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Abstract

In this paper, we investigate the existence and uniqueness of solutions for nonlinear implicit Hilfer-Hadamard fractional
differential equations involving both retarded and advanced arguments and nonlocal mixed boundary conditions. We
also use the Banach contraction mapping principle and Schaefer’s fixed point theorem to show the existence and
uniqueness of solutions. The results obtained here extend the work of Benchohra et al. [I0] and Haoues et al. [18].
An example is also given to illustrate the results.
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1 Introduction

Fractional differential equations with different type of initial conditions have recently gained a lot importance

and attention due to their application in various fields such as physics, mechanics, bioengineering, biology, chemistry,
economics, viscoelasticity, acoustics, optics, robotics, control theory and electronics. For details, see [20], [24], [25],
[27], [33], and the references therein.
Fractional differential equations involving fractal derivatives of Riemann-Liouville and Caputo have been widely studied
by many researchers over the course of a decade. Recently, the authors studied the fractional differential equations of
Hadamard-type, Caputo-Hadamard-type, Hilfer-Hadamard-type, Hilfer-Katugampola-type and Erdeyl-Kober-type,
ete., see [1-[5], [7-[9], [I1], 2], [15], [22], [26], [31], [32], [34], [37].

The fractional derivative due to Hadamard was introduced in 1892, which in different from earlier derivatives
such as Riemann-Liouville and Caputo-type fractional derivative. That is, the integral kernel contains a logarithmic
function of an arbitrary exponent. A detailed description of Hadamard’s fractional and integral derivative can be
found in the references [14], [16], [21], [23].

Note that Hilfer studied applications of a generalized fractional operator having the Riemann—Liouville and the
Caputo derivatives as specific cases. Later, the modification of Hilfer fractional derivative resulted in the concept of the
Hilfer-Hadamard derivative. And to see some of the basic properties of the Hilfer-Hadamard fractional derivative that
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were used in this work, we direct the reader to the references [16], [19], [20], [24]]. Moreover, the existence results for
Hilfer-Hadamard fractional differential equations of order in (0, 1] were studied by several researchers, for instance, see
[[6], [28], [30], [32], [35], [36]. To the best of our knowledge, only a few results are available in the literature concerning
boundary value problems for Hilfer-Hadamard fractional differential equations of order in (1, 2].

The motivating thing about this work is that all the articles published about fractional differential equations with
retarded and advanced arguments put the initial condition between the retarded and advanced fields equal to zero,
see [6], [7], [10], [I3], [I8], while I put this condition not equal to zero in my work.

In 2018, M. Benchohra et al. [I0] have investigated the existence and uniqueness of solutions for a class of
problem for nonlinear implicit fractional differential equations of Hadamard type involving both retarded and advanced
arguments of the form:

Dey(t) = f(tayt,Day(t)>, for each t € [1,¢],
y(t) =x@t), 1—-r<t<1,7>0

y(t) =U(t), e<t<e+h, h>0

where D is the Hadamard fractional derivative of order 1 < a < 2. By employing the Schauder fixed point theorem
and the Banach contraction mapping principle, the authors obtained existence and uniqueness results. In 2020,
M. Haoues et al. [I§], applied the tools of the fixed-point theory (the Banach contraction mapping principle and the
Krasnoselskii theorem) to study the existence and uniqueness of solutions for nonlinear retarded and advanced implicit
Hadamard fractional differential equations with nonlocal conditions:

Doy(t) = f(t,yt,Do‘y(t)), for each t € [1, €],

y(t)+ (Hiy)t) =x@), 1—-r<t<1,r>0

y(t) + (Hay)(t) = U(t), e<t<e+h, h>0

where D%is the Hadamard fractional derivative of order 1 < a < 2, f : J x C([-r,h],R) x R — R is a given
continuous function, Hy : C([1 —r,e + h],R) — C([1 —r,1],R) and Hy : C([1 —r,e + h],R) — C(le,e + h],R) are
given continuous mappings, x € C([1 — r,1],R) and ¥ € C([e,e + h],R).

