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Abstract

In the paper, we study the value distribution of the differential polynomial ¢f™ f(*) —1, where f(z) is a transcendental
meromorphic function, ¢(z)(£ 0) is a small function of f(z) and n(> 2), k(> 1) are integers. We prove an inequality
which will give an upper bound for the characteristic function T'(r, f) in terms of reduced counting function only.
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1 Introduction

In this paper by meromorphic function we shall always mean meromorphic function in the complex plane C.
We shall use standard notations of the Nevanlinna theory of meromorphic functions as explained in [3| [7, 13, [14].
We denote by T'(r, f) the Nevanlinna characteristic function of a nonconstant meromorphic function f(z) and by
S(r, f) any quantity satisfying S(r, f) = o{T(r, f)} for all r possibly outside a set of finite logarithmic measure. A
meromorphic function ¢(z) is said to be a small function of f(z), if T'(r,¢) = S(r, f).

In this research work the following definitions will be needed.

Definition 1.1. [I4] Let f(z) be a nonconstant meromorphic function and p be a positive integer or infinity. For
a € CU {oo}, we denote by Np(r, ﬁ) the counting function of those zeros of f(z) — a whose multiplicities are

not greater than p and by Np) (r, ﬁ) the corresponding reduced counting function. We denote by N(,1(r, ﬁ)

the counting function of those zeros of f(z) — a whose multiplicities are greater than p and by W(pﬂ(r, ﬁ) the

corresponding reduced counting function. We denote by N, (r, ﬁ) the counting function of those zeros of f(z) — a
whose multiplicities are exactly p.

Definition 1.2. [14] Suppose that f(z) is a nonconstant meromorphic function in the complex plane C, and «(z) is a
small function of f(z). Let ng,ny,--- ,n; be nonnegative integers. We denote by M (f) = af™ (f)*t ... (fF))™ the
differential monomial in f and by n = Z?:o n; the degree of M(f). Also let My(f), Ma(f),--- , Mi(f) be differential
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monomials in f of degree my,ma,--- ,my respectively. The summation P(f) = 25:1 M;(f) is said to be differential
polynomial in f and m = maxz{my, ma, - ,my}, the degree of P(f).

2 Preliminaries

A lot of research works have been done in the field of value distribution of differential polynomials of meromorphic
functions by many mathematicians from different part of the world (See [4, [5 O] [T, T2 15, [16]). In 1979, E. Mues [8]
first proved a qualitative result in this topic. The result is as follows:

Theorem 2.1. Let f(2) be a transcendental meromorphic function in the complex plane. Then f2f’ —1 has infinitely
many zeros.

In 1992, Q.D. Zhang [15] proved a quantitative result of Theorem which is as follows:
Theorem 2.2. Let f(z) be a transcendental meromorphic function in the complex plane. Then

1

T(r,f) <6N (7’, P

) st

In 2011, J.F. Xu, H.X. Yi and Z.L. Zhang [12] improved Theorem by estimating the reduced counting function.
Their result is as follows:

Theorem 2.3. Let f(z) be a transcendental meromorphic function in the complex plane. Then

— 1
T(Taf) SMN (r,fgf(k)_l) +S(T‘af)a

where Mis6ifk=1or k>3 and Mis 10 if k = 2.

In 1992, Q.D. Zhang [16] also studied the value distribution in case of small functions involved in differential
equation and got the following result:

Theorem 2.4. Let f(z) be a transcendental meromorphic function in the complex plane and ¢(z)(# 0) be a small
function of f(z). Then

T(r, f) < 6N (r ) +S(r, f).

_
PP -1

In 2016, J.F. Xu and H.X. Yi [I0] improved Theorem by considering reduced counting function and proved the
following result:

Theorem 2.5. Let f(z) be a transcendental meromorphic function in the complex plane and ¢(z)(# 0) be a small
function of f(z). Then

T(r,f) <6N (r ) +S(r, f).

1
Tofrf -1
In 2018, H. Karmakar and P. Sahoo [6] proved following result which certainly improves Theorem [2.3

Theorem 2.6. Let f(z) be a transcendental meromorphic function and n(> 2), k(> 1) be integers. Then

6 — 1
T(r, f) < m]\f (T’f”f(k)l> +S(r, f).

