Khan, Q.Z. Ahmad and M. Tahir, Generalization of close-to-convex
functions associated with Janowski functions, Maejo Int. J. Sci. Technol. 14 (2020), no. 2, 141-155.

[15] H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc. 51 (1975), 109-116.

[16] H. M. Srivastava, A. A Attiya, Some subordination results associated with certain subclass of analytic functions,

J. Inequal. Pure Appl. Math. 5 (2004), no. 4, 1-6.

[17] H.M. Srivastava, M. Tahir, B. Khan, Q.A. Ahmad and N. Khan, Some general classes of g-starlike functions
associated with the Janowski functions, Symmetry 11 (2019), no. 2, 292.

[18] H. M. Srivastava and A. K. Wanas, Strong differential sandwich results of \—pseudo-starlike functions with respect
to symmetrical points, Math. Morav. 23 (2019), no. 2, 45-58.

[19] A. K. Wanas and H. M. Srivastava, Differential sandwich theorems for Bazilevi¢ function defined by convolution
structure, Turk. J. Inequal. 4 (2020), no. 2, 10-21.

[20] H. S. Wilf, Subordinating factor sequence for convex maps of the unit circle, Proc. Amer. Math. Soc. 129 (1961),
689-693.



	Basic Introduction
	Preliminaries
	Main Discussion
	Concluding Remarks
	Declarations