In 2021, B. Ahmed et al. [0], have discussed the existence and uniqueness of solutions for a Hilfer-Hadamard
fractional differential equation, supplemented with mixed nonlocal (multi-point, fractional integral multi-order and
fractional derivative multi-order) boundary conditions:

BDUPa(t) = f(t,x(t)), t € J:=[1,T),

x(1) =0, 2(T) =370 nj=(() + 2, Gy a(0:) + S n_y N DY a(u),

where ZD?’Q denotes the Hilfer-Hadamard fractional derivative operator of order, o € (1,2] and type S € [0, 1],
f:[1,T) x R — R is a given continuous function, 5 /% is the Hadamard fractional integral operator of order ¢; > 0.
In this paper, we consider the implicit Hilfer-Hadamard fractional differential equations with involving both retarded
and advanced arguments and nonlocal mixed boundary conditions

BDPy(t) = f(t,xs, ED*Pa(t)), t € J:= (1,¢), (
2(1%) =0, aul’z(n) + bpD " a(e”) = ¢, y = a+ B - af, (
z(t) +g1(x)(t) = p(t), 1 —r1 <t <1, 11 >0, (
z(t) + g2(z)(t) = (1), e <t <e+rg, 12 >0, (

— = = =
N N R

1)
2)
3)
4)
where gD“’B is the Hilfer-Hadamard fractional derivatives of order 1 < o < 2, gl % is the standard Hadamard
fractional integral of order § > 0, f: J x C([—r1,72),R) xR — R, g1 : C([1 —r1,e+1r2),R) — C([1 — r1,1],R) and
92: C([1 —ri,e+1m3],R) — C([e, e + 73], R) are given functions, ¢ € C([1 —r1,1],R) and ¢ € C([e,e + r2],R), a, b

and c are real constants, and ) € (1, e). For any function = define on [1 —ri,e+7r3] and any 1 <t < e, 24(0) = z(t +0)
for —r; <0 <rs.

This paper is organized as follows. In section 2, we introduce some notations and lemmas, and state some prelim-
inaries results needed in later section 2. In Section 3, we give two results, one based on Banach fixed point Theorem
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3.1 and another one based on Schauder’s fixed point Theorem 3.2. In Section 4, we illustrate the results obtained with
an example.

2 Preliminaries

In this section, we introduce some notations and defenitions of Hilfer-Hadamard type fractional calculus. Let now
[a,b], (—o0 < a < b < +00) be interval finite. By C([a,b], R) be the Banach space of all continuous functions from
[a,b] into R with the norm

1Y(D)lfap) = supfly(t)] : a <t <b}.

Let AC([a,b], R) be the space of functions g : [a,b] — R that are absolutely continuous. Let § =4, §" = §(6"~1),
we consider the set of functions:

AC§ ([a,b], R) = {g: [a,b] — R:8"""g(t) € AC([a,b], R)}.

Definition 2.1. (Hadamard fractional integral [24]) Let f : [a,00] — R. Then The Hadamard fractional integral
of order a > 0 is defined as follows:

t

W0 = 5o | (05 )) T 0%, 150 (2.1)

provided that the integral exists, where log(:) = log,(-).

Definition 2.2. (Hadamard fractional derivative [24]) For a function f : [a,00] — R the Hadamard fractional
derivative of order a > 0 is defined as follows:

D2 f(t) = " (Hfg;—af) t), t>a, n—1<a<n, n=l[a]+1, (2.2)

where 6" = (t£)", and [a] denotes the integer part of the real number a.

Definition 2.3. (Hilfer-Hadamard fractional derivative [[T9], [20]]). Let f € L'(a,b) and n —1 <a <n,0< 3 < 1.
we define the Hilfer-Hadamard fractional derivative of order oo and type 8 for f as follows:

gD”‘”@f(t) _ (HIB(n*a)(gnI(n*a)(lfﬁ)f) (t)
— (H [Bn—a)gn . A(n=) f) (t)
_ (HIﬂ(n—O/)HD'Yf) (t), ¥Y=a« + nﬁ — aﬁ7
where ;I¢) and y D) are defined by (2.1) and (2.2), respectively.