Now it is natural to ask the following question:
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Question 2.1. What will be the result if we replace f*f*) —1 by ¢f"f*) — 1 in Theorem where ¢(2)(£ 0) is a
small function of f(z) ?

Recently, G. Biswas and P. Sahoo [I] gave answer to the above question for n = 2. They proved the following result:

Theorem 2.7. Let f(z) be a transcendental meromorphic function in the complex plane, k(> 2) be an integer and
@#(2)(#£ 0) be a small function of f(z) such that the set of zeros and poles of f(z) and that of ¢(z) are disjoint and
¢(2) has no zero of multiplicity 2. Then

’NnﬁSGN(r 1>+S&j)

1
R

3 Main Result

In this paper we investigate to find out possible answer for the question for n > 2 and obtain the following
result:

Theorem 3.1. Let f(z) be a transcendental meromorphic function in the complex plane, n(> 2), k(> 1) be any
integers and ¢(z)(z 0) be a small function of f(z). If the sets A = {z: f(2) =0 or oo} and B = {z: ¢(z) =0 or oo}
are disjoint and ¢(z) has no zero of order n then

6 — 1
T(r, f) < . 3N (r’qu"f(k)—l) + S(r, f)-

Remark 3.1. Theorem is a direct extension of Theorem for (n > 2) as it proves that the result remains
unaffected if we involve a small function as coefficient.

4 Lemmas
Suppose that f(z) is a transcendental meromorphic function and ¢(z)(# 0) is a small function of f(z). Let us

define g(z) = ¢(2)f*(2)f*)(2) — 1 and h(z) = f;?/,(f()z) where n > 2, k > 1 are integers. Also let

ro=a (53) ver (55) vt 55+ (33) = (55)

) e, NP6 (FEN, (SO

ol 55 e s e (50) (%) oy
where for k =1,

a; =2(4n +8n +7), as =2(n+2)(4n? — 1),

az = —2(n+2)(2n% + 3n +4), ag = (n+1)(n+2)2

as = —(n+2)%(2n — 1), ag =2(n+1)(n+2)(2n — 5),

ar =3(n+2)?, ag = —(n +2)%(4n* — 5n — 12),

ag = —(n+2)%(4n* —4n — 11)

and for k > 2,

a; ={(n—1Dk+Bn—-1)Hn -1k -3n3—-2n+1)k* - 3(6n —3n+ 1)k — (27Tn® —4n + 1)},
az=Mn+k+1){(n—-Dk+ 3n—1)}{(n—-1)k*— (3n2 —5n+2)k — (9n? —4n + 1)},
az=-2n(n+k+1{(n—1Dk+ Bn—-1)Hn—1)k*— (3n? —5n+2)k — (9n? —4n + 1)},
ag=n*(n—1)(k+1)(n+k+1)*{(n—1)k+ (3n—1)},

as =-n(n—1)(k+1)(n+k+1)*{(n—1)k+ (3n—1)}2

ag =2(n — ){(n — 1)k? — (3n? = d5n +2)k — (In? —4n + D) H{(n — 1)k? + (n® + 3n — 2)k + (3n% + 2n — 1)},
ar=—=2n(n—1)%(k+1)(n+k+1)*{(n—1k+ 3n—-1)},

as=mn—13k+1Dn+k+1)*{(n—1k+ (3n—-1)},

ag = (n—1)%(k+1){(n— 1)k* + (n? +3n—2)k + (3n* + 2n — 1)}
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Lemma 4.1. [2] Suppose that f(z) is a transcendental meromorphic function and f"P(f) = Q(f), where P(f) and
Q(f) are differential polynomials in f(z) with functions of small proximity related to f(z) as the coefficient and the
degree of Q(z) is at most n. Then m(r, P(f)) = S(r, f).

Lemma 4.2. [6] For two integers n(> 2), k(> 2), if

f) = (n—1) [{(k + Dn' + 2(k* + 5k + 10)n® + (k + 1)*(k + 2)n® — (k + 1)*(2k + 5)n
+ (k+1)%}2* + (n+k+1)(k+ D{(k+1)n® + (k* + 4k + 9)n® — (2k*> + Tk + 5)n
+ (k+1)2}x—n(n+k+1)2(k+1){(n—1)k+(2n—1)}},

then f(z) = 0 has no solution in Z .

Lemma 4.3. Let f(z), ¢(z)(£ 0) and g(z) be defined as in the beginning of the section. Then g(z) is not equivalently
constant.