Lemma 2.4. (See [24]) If « > 0, 8> 0 and 0 < a < b < 0o, then

(1) (HI?+(10g2)ﬁ*1)(x) _ Frﬂ(logf)ﬁJﬂx*l’

(B+a)" "a
. - r'(B) T\ g o
D, (log —)#~1 = —""" (log =)L
(i) (D5 (log )7 ) (@) = 5= 15 log )
In particular, if 8 =1 and 0 < a < 1, then the following is the case:

20) = e D A0

Lemma 2.5. (See [2I]) Let g € AC§([a,b], R) and a > 0, n € N. Then

n=l ¢(k) a
ulI?(aDYg)(t) =g(t) = ° /f!( )

k=0

t
log —)*.
(oga)
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Lemma 2.6. (See [24]) For all ;1 > 0 and v > —1, then

I A v, Pw+1) by
m/ﬂ (1og ;) (log s)ds = m(logt) v

Theorem 2.7. ([16], 24]) Let « >0, 0< B <1, y=a+nB—aB,n=[a]+1and 0 < a <b < oo, if f € L'(a,b)
and (gI2~*f)(t) € AC}la,b], then

(aIg gD f)(t) = (], DVﬁf)( t)
= (0D (1) )
= (v =)

t )
log =)Y—9-1
(log ) :

M

observe that T'(y — j) exists for all j =1,2,...,n—1 for v € [a, n].

Theorem 2.8. ([39])(Banach’s fixed point Theorem). Let (X,d) be a nonempty complete metric space with T :
X — X is a contraction mapping. Then map T has a fixed point * € X such that Tz* = z*.

Theorem 2.9. ([17])(Schaefer’s fixed point Theorem). Let X be a Banach space, let T : X — X be a completely
continuous operator, and let the set D = {z € X : © = ATz, 0 < A < 1} be bounded. Then T has a fixed point in X.

3 Existence and Uniqueness Results
In the case n = [a] + 1 =2, we have v = a + (2 — ) 8.
Definition 3.1. A function z € 02(1 —ry,e+ 73], R) is said to be a solution of the problem (1.1)-(1.4) if = satisfies

the equation £ D*Px(t) = f(t,z,, ED*Px(t)), and satisfies the conditions z(1*) =0, agl z(n) +bED*Pr(e”) = c,
on J, 2(t) + g1(2)(t) = 9(1), on [1 - r4,1] and (1) + galx)(t) = (1) on e, + o).

To prove the existence of solutions to the problem (1)-(2), we need the following auxiliary lemma.

Lemma 3.2. Let h be a continuous function. Then the linear problem

BDYPax(t) = h(t), t € J:=(0,1)

z(17) =0, agl’z(n) +bEDYMx(e™) = ¢,
z(t) +g1(2)(t) = (), 1 —r <t <1,
o(t) + g2(2)(t) = (1), e <t < e+,

A~~~
W N
— N N

has a unique solution which is given by

¢(t) - gl('r)(t)7 ifte [1 — T, 1}7
_ (logt)vil « a—1 - .
2(t) =4 wl*h(t)+ f[c— ag I h(n) —bgI® 'h(e™)|, if t € J:= (1,e), (3.5)
Y(t) — g2(2)(t), if t € [e;e + 2],

where

al'(v)

= m(log M T 4 b(y — 1) #0. (3.6)

Proof . Applying the Hadamard fractional integral of order « to both sides of (3.1]) and then using

0(r 1}y "x)(1) (a17;"2)(1)

F(’Y) F("y) (1Og t)’y_ = Hlfth(t)7 (37)

2(t) - (logt)~" -

which can be rewritten as follows:

x(t) = co(logt)”™ ! + ci(logt)? ™2 + g I“h(t), (3.8)
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where ¢y and ¢; are arbitrary constants.
Using the first bondary condition (z(1%) = 0) in (3.7), yields ¢; = 0, since v € [, 2].
In consequence, (3.8)) takes the following form:

x(t) = co(logt)"™ + yI*h(t)

Using Lemma [2.4] we can write
1'5 _ Co ( ) 1 y+d—1 Ia+’Yh
wlx(n) = e +5)(0g77) +H (n),

and
aD Y a(en)(t) = (v — 1)co + a1 " h(e™).

Using the second bondary condition (agI°z(n) + by D xz(e™) = ¢), we get

G{L()(logn)v-% 1y Ia+5h( )} + b{(fy — e + HIa_lh(e_)} =g,

L(y+6)
thus,
[lm(bgn)w&—l +b(y — 1)} co+ an ™ h(n) + by I*= h(e™) = c.
Consequently,
co = % XHIaHh( ) — iHIOé—lh(e_)’
where

=jfigwmmﬁﬁl+m .