Proof . Suppose ¢(z)f™(z)f*) (z) = C(a constant). Obviously C' # 0. Hence we have

1 ¢ fW gLt _9
frtt T C T an frfk) c’
Therefore
mel)—mQ¢f®)
) =m\he Ty
ie.,
(k)
(n+1)m (r f) Sm(r,g) +m<r,ff) +0(1)=5(rf)
Also ) )
V(ng) =8 (g ) =¥ () = s
Therefore

T(T,f)ZS(T,f),

a contradiction. Thus ¢(z)f"(z)f*)(2) is not equivalently constant and hence g(z) is not equivalently constant. This
completes the proof of Lemma[{.3 O

Lemma 4.4. Let f(2), ¢(2)(# 0) and g(z) be defined as in the beginning of the section. Then

(n+DTUJ)<NWJ?+N<n;>+Nm(h;>+kNwH(n}>

+N (7’, ;) — Ny (7’, gll> +S(r, f) (4.2)

)l )5
+ (n- ( ) mrf+nm<r}>
Yy (r, ;) ~ N (r, ;) + S0 f), (4.3)

where Ny (r, ;) denotes the counting function of those zeros of ¢’ which are not zero of f or g.

and

+

{¥ep)- w0

IN
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Proof .

By Lemma |4.3] we have g is not equivalently constant. Therefore we can write

L ¢frf®™ 4 g

fn+1_ frtt _fn+l q"

Then

(n+1)m (r,}) < m

IN IN

N3
T NN

3 =
m\
N

o+

Z W
— =

\.ﬁ K’ﬁ-
LQ\‘(Q ~
~

_l’_

=

=

< N(rg)+N r;> N <r;) +5(r, f)
< N f)+N <r, ;) N (7‘, g1> 4 S(r, f)
Therefore
(n+ DT(rf) = (n+Dm (n }) +(n+ 1N (n }) +oq)
_ m+nNQE)+Nmﬂ+NQJ)—NQf)+smﬁ (4.4

Let

1 1 1 1
N (7’, ,> = Nooo (T},) + Noo <7"7,) + No (T,,) + 8(r, f),
g g g g

where Nygo (r, ;) denotes the counting function of those zeros of g’ which comes from the zeros of g and Ny (7‘, %)
denotes the counting function of those zeros of ¢’ which comes from the zeros of f. Therefore

1 1 — 1
N (T, ) — NOOO (’I“, /) =N (’I“, ) .
g g g

Let 2o be a zero of f(z) with multiplicity p and pole of ¢(z) with multiplicity ¢q. Let us observe the following cases:
Case 1: Let p < k. If ¢ < np, then z is a zero of ¢’(z) with multiplicity at least (np —q— 1). If ¢ > np, then 2 is not
a zero of ¢’'(z). Hence the zeros of ¢’(z) come from those zeros of f(z) with multiplicities not greater than k which are
poles of ¢(z) with multiplicities less than np.

Case 2: Let p>k+1. If ¢ < (n+ 1)p — k, then zy is zero of ¢'(z) with multiplicity at least (n+ 1)p —k — ¢ — 1. If
q > (n+ 1)p, then zg is not a zero of ¢’(z). Hence the zeros of ¢'(z) come from the zeros of f(z) with multiplicities
greater than k and which are poles of ¢(z) with multiplicities less than (n + 1)p — k.

Therefore

Noo (7’, gl/> > nhp <’I“7 ch) — Nk) (’I“, }) + (n+ 1)N(k+1 (’I“, ]{)

(4 DVt (n 7 ) = (04 Do = = 1))

nN (7“7 }) + Nit1 (r, ch> — kN (341 (r, }) - N (r, J1”> +S(r, f).
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Therefore from we get
(n+1)T(r,f) < (n+1)N <r, ) +N(r, f)+ N <T, ;) —nN <r )
- N <7‘1>—|—I4;N (7‘1>+N r1>—N <r1>+5(7‘f)
(k+1 ’f (k+1 7](- ’f 0 7g/ )
)
f

= N(Ta f) +N (Ta jl-) + Nk) (7"7 + kﬁ(/ﬂrl (Ta }-) +N (’I", ;)
- NO (711 ;,) +S(’I‘,f)7

which is (4.2)). Also

(n+ V)T f) = T f)+nT (7“, }) + o)