Finally, substituting the values of ¢y and ¢; in (3.8)), we obtain (3.5). O
We assume the following conditions to prove the existence of a solution of problem (|1.1))-(|1.4):

(H1) The function f : J x C([—r1,72],R) x R — R is continuous.
(H2) There exists constants L; € R, and Ls € (0,1) such that
‘f(tvuvv) - f(t’l],f))‘ < Llllu - a”[fﬁ,m] + LQ‘U - ’D|7

for any u, w € C([—r1,72],R) and v, v € R for a.e., t € J.
(H3) There exists constants Lz, Ly € (0,1) such that

lg1(x1) — g1(x2))ln—ry.1) < Lsllzr — 2/l etra)s

and
lg2(z1) = g2(x2))lle,e4ro] < Lallzr — z2lli—ry etrals
for any 1, zo € C([1 —r1,e +12], R).
Our first result is based on the Banach contraction mapping principle.

Let the constant p be such that
pz maX{Qa L37 L4}a

where
g D (1 laltogner
Q=L \T(a+1)  AT(a+d+1)  |[AT(a+1) )]
and I
al (7y 5—1
A=——"7"(1 R b(y—1).
Ry gy o)™ by 1)

Theorem 3.3. If the hypotheses (H1)-(H3) are satisfied, and if
p <1, (3.9)

then there exists a unique solution for problem (|1.1))-(1.4)).
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Proof . Transform the problem (L.1)-(1.4) into a fixed point problem. Consider the operator F : C([1 — r1,e +
ro],R) — C([1 — r1,e + 73], R) defined by

o) — gr1(z)(t), ift € [1 —ry, 1],

_ (logt)’y_l a+ a—1 — .
(Fa)(t) = § ml%04(t) + T[c—aHI You(n) — bl o, (e )}, if t € J:=(1,e), (3.10)

d)(t) - gg(l‘)(t), ift € [63 e+ 7’2}7

where
o (t) = f(t,xt,gDo"ﬁx(t)).

Clearly, the fixed points of F are solutions of problem (1.1)-(1.4). Let x, y € C([1 —r1,e+ 2], R). If t € [1 — 7y, 1]
and by (H3), then

‘ (Fz)(t) = (Fy)(B)| = [91(2)(t) = 91 (y) (D)

<llg1(z) — g1 (W) lp=ri.1)
< L3||1‘ - y||[1—r1,e+r2]
< p||x - y”[lfn,eJrrz]' (3'11)

If ¢t € [e,e + ro] and by (H3), then

’(}'w)(t) = (Fy) ()| = lg2(x)(t) — g2(y) ()]

< HQQ(-T) - gz(y)”[e,eJrrz]
< L4||.%‘ - y”[l*’rl,e""’"z]
< pllz = yllp—rietrs)- (3.12)

For t € J, we have

|<fx><t> 0| < g [ Qo oa(e) = 0 + s [ og ) () - a6
|b| : c o=t — OylS @
e ] oE S () — a1 (313)

where o, 0, € C(J, R) such that

o2 (t) = f(t, 21, 02(t)),
and
oy(t) = ft, ye, 0y(1))-
By (H2), we have
o2 (t) — oy ()] = [f(t, 2t 00(8) — f(t,ys, 04 (1))]
< Lillwe = yell =y o) + Lalow(t) — oy (1)1,

then
L,

1— Lo

|0 () — 0y ()] < [t = ytlli—rs ra)- (3.14)
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By replacing (3.14) in the inequality (3.13)), we get

Ly ¢ tyoo1 ds
(Fa)(t) = (F)O1 < Ty | o D e =l T

la|L; logt /77 N\ ot s—1 ds
log =)0 |2y — ys |y ra) —
+ ‘A|<1 _ LQ)F(O{ + (5) 1 (Og S) ||.’,E yS”[ 7“177‘2] s

|b| L1 log t /e € ot ds
_ 1 —_ & _ B as
A= L@ J, 185" o = vl

Ly 1 |a|(log )~ +° 10|
< ( + + ) ||l‘é, - ys”[fm,rz]

T (1-Ly) \T(a+1) [Al(@4+6+1)  [AD(a+1
< Qz = yllp-rietra)- (3.15)
Thus
H('Fx) - (]:y)”[l—rl,e—H’Q] < le’ - yH[l—rl,e—Q—rg]' (316)

Consequently by (3.9), F is a contraction. As a consequence of Banach fixed point theorem, we deduce that F has a
fixed point which is a solution of the problem (1.1))-(1.4). O
The second result is based on Schaefer’s fixed point theorem.

(H4) There exists constants M > 0 such that
[f (8 u,0)] < M,

for any u € C([-r1,72],R), v € R for a.e., t € J.
(H5) There exists constants M; > 0 and My > 0 such that

||gl(u)||[17r1,1] < Ml and ||92(u)||[e,e+r2] < M2a

for any u € C'([1 —r1,e + 73], R).

Theorem 3.4. Assume that conditions (H1), (H3), (H4) and (H5) hold. Then the problem (L.1)-(1.4) has at least
one solution.

Proof . We show that operator F defined in has at least one fixed point in C'([1 — r1,e + r2],R). The proof is
divided into four steps:

Step 1: The operator F is continuous

Let {z,} be a sequence such that z,, — x in C([1 — r1,e + 73], R). If t € [ — r1,1], and by (3.11]), then

[F@a)®) = F@)O) < Lollan = alli v, e4ra

Thus
’.F(acn)(t) - f(x)(t)‘ — 0 as n — +o0.

If t € [e,e + 3], and by 7 then
[F@a)®) = F@)0)] < Lallan = 2l v, e
Thus
’f(xn)(t) - ]-'(x)(t)‘ — 0 as n — +o0.

For ¢t € J, by (3.15)), we have
[ F@a)(®) = F@)(O)] < Qwn = 2lpr, etral

Since o is a continuous (i.e f is continuous), then by the Lebesgue dominated convergence theorem, we have

‘f(xn)(t) - ]-'(x)’ — 0 as n — +o0.
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Consequently, F is continuous.
Step 2: The operator F maps bounded sets into bounded sets in C([1 — 71, e + 2], R).
For n > 0, there exists a constant [ > 0, such that [ := max(ly,ls,l3), where

l= @l + M,

lp == ||'¢)H[e,e+r2] + Mo,

and

U S S 1) o el
' T(a+1)  AT(a+o+1)  [AT(a+1)|  JA]

for each v € B, = {z € O([1 —r1,e +72],R) ¢ ||2|l1—r, eqry] < 1}, we have [[(F2)|l1—r, eqtrs] < 1
Indeed, for any t € [1 — 4, 1], z € B,), and by (H5), we have

[(F2)(O)] < [|ollp—r, 11 + g2 (@) 1—r, 11
< olp—ra+ My =1 <1, (3.17)

for any ¢ € [e,e + 3], z € By, and by (H5), we have

[(F2) (O] < [1¥lle.ctra) + 192(2) e .etr2]

< Hw”[e,eJrrz] + M2 = l2 < Z, (318)
for t € J, we have
1 ¢ too ds |al K n _ ds
< — log )1 - log 1ya+s—1
F@0| < 5 [ 1os D @S + s [ Gor DT o)1

0] / € va-1 ds |c[(logt)"
|A|F(Oé) 1 (1Og S) |U$(S)| s + ‘A| )

where o, € C(J,R) is such that

+

Um(t) = f(taz(t)agz(t))'
From (H4), for ¢ € J, we have

1 6] (log m)*+0 |b|
T(a+1)  JAT(@+6+1)  |JAT(a+1)

|c|
— =3 <. 1
A=l s (3.19)

@) <M

Step 3: The operator F maps bounded sets into equicontinuous sets of C'([1 — r1,e + o], R).
Let t1, to € J, t1 <tz and let B, be a bounded set of C([1 — r1,e + 73], R) as in step 2, and let = € B,,. Then

Fa)ta) - Foe)| = | [ e 200 - s [ st )
1 " [ og )0 — tog 1o o (9% + L [ (10 2161 )2
-l [ [<1g3> (log ) ] 5+ gy L Gos 2 o)

IA

M t2 t2
< « o « «
S Tat 1) ’(logtl) + (log t1) (logta)®| + ’(log —tl) 1
M
< I [C « .
— F(Oé + 1) ’(logtl) (loth) ‘|