N(r, f) +m(r, f) + (n— 2)N (7‘7 ;) +N (r’ 1> MV (T’ Jl”)

f
N(k+1 (Ta ;) +nm <7nv }-) +S(T7f)

(0) ) 1) 50
+ (n—2)N (r, J{) +m(r, f)+nm (T, J10>
N (n2) = () +50:5),

which is (4.3]). This completes the proof of Lemma (I

+

Therefore

+

{¥6.0 - W)

IN

Lemma 4.5. Let f(z), ¢(2)(£ 0), g(2), h(2), F(z), a; *s(i = 1,2,---,9), n and k be defined as in the beginning of
the section. If the sets A = {z: f(2) =0 or oo} and B = {z : ¢(z) = 0 or oo} are disjoint, then the simple poles of
f(2) are zeros of F(z).

Proof .

Let zp be a simple pole of f. Since ¢(zg) # 0, 00, in some neighbourhood of zy, we write

f(z) = a [1 +bo(z — 20) + b1 (2 — 20)> + ba(z — 20)* + O((2 — 20)4)] (4.5)

zZ— 20
and

o(z) = b[l +c1(z = 20) + ca(z — 20)2 +es(z— 20)3 + O((z — 20)4)}, (4.6)

where a(# 0), b(#£ 0), bg, b1, ba, ¢1, ¢co and ¢3 are constants. From (4.5) and (4.6) we get

fl(z) = % { —1+b1(z — 20)% + 2ba(z — 20)> + O((2 — 20)4)} ;
(z — 20)

(—=1)*ak!

f(k)(z) _ {1 + (=1)*bg(z — 20)*+ + O((z — Zo)k+2)}
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and

an

ffz) = —— [1 +nbo(z — 2z0) + %{n(n —1)b2 + 2nb1}(z — 29)?

(z — z)"

+ O((z— ZO)B)};

D = [+ (20— D)z - 20) + O(( — 20))

(Mz))z = [+ (12 = 2e0) (2 = 20) + O(( = 20)%)]

(igg)l — [(202 — ) +0((2 - Zo))]

Now we discuss the following two cases.
Case 1: Let k = 1. Then

and

—a™t1p

o(x) = qs(z)f"(z)f’(z)—l:WW[H(nbom)(z—zO)

1 )
n 5{n(n — 1)B2 + 2(n — 1)by + 2nbocy + 202}(2 — 20)2+0((2 — 20)?)

= 9() = o’ n n c1i(z—z
h(Z) - f"*l(z) - (2—20)4 |:( +2)+{2b0+( +1) 1}( 0)

+ {bocr —2(n— 1)by +nea b (z — 20)* + O((2 — zo)?’)} )

Therefore we obtain

g’(Z) N -1 n —(n e )z — 2 b2 — 2n —
9(z) Z—zo[( +2) — (nbo + 1) (2 — 20) + {nbg — 2(n — 1)by

+ 4 =20} (z—2)*+0((z— 20)3)] ;

(g’(z)) = (2_120)2[(71—1—2)2 —2(n+2)(nby + c1)(z — 20)
+ {nBn+ )b — 4(n — 1)(n +2))by + 2nbocr + (2n + 5)cf

— An+2)ea}(z—20)* + O((z — Zo)g)} ;

g’(Z) / 7 1 n b2 —9on — 290V (n — 22
( ) B (2—20)2[( +2) = {nbg —2(n — by +¢f —2ex}( 0)

+ 0 w)|

K (z) -1 2by + (n+ 1)cq 4b% + 2nboer + (n + 1)%¢2
= 4 — (z—20) +
h(z) z— 2z n+ 2 (n+2)?
2(n — 1)by — ney

‘2 b= 202+ 0( - 20)|

n—+ 2

2915

(4.10)

(4.11)

(4.12)

(4.13)
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R (2)\ 2 1 2b n+1)c 2(n — 1)b; — nca
(h((z))> - (z — 29)? {16_8 O+n(+;— : (Z_ZO)+{16 ( n)+2
3662 + 4(5n + 1)bger + 9(n 12(:% 9
and
R (z)\' B 1 B 4b% + 2nbgcy + (n +1)2c2 2(n — 1)by — ney R
(hd) = el (n+ 2 #2 B e )

+ O((z— zo)?’)} .