The right hand side of the above inequality tends to zero as to — t1, which implies that F is equicontinuous. As
a consequence of Steps 1 to 3, by the Ascoli-Arzela theorem, we can conclude that the operator F : C([1 — r1,e +
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ro],R) — C([1 — 71, € + 12],R) is continuous and completely continuous.
Step 4: Now it remains to show that the set

&= {x € C([1 —ry,e+7r2),R): o= AFz, for some A € (0, 1)},

is bounded. Let = € £, then x = AFx for some 0 < A < 1. Thus for each t € J, we have

_ 1 ¢ tyoo1 ds alogt K N\ats—1 ds
z(t) —)\<a/1 (log -) %(Q;*‘m/l (log ;) oz(8)—

() s s
blogt [© € oot ds  c(logt)y~!
+M/1 (1og?) aw(s)?—FT ;

It follows from (3.19) that for each t € J,
lz(t)] == 13 < o0,

it t € [1 —ry,1] and by (3.17), then
lz(t)] := [[Plli—ry 1) + My i= 11 < 00,

it t € [e,e + ro] and by (3.18)), then
|$(t)| = ||¢||[e,e+rz] + My =1y < oo.

From which if follows that for each t € [1 — 71, e+12], we have ||z[[[1—, e4r,) < k < 00, such that k > 0 is constant,
this implies that £ is bounded. As a consequence of the Schaefer’s fixed point theorem, we deduce that F has a fixed

point z which is a solution to problem (1.1)-(1.4). O

4 Example
Consider the following nonlinear problem
1 1 H.Dé’l t
HDYba(r) = B o ) (11)
e +9\z+1  |ED33z(t) +1
1 3
w(17) =0, Sulva(2) + 2D e(e”) = 7. te (Le), (4.2)
sin x(t)
t —— =0¢(t), t€ 0,1 4.3
#(0) + gy = O te0.1), (43)
|=(1)]
t ————=Y(t), t 2]. 4.4
() + 5ot gy = VO tElee+2 (44)
Weseethataz%,ﬁ:%,nzl(5:%,a=%,b:2,c:%
and 1
u v
f(tu,v) = et+9<u+1 B v—i—l)’

for t € (1,e), u € C([-1,2],R), v € R. Clearly, the function f is continuous, and for u, w € [-1,2], v, ¥ € R and
t € (1,e). We have

1

m(“u =l —1,2 + v — 5|)

|f(t,’u,,?)) - f(t,ﬂ,’(_))‘ <

IN

1 _ 1 _
EHU =12 + TO'U -1l

1
Hence, condition (H2) is satisfied with L1 = Loy = 0"

1
Thus condition (H3) is satised with M = T

sin z(t)

m’ te [07 1}7 UAS C([0,6+2],R)7

q(t) =
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_ |lz(t)]
%) = 01+ a0

and let z1, x2 € C([0,e + 2],R), we have, if ¢t € [0, 1]

t€le,e+2], xeC(0,e+2],R),

1
l91(21)(t) = g1(z2)(O)] < Fllw1 = 22lljp.c+2),

then 1
g1 (z1) — g1(22) 0,1 < g||351 — 2|lj0.e42)
and if
|g2(21)(t) — g2(z2)(t)] < @Hﬂh — 22||0.e+2]
then )
llg2(z1) — g2(@2) [l[e,e42) < %HS& — 22||[0.e42]-

Hence, condition (H4) is satisfied with Ly = 1, Ly = 5}~

30e
Ly 1 |a|(log n)**+° |b|
Q= — 0.28528,
(=1L (F(a ) P Ar@rsr ) T ATy

p =max(Q, L, Ly) = 0.36788 < 1.

Since all the conditions of Theorem 3.1 are satisfied, it follows that the problem (4.1)-(4.4]) has a unique solution
x € C*[1 —ry,e+ra],R).

5 Conclusion

In this work, we consider the implicit Hilfer-Hadamard fractional differential equations involving both retarded and
advanced arguments and nonlocal mixed boundary conditions. We prove two theorems and we consider example to
illustrate our results. In the first theorem, we prove the existence and uniqueness of the solution and in the second, we
deal with the existence of at least one solution. The methods used are the Banach’s fixed point Theorem and Schaefer’s
fixed point Theorem. Here, we remark that the Hilfer-Hadamard fractional derivative reduces to the Hadamard and
Caputo fractional derivatives whenever = 0 and S = 1, respectively.
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