From (4.7), (4.10) and (4.13) we get

g'(z) M)

1
g(z) : h(z) m |:4(TL + 2) — {2(271 + 1)b0 + (TL + 5)01}(2 — Zo)

+ {2@2n+1)bf —4(n— 1)by + (n+5)cf — 2(n + 4)cs

+ (n+1bocr (2 — 20)* + O((z — 20)%) |;

g'(z) () L e — Ll 362 — 21+ Dt mboer s — 2
g(z) oz) z—zo[( +2)er — {(n+3)ef — 2(n + 2)ca + nbocr 0)

+ O((z— zO)Q)}

and

1 (2) . ¢z) -1 |:4cl B {2b001 + (5n +9)c?

- n+2

— 8¢ p(2 — z—20)%)].
h(z) ¢(z) z—z 8 }( 0) +O(( 0)?)

Sarkar, Sahoo

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

Now substituting values from (4.8)), (4.9), (4.11)), (4.12) and (4.14) - (4.18) in the expression (4.1) we get F'(z) =

O((z — 29)), which shows that zy is a zero of F(z).
Case 2: Let kK > 2. Then

(—1)kkla"*1p
(Z _ Zo)n+k+1

6(z) = S EID(E) 1= P+mm+mu—%>

1
+ i{n(n — 1)b2 + 2nby + 2nbge; + 202}(2 —2)?+0((z— zo)?’)}

and

(x _1\k+1 .a2
h(z) = fg—(l()z) = ((21)_ Zo)kk‘+3b [(n +k+1)+ {(k + )by + (n + k)cl}(z — 2p)

+ {kboer — (n—k — )by + (n+k —1)ca} (2 — 20)> + O((z — 20)3)] .

Therefore
!
-1
P~ Ll k1) = (o + 1) (2 = 20) + ot — 20

+ i —20}(z—20)* +O((z — 20)°) |;

(4.19)
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g\ B 1 2o i} R
(g(z)) T (z—2)2 [(n+k+1) 2( +k:+1)( bo + 1)( 0)
+ {n(3n+2k+2)b — 4n(n+k + 1)by + 2nbocy + (2n + 2k + 3)ci

— A+ k+ e}z —20)% +O((z — 20)*) |5 (4.20)

+ O((z-— zo)?’)} ; (4.21)

'(z) -1 (k+Dbo+(n+k)er B
h(z)  z—z [(k+3) n+k+1 (2= 2)
N { (k +1)2b3 + 2nbocy + (n + k)?c3 49 (n—k—1)by —(n+k—1)co

(n+k+1)2 n+k+1

ba = 202

+ 0(G==); (122

W)\ 1 ) (k+1)bo + (n + k)ex
( ) = (ZZO)Q[(I{:—HS) —2(k+3) A (z — 20)

N {(k; +1)2(2k + 7)b2 + (14n + 6nk + 2k? + 2k)bocy + (n + k)2(2k + 7)c2
(n+k+1)2
(n—k—=1)b1 —(n+k—1)co
n+k+1

+ 4(k+3) }(z —20)% + O((z - 20)3)] (4.23)

and

n(z)\' _ 1 3 (k + 1)2b3 + 2nbocy + (n + k)23

( ) - (2—20)2[(“3) { (n+k+1)°

m—k—1b —(n+k—1)c
n+k+1

From (4.7)), (4.19) and (4.22) we get

Z{CINIO R S T ikt k43
9(z) h(z) (2_20)2[( +k+1)(k+3) — {(nk+k+3n+1)b
+ (n+2k+3)e1} (2 — 20) + {(nk + k +3n + 1)b3

— 2k +k+2n+ )by + (n+2k+3)c? —2(n + 2k + 2)cy

+ (n+1boer (2 — 20)* + O((z — 20)3)} ; (4.25)

+ 2

}(2—20)2+O((z—zo)3)]. (4.24)

-1
oz o) %%Jm+k+nq+pm+k+w@

— (n+k+2)c —nbyer }(z — 29) + O((2 — 20)2)} (4.26)
and
B (z) . ¢ (2) B -1 . o (k 4+ 1)bocy
W) o) %wiw+$l+P%+$2 n A

B ((n+k+1)rfli+k?iY(n+k>)cl}(Z_ZOHO((Z_ZOV)} (4.27)
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Now substituting values from (4.8), (4.9), (4.20), (4.21) and - ([4.27) in the expression (4.1 we get F(z) =

O((z — 20)) i.e., zo is a zero of F( ). ThlS proves that the s1mple poles of f(z) are zeros of F(z). This completes the
proof of Lemmal[f.5 O

Lemma 4.6. Let f(2), ¢(2)(£0), g(2), h(2), F(2), ars (i =1,2,---,9), n(> 2) and k be defined as in the beginning
of this section. If the sets A = {z: f(z) =0 or co} and B = {z: ¢(z) = 0 or oo} are disjoint and ¢(z) has no zero of
multiplicity n, then F(z) # 0.

Proof . If possible, we assume that F'(z) = 0. Under this hypothesis we shall show that
i) g(z) has no zero,

ii) ¢(z) has no zero and pole,

iii) h(z) has no zero,

iv) f(z) has no multiple zero.

Suppose that z; is a zero of g(z) of multiplicity I1(> 1). Then it is clear that f(z1) # 0,00, ¢(21) # 0,00 and

z1 is a zero of h(z) with multiplicity (I; — 1). Then from Laurent series expansion of F'(z) we get the coefficient of

(2 —21)72 as

A(ll) = (CL1 +as + a4)l% — (CLQ + as + 2a4 + (l5)l1 + (a4 + a5).
For k = 1, putting values of a;'s (i =1,2,--- ,9) we get
Al =—{(n+1)(Bn®> —2n —2)[§ + (n+2)(4n* — 3n — 4)l; + (n +2)*(n — 2) }.
Obviously A(ly) does not vanish for any positive integral values of I;. Thus 2; is a pole of F(z), which contradicts our
hypothesis.
For k > 2, putting the values of a;’s (i =1,2,---,9) we get
Al = (—1D{(n—-Dk+@Bn-1)} [{(k + )0t + 2082 + 5k + 10)0° + (k + 1)2(k + 2)n?
— (k+12@k+5)n+(k+ 1)} + (n+k+1)(k+1D){(k+1)n® + (k% + 4k + 9)n?
— (2B +Tk+5)n+ (k+1)°}H; —n n+k+1)2(k+1){(n71)k+(2n71)}].

By Lemma[£.2] we get that A(l1) does not vanish for any positive integral values of 1. Therefore z; is a pole of F(z),
which is contradictory to our hypothesis. Thus z; is not a zero of g(z). Therefore g(z) has no zero.

Now let z5 be a zero of ¢(z) of multiplicity l3(> 1). Then it is a zero of h(z) of multiplicity (2 — 1) but not a zero

of g(z). Therefore from Laurent series expansion of F(z) we get the coefficient of (z — 22)72 as

B(ly) = (a4 + a7 + ag)l — (2a4 + as + a7 + ag)lz + (as + as).
For k = 1, putting values of a;’s (i =1,2,---,9) we get
B(ly) = —(n+2)*{2(2n* = 3n — 8)I5 — (4n® —4n — 17)lx + (n — 2)}.

B(lz) = 0 gives

(4n2 — 4n — 17) £ /160 — 4803 — 64n2 + 152n + 161

I, =
2 4(2n2 — 3n — 8)

Now let d = 16n* — 48n3 — 64n? + 152n + 161 and M = (4n> — 6n — 13). Then we see that M? < d < (M + 1)? for
n > 2. Thus d is not a perfect square for n > 2. Therefore B(l2) does not vanish for any positive integer value of I5.
Then 2z, is pole of F(z), a contradiction.

For k > 2, putting the values of a;’s (i =1,2,---,9) we get

B(lp) = (k+1)(n—1)(n+k+1)*{(n — 1)k + (3n — 1)}[[% +(k+1)(n—1Dls—n{(n—1)k+ (2n — 1)}}

B(ly) = 0 gives Iy = n,—{(n — 1)k + (2n — 1)}. Since ¢(z) has no zero of multiplicity n, B(lz) does not vanish
for any positive integral values of l3. Then 25 is a pole of F(z), a contradiction. Therefore z5 is not zero of ¢(z) and
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hence ¢(z) has no zero.

Let z3 be a pole of ¢(z) of multiplicity I3(> 1). Then it is a pole of g(z) of multiplicity /3 and a pole of h(z) of

multiplicity (I3 + 1). Therefore from Laurent series expansion of F(z) we get the coefficient of (2 — 23)~2 as

C(ls) = (a1 + as + a4 + ag + a7 + ag)l§ + (ag + as + 2a4 + a5 + a7 + ag)ls + (as + as).

For k = 1, putting values of a;’s (i =1,2,---,9) we get
C(l3) = —{(4n* + 10n® — 20n? — 62n — 42)[3 + (4n* + 8n® — 19n® — 62n — 48)I3 + (n + 2)*(n — 2) }.
Now (4n* +10n3 — 20n? — 62n — 42), (4n* + 8n3 — 19n? — 62n — 48) and (n +2)%(n — 2) are positve for all values of

n(> 2). Therefore C(l3) does not vanish for any positive integral values of I3. Then z3 is a pole of F'(z), a contradiction.
Therefore z3 is not a pole of ¢(z).

For k(> 2), putting the values of a;'s (i =1,2,---,9) we get

Clly) = —n(n—1)(k+1) [{3(n — 1)2k2 + (170 — 23n + 6)k + (24n® — 17n + 3) } 2
+ 2{2(n—1)%k* + (2n® + 9n® — 1Tn + 6)k* + (11n® + 11n® — 22n + 6)k
+ (150 +4n® —In+2)}Hs + (n+k+1)*{(n— Dk + Bn—-1)}{(n — Dk + (2n — 1)}}

C(lz) =0 gives I3 = —(n+k+ 1) or — ("_1)szFé?if?;Lk_fgsng"z+"_1). Clearly C(I3) does not vanish for any positive

integral values of I3. Then z3 is a pole of F(z), a contradiction. Therefore ¢(z) has no pole.

Let z4 be a zero of h(z) of multiplicity l4. Then z4 may be a zero of ¢(z) of multiplicity (I4 + 1). But we already
have shown that ¢(z) has no zero. Also z4 is not a zero or pole of g(z). Then from Laurent series expansion of F'(z)

we get the coefficient of (2 — z4) 72 as
D(l4) = a4li — a5l4.

Clearly D(l4) does not vanish for any positive values of I5. Then z4 is a pole of F(z), a contradiction. Hence h(2)
has no zero.

Now since multiple zeros of f(z) are also zero of h(z), f(z) has no multiple zero.

Set
o o= hE) _dk) L
B S e T e T
RO +af ()} + ) P) w2
¢(2) fr(2) f®)(2) — 1 ' '
Therefore
g/(Z) _ P n—1 2 2) = z z
7 =9(2) "7 (2), Mz) = ¥(2)g(2)
and
W) G VG e Y
Mo ao) VO
Substituting these values in the expression we get
(a1 + a3 + a4)w2f2"_2 + {(ag + az + 2a4 + a5>1f/: + (as + a7) q;/}wf”_l
n—1)(as + a n=2 gl a ﬂ i a % /
+(n—1)(az +as)v f f+{4(¢>+5(¢)
v ¢\ AN
+G7E - — +as (¢> + ag (¢) } =0. (4.29)
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From this we have

fr= ¢?,;1,2 +hof +hsf"y, (4.30)

where [; 1,11,2, 11,3 are differential polynomial of % and %

We observe that since g(z) has no zero, ¢(z) has no pole and poles of f(z) can not be pole of ¥(z), it (i.e., ¥(2)) is an
entire function. Also since f(z) has no multiple zero, zeros of f(z) can not be a zero or a pole of ¥(z) and ¢(z). Also
simple zeros of f(z) are not zero of Iy 1.

Let z5 be a zero of f(z). Then for n > 2, from we get 25 is pole of f'(z), which is a contradiction. Therefore
f(2) has no zero. Thus

N (r, ch> = 0.

From (4.3) of Lemma we get

(1) =501

Therefore

"7 "7 i

This is a contradiction. Therefore F(z) # 0 for n > 2. This completes the proof of the lemma.
O

T(r,f)zT( 1)+O(1):N( 1) -l—m(r,l) +0(1) = S(r, f).

5 Proof of the Theorem

Proof . By Lemma and Lemma we have seen that the simple poles of f(z) are zeros of F(z) and F(z) # 0.
Now we have g(z) = ¢(z)f*(2)f*) () — 1 and

h(z) = f;i’/_(f ()Z) = o) { V@) +nf ()P (@)} + ()] (2)FP(2).
Let

B:) = hz) = 0 () () ) (5.1
Therefore

gt __ g or _—gg/.fnl_l orb’:—g or h = —fg. (5.2)

Now we consider the poles of 82F. From Lemma we observe that the poles of F(z) are of multiplicities at most
2 and come from the zeros and poles of g(z) or h(z) or ¢(z) except the zeros of ¢(z) with multiplicity n. From
we can see that the poles of §(z) are zeros of g(z) or poles of h(z). Now poles of g(z) and h(z) come from the poles
of ¢(z) and f(z). But we see that a pole of f(z) of order s(> 2) is a zero of 3(z) of order (n —1)s — 1 > 1. Therefore
poles of f(z) can not be pole of 82F. Also from we can see that zeros of h(z) comes from zeros of 5(z) and g(z).
Now zeros of 3(z) come from multiple zeros of f(z) and ¢(z). But multiple zeros of f(z) and ¢(z) are pole of F(z)
of order at most 2 and zero of 3%(z) of order at least 2. Therefore multiple zeros of f(z) and ¢(z) can not be pole of
B%F. Then poles of 32F comes only from zeros of g(z), poles of ¢(z) and simple zeros of ¢(z).

Let 27 be a zero of g(z) of multiplicity ¢. Then z7 is not a zero of f(z) or ¢(z). Therefore z7 is a zero of ¢'(z) and
h(z) with multiplicity (¢t — 1) and hence a simple pole of (z). Also we remember that the zeros of h(z) can be pole
of F(z) of order at most 2. Therefore z7 is a pole of 32F of order at most 4. Therefore

N(r,B*F) < 4N (r, ;) + N(r,¢) + 2N (r, ;) =4N (r, ;) +S(r, f). (5.3)
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Now from the expression (1)) of F(z) we get m(r,F) = S(r, f). Also using Lemma we get from (5.2) that
m(r, 3%) = S(r, f). Thus m(r, 32°F) = S(r, f). Therefore

T(r,B*F) < 4N (r, ;) +S(r, f). (5.4)

Now zeros of f(z) of order u(> k + 1) are zero of 5(z) of order at least (2u — k — 1). Also zeros of f(z) are not
zero of g(z) but zero of h(z) of order (2u — k — 1) and then pole of F(z) of order 2. Therefore zeros of 32F are of
multiplicity at least (4 — 2k — 4). Also simple poles of f(z) are zero of 32F. Therefore

Ny (’I“7 f) + 4N(k+1 (’I“, },) - 2(]6 + 2)N(k+1 (7“, ch)

gN(r,621F>§T( E )<4N( g>+S(r,f).

Combining this inequality with twice of of Lemma [4.4] we get
2(n+ D)T(r, f) —2N(r, f) — 2N (r, }) — 2Ny, (r, ;) — 2kN (41 (r, ch)
+N1(r, f) + 4Nk 41 (r, }) —2(k 4+ 2)N (41 (r, }) <6N (r, ;) + S(r, f). (5.5)
Now
@+ DT(f) = (2n—3)T(r,f) +T(r, f) + 4T (r, })
> (n—=3)T(r, )+ N(r, f) + 4N <7~, ch) . (5.6)
From and (5.6) we get
(2n=3)T(r, f) + {N(r,f)+ Ni(r,f)—2N(r, )} + {4N ( }) —2N (r, })
— 2Ny <r, ]10) + 4N(k41 (r, ]10) —4(k 4+ 1)N (41 (r, ch) }
< 6N (n ;) 1 S(r f). (5.7)

Now

N(T‘,f)+N1(7",f)*2N(T,f) > Nl(r,f)+N(2(r,f)+N1(r,f)72N1(r,f)72ﬁ(2(r,f)
= N(Q(T,f)*2N(2(T',f)ZO

( ) OIN ( ]10) ANt (7“, ch) Ak £ )N o (r, })
(v (n7) -7 () pra{v (n5) -0 () )
4{N(,€+1 <r, }) (k)N s (r, ;) } > 0.

Therefore from (5.7) we have

and

4N (7“, ch)

+

T(r,f) < —

— 1
sy (1) 500

This completes the proof. [
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6 Open Problems
Question 6.1. Is it possible to remove the condition ‘¢(z) has no zero of multiplicity n’ in Theorem ?

Question 6.2. Can the condition that ‘the set of zeros and poles of f(z) and that of ¢(z) are disjoint’ in Theorem
B be removed ?
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